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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
33 ]. This is test number [ 146 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (33) | 0.00 (0)
Mathematica | 100.00 ( 33 ) | 0.00 (0)

(
Maple | 90.91 (30) (
Fricas 45.45 ( 15) (
Giac 45.45 (15 ) | 54.55 (
Maxima 36.36 (12) (
Sympy | 33.33 (11) (
Mupad 9.09 (3) ]90.91 (

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 93.939 0.000 0.000 6.061
Mathematica 81.818 3.030 9.091 6.061
Maple 78.788 0.000 6.061 15.152
Giac 33.333 6.061 0.000 60.606
Maxima 27.273 3.030 0.000 69.697
Sympy 27.273 0.000 0.000 72.727
Fricas 24.242 15.152 0.000 60.606
Mupad 0.000 3.030 0.000 96.970

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00

Maple 3 100.00 0.00 0.00

Fricas 18 100.00 0.00 0.00

Giac 18 94.44 5.56 0.00

Maxima, 21 85.71 0.00 14.29

Sympy 22 100.00 0.00 0.00

Mupad 30 0.00 100.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Fricas 0.27
Mupad 0.32
Maxima 0.41
Rubi 0.50
Mathematica 0.59
Maple 2.02
Sympy 2.10
Giac 8.59

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mupad 34.33 1.03 16.00 1.00
Maxima 143.50 1.28 130.00 1.19
Rubi 154.73 1.01 125.00 1.00
Sympy 178.45 1.40 170.00 1.42
Mathematica | 197.94 1.28 143.00 1.21
Maple 198.10 1.41 173.00 1.33
Fricas 217.80 1.79 125.00 1.00
Giac 395.93 4.33 152.00 1.18

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used

1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher

than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used
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The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf

size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution

1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU

time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used

1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

(29,30)

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {}

Maple {28}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

1.12. Timing
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The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]"')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
fFerent-from—using-maxima/] for reference.

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14. Important notes about some of the results
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1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/or123/could-we—-have-a-leat count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
from the SQL

database

grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1 List of integrals sorted by grade for each

CAS
2.1.1 Rubi. . ... .. e e e 211
2.1.2 Mma. . . . . . e e 211
2.1.3 Maple . . . . o 22]
2.1.4 Fricas . . . . . . . e e e 22]
2.1.5 Maxima . . . . . .. e e e e e e e e 22
2.1.6 Giac . . . . .. e e e 23]
2.1.7 Mupad ... 23]
2.1.8 SYympy . . . . oo e 23

2.1.1 Rubi

A grade { 125,756,785, 0} 1) 2 13, 14 5, 16) 7 5} 19) 20,2} 22 23,2 25,6, 27
25)51,62,53))

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.2 Mma

A grade {128,767, 10} 71 12 3,4 15,6, 7 5 19} 20,2 22,23, 2 25, 26 2. 28
}

B grade {[f}

C grade { }
F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.3 Maple
A grade { [1)2) B 56, 7 550 3, 2 134 5 6, 7 05 0, 20,2 22 23, 2 25,26 )

B grade { }

C grade { }

F normal fail {[31}[32,[33 }
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.4 Fricas

A grade {[I1}[16,[I7[18}[19}[24},[25[26] }

B grade {[21}[23)[1}[32,33| }

C grade { }

F normal fail { [235/0785/0/3/3/E 502}
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.5 Maxima

A grade {1377 S20BELEE)
B grade {[11}

C grade {}

F normal fal {[BBABEAEEOEBHEDBIE)
F(-1) timedout fail { }

F(-2) exception fail {[31][32[33]}

2.1. List of integrals sorted by grade for each CAS
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2.1.6 Giac

A grade { [T)[6[17) 8 9,23 25,20 BLEAET )
B grade {2123}

C grade { }

F normal fail { [B3E660EB0EHBEMEEES)
F(-1) timedout fail {[14 }

F(-2) exception fail { }

2.1.7 Mupad
A grade { }

B grade {[21]}

C grade { }

F normal fail { }

F(-1) timedout fail { (123,756 7)) 0L(T0, 1) 12,3} T4 5} 16,7} 150, 20} 22, 252
526,27 28 51,8259 )

F(-2) exception fail { }

2.1.8 Sympy

A grade { [BI1 S HELEEAEE )

B grade { }

C grade { }

F normal fail { H3EAE60 50125 HEE02EEEE)
F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 144 146 180 176 0 0 0 0 0

N.S. 1 1.01  1.25 1.22 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.600 0.425 1.671 0.000  0.000 0.000 0.000 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 115 106 138 180 0 0 0 0 0

N.S. 1 0.92 1.20 1.57 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.502 0.312 1.855 0.000 0.000  0.000 0.000 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 82 79 115 142 0 0 0 0 0

N.S. 1 0.96 1.40 1.73 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.393 0.209 1.217 0.000 0.000  0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 76 66 107 140 0 0 0 0 0
N.S. 1 087 141 1.84 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.316 0.180 1.700 0.000  0.000 0.000 0.000 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 71 67 143 196 0 0 0 0 0
N.S. 1 094 2,01 2.76 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.394 0.320 1.899 0.000  0.000 0.000 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 107 102 158 146 0 0 0 0 0
N.S. 1 095 1.48 1.36 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.517 0.479 3.487  0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 124 115 220 248 0 0 0 0 0
N.S. 1 093 177 2.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.573 0.440 2.247  0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 180 191 294 250 0 0 0 0 0
N.S. 1 1.06 1.63 1.39 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.791 0.476 2.413 0.000  0.000 0.000 0.000 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 155 152 203 207 0 0 0 0 0
N.S. 1 098 1.31 1.34 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.631 0.589  1.500 0.000  0.000 0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 136 125 251 189 0 0 0 0 0
N.S. 1 092 1.85 1.39 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.514 0.386 1.982 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 57 57 49 98 136 54 0 100 0
N.S. 1 1.00 0.86 1.72 2.39 0.95 0.00 1.75 0.00
time (sec) N/A 0.214 0.186 0.704 0.302 0.256 0.000 0.274 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 132 122 220 189 0 0 0 0 0
N.S. 1 092 1.67 1.43 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.460 0.341 1.859 0.000  0.000 0.000 0.000 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 122 119 233 255 0 0 0 0 0
N.S. 1 098 1.91 2.09 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.571 0.706 2.221 0.000  0.000 0.000 0.000 0.000
Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F(-1) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 177 193 251 332 0 0 0 0 0
N.S. 1 1.09 1.42 1.88 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.766 0.578 4.348 0.000  0.000 0.000 0.000 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 159 198 309 281 0 0 0 0 0
N.S. 1 1.25 194 1.77 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.846 0.736 2.403 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 149 145 153 170 165 125 211 165 0
N.S. 1 097 1.03 1.14 1.11 0.84 1.42 1.11 0.00
time (sec) N/A 0.294 0.163 0.990 0.275  0.247 0.577 0.285 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 120 122 125 154 144 108 177 141 0
N.S. 1 1.02 1.04 1.28 1.20 0.90 1.48 1.18 0.00
time (sec) N/A 0.311 0.136 0.760 0.270  0.260 0.427 0.294 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 122 136 131 161 124 103 158 121 0
N.S. 1 1.11  1.07 1.32 1.02 0.84 1.30 0.99 0.00
time (sec) N/A 0.285 0.143 0.886 0274 0.254 0.343 0.279 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 81 84 91 100 94 83 114 91 0
N.S. 1 1.04 1.12 1.23 1.16 1.02 1.41 1.12 0.00
time (sec) N/A 0.265 0.094 0.220 0.269  0.258 0.267 0.284 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 132 142 121 128 0 0 0 0 0

N.S. 1 1.08  0.92 0.97 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.507 0.191 4.928 0.000 0.000 0.000 0.000 0.000

Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 66 71 80 79 81 155 78 859 71
N.S. 1 1.08 1.21 1.20 1.23 2.35 1.18 13.02 1.08
time (sec) N/A 0.258 0.075 0.221 0278 0.289 2.036 0.570 0.425

Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 119 127 108 137 0 0 0 0 0

N.S. 1 1.07 091 1.15 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 0.497 0.126 3.993 0.000  0.000 0.000 0.000 0.000

Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac  Mupad

grade N/A A A A A B A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 85 84 130 113 119 168 170 3082 0

N.S. 1 099 1.53 1.33 1.40 1.98 2.00 36.26 0.00
time (sec) N/A 0.267 0.093 0.194 0.260 0.298 3.116 124.141  0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 135 139 99 169 160 110 197 160 0
N.S. 1 1.03 0.73 1.25 1.19 0.81 1.46 1.19 0.00
time (sec) N/A 0.351 0.124 0.342 0.281  0.251 0.418 0.293 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 205 209 149 270 267 168 326 270 0
N.S. 1 1.02  0.73 1.32 1.30 0.82 1.59 1.32 0.00
time (sec) N/A 0.518 0.158 0.364 0.276  0.273 0.677 0.303 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 292 296 212 393 400 239 502 408 0
N.S. 1 1.01  0.73 1.35 1.37 0.82 1.72 1.40 0.00
time (sec) N/A 0.638 0.177 0.368 0.269 0.251 1.329 0.294 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 521 521 811 216 0 0 0 0 0
N.S. 1 1.00 1.56 0.41 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.144 1806 4.617  0.000 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 727 727 1065 796 0 0 0 0 0

N.S. 1 1.00 1.46 1.09 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.410 2.830 5.748  0.000  0.000 0.000 0.000 0.000

Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 14 16 16 15 16 16

N.S. 1 1.00 1.12 0.88 1.00 1.00 0.94 1.00 1.00
time (sec) N/A 0.166 4.121 2.648 1.108 0.246 8865 0.401 0.264

Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 14 16 16 15 16 16

N.S. 1 1.00 112 08 100 1.00 094 100 1.00

time (sec) N/A 0.171 2305 2.703 1.090 0246 5.034 0375 0.282

Problem 31 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C F F(-2) B F A F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 66 66 68 0 0 276 0 75 0

N.S. 1 1.00 1.03 0.00 0.00 4.18 0.00 1.14 0.00
time (sec) N/A 0.231 0.084 0.000 0.000 0.296 0.000 0.307 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F B F A F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD
size 136 138 120 0 580 0 152 0
N.S. 1 1.01 0.88 0.00 4.26 0.00 1.12 0.00
time (sec) N/A 0.306 0.200 0.000 0.306 0.000 0.366 0.000
Problem 33 Optimal | Rubi MMA Maple Fricas Sympy Giac Mupad
grade N/A A C F B F A F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD
size 211 229 162 0 1066 0 283 0
N.S. 1 1.09 0.77  0.00 5.05 0.00 1.34 0.00
time (sec) N/A 0.940 0.314 0.000 0.350 0.000 0.385 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [14] had the largest
ratio of [.520000000000000018]

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma.blize.d integrand ummber of rules
# | grade ic:é)j uzi:e antlfaicr;;’::ve leaf size integrand leaf size
1] A 13 12 1.01 25 0.480
2 A 9 8 0.92 25 0.320
3 A 9 8 0.96 23 0.348
4 A 6 5} 0.87 22 0.227
o A 7 6 0.94 25 0.240
6 A 11 10 0.95 25 0.400
7 A 10 9 0.93 25 0.360
3 A 13 12 1.06 25 0.480
9 A 13 12 0.98 25 0.480
10j A 9 8 0.92 25 0.320
]| A 2 2 1.00 23 0.087
12] A 9 8 0.92 22 0.364
13] A 10 9 0.98 25 0.360
14] A 14 13 1.09 25 0.520
15) A 13 12 1.25 25 0.480
16} A 6 6 0.97 19 0.316
17] A 6 5 1.02 19 0.263
18] A ) ) 1.11 17 0.294
19 A 6 5 1.04 16 0.312
20) A 4 4 1.08 19 0.211
21 A 7 6 1.08 19 0.316
22] A 4 4 1.07 19 0.211
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page
number of number of normalized integrand b ¢l
# | grade sheps widuie | anfiderivative |t e tegrand leaf size
23] A 7 6 0.99 19 0.316
24 A 6 5 1.03 14 0.357
25 A 6 5 1.02 14 0.357
26 A 6 5 1.01 14 0.357
27 A 2 2 1.00 14 0.143
28 A 2 2 1.00 14 0.143
N/A 1 0 1.00 16 0.000
N/A 1 0 1.00 16 0.000
31 A 6 5 1.00 16 0.312
32] A 7 6 1.01 16 0.375
33 A 9 8 1.09 16 0.500

2.3. Detailed conclusion table specific for Rubi results
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31 f W d.’E .................................
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316  [z3(d+ex?) (a+barccos(cz))dr . . . ...
317  [22(d+ex?) (a+barccos(cz))dr . . ...
318  [z(d+ex?®)(a+barccos(cz))dzr . . . . ...
319 [ ((d - ;3):?2) (a+ lza;ccos(cx)) dT . .
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326 [(c+ded)tarccos(az)dr . . . .. .. 202

3.27 [EEeir 210
arccos(aac)

328 [ (c+ G AT 216]

329 [Ve+dz? arccos(aa:) dT. . .
rccos(aar:)

3.30 f = d(x T

331 [2 (c+dw2()3/)2 dr . . . 237]

332 ora AT 236

3.33 f ~arccos(azx) dx W)

(c+d§l}2)7/2 ...................................
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3.1 f z3(a+barccos(cz)) dx

d—c2dxz?
3.1.1 Optimalresult . . .. ... .. ... . . e 37
3.1.2 Mathematica [A] (verified) . . . . . . . ... Lo 37
3.1.3 Rubi [A] (verified) . . ... ... .. 38
3.1.4 Maple [A] (verified) . ... ... ... ... 42
3.1.5 Fricas [F] . . . . . o o o 42
3.1.6 Sympy [F] . . . . o 42
3.1.7 Maxima [F] . . . .. 43
3.1.8 Giac [F] . . . 13
3.1.9 Mupad [F(-1)] . . . o o 43

3.1.1 Optimal result

Integrand size = 25, antiderivative size = 144

/ z3(a + barccos(cz)) dp — bzv/1 — 222 B 2%(a + barccos(cz))  i(a + barccos(cz))?
d - ctdz? dcd 2c2d 2bctd
barcsin(cz) (a+ barccos(cz))log (1 — e?arccos(er))
a 4ctd B Ad
b POlyLog (2, 621 arccos(ca;))
2ctd

output ‘ -1/2*x~ 2% (a+b*arccos(c*x))/c~2/d+1/2*xI* (a+b*arccos(c*x)) ~2/b/c"4/d-1/4xbx*a ‘
' rcsin(c*x)/c~4/d- (a+b*arccos (cxx) ) *1n(1- (cxx+I* (-c™2%x~2+1) " (1/2))"2) /c~4/
‘ d+1/2*%I*bxpolylog(2, (c*xx+I*(-c™2%x"2+1)~(1/2))"2)/c~4/d+1/4*b*x* (-c™2*x"2+ ‘
1)7(1/2)/¢3/d |

3.1.2 Mathematica [A] (verified)

Time = 0.42 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.25

d — c2dz? dz =

2ac’z? — bex/1 — 2x? + 2bc®z? arccos(cx) — 2ibarccos(cz)? + 2barctan (_1+\/c+_672$2> + 4b arccos(cz

/ z3(a + barccos(cz))

3.1. f 23 (a+barccos(cz)) dz

d—c?dz?
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input ‘ Integrate[(x"3%(a + bxArcCos[c*x]))/(d - c 2*d*x~2),x]

output

-1/4*%(2%a*c™2%x"2 - bxc*x*Sqrt[1l - c™2*x"2] + 2xb*c~2*x"2xArcCos[c*x] - (2
*I)*b*ArcCos [c*x] "2 + 2*xb*ArcTan[(c*x)/(-1 + Sqrt[1l - c”2*x~2])] + 4*bxArc
Cos [c*x]*Log[1 - E~(I*ArcCos[c*x])] + 4xbxArcCos[c*x]*Log[1 + E~(I*ArcCos[
c*x])] + 2xaxLogl[l - c”2*x72] - (4*I)*b*PolyLog[2, -E~(I*ArcCos[c*x])] - (
4%I)*b*PolyLog[2, E~(I*ArcCos[c*x])]1)/(c~4*d)

3.1.3 Rubi [A] (verified)

Time = 0.60 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.01,

_ _ number of rules _
number of steps used = 13, number of rules used = 12, integrand size 0.480, Rules

used = {5211, 27, 262, 223, 5181, 3042, 25, 4200, 25, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z3(a + barccos(cz))
d — c2dx? v
| 5211
b T ;1;2
J de B bf de B z2(a + barccos(cz))
c? 2cd 2¢2d

l 27
z(a+barccos(cz)) b z2 d 9
[ B dx B J V@2 % z*(a + barccos(cz))

c2d 2cd 2¢2d
| 262
| frma®  wyiew
J wdﬂv b< 22 G > z%(a + barccos(cz))
c2d 2cd 2¢2d
| 223
J wd’” _ z2(a + barccos(cz)) B b<arcs2i:3(cz) - x\/12;§72w2)
c2d 2c2d 2cd
| 5181

ath rcsin —c2g2
[ %damc%(cw) 22(a + barccos(cz)) b(a cszcg(az) _ x\/l%?)

cid 2¢2d 2cd

3.1. f 23 (a+barccos(cz)) dz

d—c?dz?




CHAPTER 3. LISTING OF INTEGRALS 39

| 302
J —((a + barccos(cz)) tan (arccos(cz) + §)) darccos(cz)  2*(a + barccos(cz))
B cd 2c¢%d
b(arcsin(cx) _ xm)
2¢3 2¢?

I

J(a + barccos(cz)) tan (arccos(cz) + §) darccos(cz)  a?(a + barccos(cz))

Ad 2c%d
b(arcsin(c;z:) . xm)
2¢3 2c2
2cd
l 4200
2z /- 21arccosf;f:;g;rff)os(m))d arccos(cz) — M x?(a + barccos(cz)) B
cAd 2c2d
b(arcsin(cx) _ m\/l—c72z2>
2c3 2c2
2cd
| 25
—2i [ e arcc;sic:z)i(;ii?(r;(;os(cw))darccos(cx) - —i(“+bargzos(cw))2 22(a + barccos(cz)) ~
B ctd 2¢2d
b(arcsin(cw) _ (1;\/]_—(:2(1:2>
2c3 2c2
2cd
| 2620

—2i(1ilog (1 — e?arccos(ea)) (q + barccos(cz)) — Lib [log (1 — eiarecos(e®)) darccos(cz)) — —i(a+bar§z°s(cm))2 B

ctd
resin(cz) zvV1—c2xz2
z2(a + barccos(cz)) B b<a S~ >
2¢2d 2cd
| 2115

_2,1/(%,[/ log (1 _ e?iarccos(c:z: ) (a + barccos(cx ) _ 7bfe—21arccos(ca:) log ( e?iarccos(cm)) deQiarccos(cz)) _ i(a-l—barj

ctd
in(cz) zvV1—c2z2
z2(a + barccos(cz)) B b(arcszlgcx T2 )
2c2d 2cd

l 2838

3.1. f 23 (a+barccos(cz)) dz

d—c?dz?
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_2,1:(%1' log (1 — e arccos(cx)) (a + barccos(cx)) + %bPolyLog (2, et arccos(cx))) _ i(a+bar§zos(cx))2

ctd
i zv1—c2z2
z2(a + barccos(cz)) B b(amszlg(m) T2 )
2c2d 2cd

inputtInt[(x‘B*(a + bxArcCos[c*x]))/(d - c~2*xd*x"2),x]

e

output

-1/2%(x"2*(a + bxArcCos[c*x]))/(c™2*d) - (b*(-1/2%(x*Sqrt[1 - c~2%x~2])/c”
‘2 + ArcSin[c*x]/(2%c”3)))/(2*c*xd) - (((-1/2*I)*(a + b*ArcCos[c*x])~2)/b -

‘(2*1)*((1/2)*(a + bxArcCos [c*x])*Log[1 - E~((2*I)*ArcCos[c*x])] + (b*PolyL
Log[2, E~((2*I)*ArcCos[c*x]1)]1)/4))/(c"4xd)

~

3.1.3.1 Defintions of rubi rules used

ruk325LInt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQl[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 223 Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[al)]1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

rule 262 Int [((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[c*(c*x)
“(m - D*((a + b*xx"2)"(p + 1)/(b*(m + 2%xp + 1))), x] - Simpla*c™2x((m - 1)/
(b*(m + 2%p + 1)))  Int[(c*x)"(m - 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b
» C, PY, x] && GtQ[m, 2 - 1] && NeQ[m + 2*p + 1, 0] && IntBinomialQ[a, b, c
, 2, m, p, xJ

N

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(m_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_L)~"((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(b*fxg*n*Log[F]))*Log[1 + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(g*x(e + f*x
)))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

3.1. f 23 (a+barccos(cz)) dz

d—c?dz?



rule 2715

rule 2838

rule 3042

rule 4200

rule 5181

rule 5211
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Int[Logl[(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
] > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Simp[2+#I Int[(c + d*x)~
m*E~ (2*xIxk*Pi) * (E~ (2%I* (e + f*x))/(1 + E~(2*I*k*Pi)*E~(2*%I*(e + f*x)))), x]
, x] /; FreeQ[{c, d, e, f}, x] &% IntegerQ[4+k] && IGtQ[m, O]

-

Int[(((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)*(x_))/((d.) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[1/e  Subst[Int[(a + b*x) n*Cot[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQlc™2+#d + e, 0] && IGtQ[n, O]

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.)) " (n_.)*((£_.)*(x_))~(m_)*((d_) + (e_.
Y¥(x_)"2)"(p_), x_Symbol] :> Simp[f*(f*x)"(m - 1)*(d + e*xx"2)"(p + 1)*((a +
b*ArcCos[c*x]) "n/(e*(m + 2%p + 1))), x] + (Simp[£f~2*((m - 1)/(c”™2*(m + 2*p
+ 1))) Int[(f*x)"(m - 2)*(d + e*x~2) p*(a + b*ArcCos[c*x])"n, x], x] - S
imp [b*f*(n/(c*(m + 2*%p + 1)))*Simp[(d + exx"2)"p/(1 - c~2*x~2) p] Int[(£*
) (@ - 1)*x(1 - c”2%x"2)"(p + 1/2)*(a + b*ArcCos[c*x])"(n - 1), x1, x1) /;
FreeQ[{a, b, c, d, e, f, p}, x] && EqQ[c™2*d + e, 0] && GtQ[n, 0] &% IGtQ[m
, 11 && NeQ[m + 2*p + 1, 0]

N\

3.1. f 23 (a+barccos(cz)) dz

d—c?dz?
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3.1.4 Maple [A] (verified)

Time = 1.67 (sec) , antiderivative size = 176, normalized size of antiderivative = 1.22

method result
; 2
9 aln(c?a?—1) b(—%—}-arcces(cm) ln(l—cac—i\/—02m2+1> —i polylog<2,cz+i\/—c2x2+1> +a
parts - 2adxc2 - 2d ct -

; 2
(%L+%u+%“ﬂ) b(— M;M-Q—arccos(cz) ln(l—cz—i\/ —02x2+1) —1 polylog(2,cz+i\/ —62z2+1)+arccos((

derivativedivides d s

) 2
a (cﬁ%_kﬁgﬂ &gﬂ) b(— %-}—arccos(cw) ln(l—c:c—i\/ —c2w2+1) —i polylog(Z,cz+i\/ —02:v2+1)+arccos(<

default d

ct

inputLint(x‘3*(a+b*arccos(c*x))/(-c‘2*d*x‘2+d),x,method=_RETURNVERBUSE) J

output‘—1/2*a/d/c“2*x*2—1/2*a/d/c‘4*1n(c*2*x“2—1)—b/d/c‘4*(—1/2*I*arccos(c*x)‘2+a
‘rccos(c*x)*1n(1-c*x—I*(—c“2*x“2+1)”(1/2))—I*polylog(2,c*x+I*(—c“2*x“2+1)‘(
‘1/2))+arccos(c*x)*1n(1+c*x+I*(-c“2*x”2+1)“(1/2))-I*polylog(2,-c*x-I*(-c“2*
‘x‘2+1)“(1/2))+1/4*arccos(c*x)*cos(2*arccos(c*x))-1/8*sin(2*arccos(c*x)))

3.1.5 Fricas [F]

3 3
/ z°(a + barccos(cz)) dp — / _ (barccos (cz) + a)z d

d — c2dxz? c2dz? — d
inputkintegrate(x‘3*(a+b*arccos(c*x))/(-c‘2*d*x“2+d),x, algorithm="fricas") J
outputtintegral(—(b*x‘B*arccos(c*x) + a*x”3)/(c”™2*d*x"2 - d), x) J

3.1.6 Sympy [F]

/ z3(a + barccos(cz)) dp — _f czwz cdr+ [ % dz
d — c2dx? d

input Lintegrate (x**3* (a+b*acos (c*x)) / (—c**2*d*x**2+d) ,x) J

3.1. f 23 (a+barccos(cz)) dz

d—c?dz?
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Output‘-(Integral(a*x**3/(c**2*x**2 - 1), x) + Integral(bxx**3%acos(c*xx)/ (cx*2*x*
‘*2 - 1), x))/d ‘

3.1.7 Maxima [F]

3 3
/ z°*(a + barccos(cz)) dp — / _ (barccos (cz) + a)z da

d — c2dz? c2dz? — d

inputLintegrate(x‘S*(a+b*arccos(c*x))/(—c‘2*d*x‘2+d),x, algorithm="maxima") J

output | -1/2xa*(x~2/(c"2*%d) + log(c™2*x"2 - 1)/(c"4*d)) + 1/2%(2xc"4*d*integrate(1
/2% (c"2+x"2%e” (1/2*log(c*x + 1) + 1/2xlog(-c*x + 1)) + e~ (1/2*log(c*x + 1)
+ 1/2x1log(-c*x + 1))*1log(c*x + 1) + e~ (1/2x1log(c*x + 1) + 1/2xlog(-c*x +
1))*log(-c*x + 1))/(c”7*d*x"4 - c”5*d*x"2 + (c~5*d*x~2 - c~3*d)*e” (log(c*x
+ 1) + log(-c*x + 1))), x) - (c™2*x"2 + log(c*x + 1) + log(-c*x + 1))*arc
tan2(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x))*b/(c"4*d)

3.1.8 Giac [F]

/ z3(a + barccos(cz)) i — / _ (barccos (cz) + a)2® i
d — c*da? B cdx? —d

inputLintegrate(x‘3*(a+b*arccos(c*x))/(-c‘2*d*x‘2+d),x, algorithm="giac") J

output Lintegrate (-(b*arccos(c*x) + a)*x~3/(c”2%d*x"2 - d), x) J

3.1.9 Mupad [F(-1)]

Timed out.
z3(a + barccos(cz)) z3 (a + bacos(cz))
/ d — c2dx? de _/ d— c?dx? de
input Lint((x‘3*(a + bracos(c*x)))/(d - ¢ 2*d*x"2) ,x) J
outputtint((x‘B*(a + b¥acos(c*x)))/(d - c”2*d*x"2), x) J

3.1. f 23 (a+barccos(cz)) dz

d—c?dz?
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3.9 f 2% (a+barccos(cz)) dx

d—c2dxz?
3.2.1 Optimalresult . . .. ... .. ... . . 44
3.2.2 Mathematica [A] (verified) . . . . . . . ... Lo 44
3.2.3 Rubi [A] (verified) . . . . . ... 45
3.24 Maple [A] (verified) . ... ... . ... 47
3.25 Fricas [F] . . . . . . 48
3.26 Sympy [F] . . . . o 48
3.2.7 Maxima [F] . . ... e 49
328 Giac [F] . .. . . 19
3.29 Mupad [F(-1)] . . . o 19

3.2.1 Optimal result

Integrand size = 25, antiderivative size = 115

/ z?(a + barccos(cz)) dr — bv1 —c*z*  z(a+ barccos(cz))

d — c2dx? v c3d 2d
2(a + barccos(cz))arctanh (e arecos(ea))
cd ‘
ibPolyLog (2, —e*rec*(")) _bPolyLog (2, e'*===("))
cd 3d

output‘—x*(a+b*arccos(c*x))/c“2/d+2*(a+b*arccos(c*x))*arctanh(c*x+I*(-c“2*x‘2+1)“
‘(1/2))/c‘3/d—I*b*polylog(2,—c*x-I*(—c‘2*x“2+1)‘(1/2))/c‘3/d+I*b*polylog(2,
‘c*x+I*(—c‘2*x‘2+1)“(1/2))/c‘3/d+b*(—c‘2*x‘2+1)‘(1/2)/c“3/d \

3.2.2 Mathematica [A] (verified)

Time = 0.31 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.20

/ z2(a + barccos(cz)) p

d — c2dz?
2acz — 2bv/1 — 222 + 2bex arccos(cz) + 2barccos(cz) log (1 — et@rees(«®)) — 2barccos(cz) log (1 + €2
2¢3
inputLIntegrate[(x“Q*(a + bxArcCos[c*x]))/(d - c™2*d*x"2),x] J

3.9. f 22(a+barccos(cz)) dz
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output‘ -1/2%(2*%a*xc*x - 2¥b*Sqrt[1 - c”2#x"2] + 2xb*cxx*xArcCos[c*x] + 2xbxArcCos([c
‘*x] xLog[1 - E~(I*ArcCos[c*x])] - 2*b*ArcCos[c*x]*Log[1l + E~ (I*ArcCos[c*x])
‘] + axLog[l - c*x] - axLog[l + cxx] + (2xI)*b*PolyLogl[2, -E~(I*ArcCos [c*x]
‘)] - (2%I)*b*PolyLog[2, E~(I*ArcCos[c*x])])/(c~3*d)

3.2.3 Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 106, normalized size of antiderivative = 0.92,

number of steps used = 9, number of rules used = 8, number of rules _ 0.320, Rules used

integrand size
= {5211, 27, 241, 5165, 3042, 4671, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

2
/ z*(a + barccos(cz)) dx

d — c2dz?
J'5211
a+barccos(cx
J Z(f Cc20;g) s do bf Nl _ z(a + barccos(cz))
c? cd c2d

l 27

f a+blari§‘;§(”)d b[ imda _ a(a+ barccos(cx))

c2d cd c2d
| 2
/ M#g(fz(w)dx z(a + barccos(cz bv1 — c2x?
+
c2d c2d c3d
| 5165
bar
J M—?Ci\/%(cx)darccos(cm) z(a + barccos(cz))  bv1— c2z?
- +
c3d c2d c3d
| 3042
B [ (a + barccos(cz)) csc(arccos(cz))d arccos(cx) _ z(a + barccos(cz)) + bv1 — c?x?
c3d c2d c3d
| 4671

3.9. f 22(a+barccos(cz)) dz
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—b [log (1 — ¢ arccos(c’”)) darccos(cz) + b [ log (1 + €' Z’“ccos'(‘””)) darccos(cx) — 2arctanh (e’ Z’“‘:COS’(‘””)) (a + barcc

c3d
z(a + barccos(cz)) = bV1 — c2a?
c2d + c3d

J'2715

ib f et arccos(cz) log (1 — ¢t arccos(cx)) de’ arccos(cz) __ be et arccos(cz) log (1 + et arccos(cx)) de’ arccos(cz) __ 2arctanh(

c3d
z(a + barccos(cz)) = bV1 — c2x?
2 + 3
c’d c’d
| 2838

—2arctanh (e’ arccos(c””)) (a + barccos(cz)) + ibPolyLog (2, —€’ 3“rcms(‘””)) — ibPolyLog (2, €' a“““305(‘””))
c3d
z(a + barccos(cz)) 4 bv1 — c2z?

c2d c3d

input LInt [(x~2*(a + b*ArcCos[c*x]))/(d - c~2xd*x"2),x] J

output ‘ (bxSqrt[1 - c™2*x72])/(c™3*d) - (x*(a + b*ArcCos[c*x]))/(c"2%d) - (-2x(a + ‘
‘ b*ArcCos [c*x] ) *ArcTanh [E~ (I*ArcCos [c*x])] + I*b*PolyLog[2, -E~(I*ArcCosl([c
‘ *x])] - I*b*PolyLogl[2, E~(I*ArcCos[c*x])])/(c~3*d) ‘

3.2.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

N\ J

rule 241 Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(a + b*x~2)~(p + 1)/
(2%b*x(p + 1)), x] /; FreeQ[{a, b, p}, x] && NeQ[p, -1]

rule 2715 Int [Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

3.9. f 22(a+barccos(cz)) dz
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rule 2838

rule 3042

rule 4671

rule 5165

rule 5211
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Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
» (-c)*e*x"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[lcscl(e_.) + (£_)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2x(c + d*x) “m*(ArcTanh[E~(I*(e + f*x))]/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)~(m - 1)*Logl[l - E~(I*(e + f*x))], x], x] + Simp[d*(m/f) Int[(c + d*x
)~ (m - 1)*Logl[l + E~(I*x(e + £*x))], x], x]1) /; FreeQl{c, d, e, £}, x] && IG
tQ[m, 0]

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[-(c*d)~(-1)  Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c~2*d + e, 0] && IGtQ[n, O]

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.)) " (n_.)*((£f_.)*(x_)) " (m_)*((d_) + (e_.
)¥(x_)"2)"(p_), x_Symbol] :> Simp[f*(f*x)"(m - 1)*(d + exx"2)"(p + 1)*((a +
b*ArcCos[c*x]) "n/(e*(m + 2*p + 1))), x] + (Simp[£f~2*((m - 1)/(c™2*(m + 2%p
+ 1))) Int[(f*x)"(m - 2)*(d + e*x~2) p*(a + b*ArcCos[c*x])"n, x], x] - S
imp [b*f*(n/(c*x(m + 2%p + 1)))*Simp[(d + e*x"2)"p/(1 - c~2*x~2) p] Int [(£*
) (@m - 1)*x(1 - c™2%x"2)"(p + 1/2)*(a + b*ArcCos[c*x])"(n - 1), x], x]1) /;
FreeQ[{a, b, c, d, e, f, p}, x] && EqQ[c™2*d + e, 0] && GtQ[n, 0] && IGtQ[m
, 1] && NeQ[m + 2*p + 1, 0]

3.2.4 Maple [A] (verified)

Time = 1.86 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.57

method result
o (caH— ln(cg—l) _ ln(Cg-Fl) ) N bv/—Z2Z 11 + barccos(cz) ln(1+cw+i\/m) _ b arccos(cz) ln(l—cx_i‘ /_62z2+1) _ barc
derivativedivides d d d i —
a(cct+ ln(cg_l) _ln(cg+1)> +b\/_62z2+1+barccos(cz) ln(1+cz+i\/—cT2+1) b arccos(cz) ln(l—cz—i\/ —02z2+1) barc
default d d d a
z  In(cz—1) In(cz+1) . S
+ _ a(cj-i-ﬁ,—% o3 ) bv—cZe®f1 _ barccos(cz)z ibpolylog (2, cx—iv —c?x +1)
parts d + =34 dc? 3d +

3.9. f 22(a+barccos(cz)) dz

d—c?dz?
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inputLint(x“2*(a+b*arccos(c*x))/(—c“2*d*x”2+d),x,method=_RETURNVERBOSE)

output‘1/c“3*(-a/d*(c*x+1/2*1n(c*x-1)-1/2*1n(c*x+1))+b/d*(-c“2*x“2+1)“(1/2)+b/d*a
‘rccos(c*x)*ln(1+c*x+I*(—c“2*x“2+1)“(1/2))-b/d*arccos(c*x)*ln(l-c*x—I*(-c“2
‘*x‘2+1)‘(1/2))—b/d*arccos(c*x)*c*x—I*b/d*polylog(2,—c*x-I*(—c“2*x‘2+1)“(1/
2))+T#b/d*polylog (2, chx+T* (-c 2+x"2+1) " (1/2)))

3.2.5 Fricas [F]

d — c2dz? c2dz? — d

2 2
/ z*(a + barccos(cz)) dp — / _ (barccos (cz) + a)z s

p
inputkintegrate(x‘2*(a+b*arccos(c*x))/(-c‘2*d*x‘2+d),x, algorithm="fricas")

e—

-

output Lintegral(—(b*x"2*arccos(c*x) + a*x~2)/(c"2*d*x"2 - d), x)

-/

3.2.6 Sympy [F]

Ez acos (cx
/xQ(a + barccos(cz)) dp — _f S22 dy + [ Mgl gy
d — c?dz? d

inputLintegrate(x**2*(a+b*acos(c*x))/(-c**2*d*x**2+d),x)

output‘—(Integral(a*x**2/(c**2*x**2 - 1), x) + Integral(bxx**2%acos(c*xx)/ (cx*2*x*
\*2 - 1), x)/d

3.9. f 22(a+barccos(cz)) dz

d—c?dz?
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3.2.7 Maxima [F]

/ z%(a + barccos(cz)) i — / _ (barccos (cz) + a)2? i
d — c%da? B c2dx? —d

input‘integrate(x“2*(a+b*arccos(c*x))/(-c“2*d*x“2+d),x, algorithm="maxima")

output‘—1/2*a*(2*x/(c“2*d) - log(c*x + 1)/(c™3%d) + log(c*x - 1)/(c”3*d)) - 1/2%(
‘2*c‘3*d*integrate(-1/2*(2*c*x - log(c*x + 1) + log(-c*x + 1))*sqrt(c*x + 1
‘)*sqrt(—c*x + 1)/(c”4*d*x"2 - c”2%d), x) + (2*%c*x - log(c*x + 1) + log(-cx*
‘x + 1))*arctan2(sqrt(cxx + 1)*sqrt(-cxx + 1), c*x))*b/(c"3*d)

3.2.8 Giac [F]

2 2
/ z*(a + barccos(czx)) dp — / _ (barccos (cz) + a)z i

d — c2dz? c2dz? — d

inputLintegrate(x“2*(a+b*arccos(c*x))/(-c‘2*d*x‘2+d),x, algorithm="giac")

output Lintegrate (-(b*arccos(c*x) + a)*x~2/(c”2%d*x”2 - d), x)

3.2.9 Mupad [F(-1)]

Timed out.

d — c2dz? d—c2dzx?

/ z2(a + barccos(cz)) dr — / z” (a + bacos(cz)) de

inputtint((x‘Q*(a + bracos(c*x)))/(d - c 2%d*x"2),x)

-

outputtint((x*z*(a + b*acos(c*x)))/(d - ¢ 2xd*x"~2), x)

e—

3.9. f 22(a+barccos(cz)) dz

d—c?dz?
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3.3 f z(a+barccos(cz)) dr

d—c?dx?
3.3.1 Optimalresult . .. ... ... .. ... .. H0l
3.3.2 Mathematica [A] (verified) . . . . . . ... ... 50
3.3.3 Rubi [A] (verified) . . . . . . . ... b1l
3.34 Maple [A] (verified) . . . ... .. .. .. 53]
335 Fricas [F] . . . . . . o %
3.3.6 Sympy [F] . . . . o 5!
3.3.7 Maxima [F] . . . . . . Y!
338 Giac [F] . . . o 5!
3.39 Mupad [F(-1)] . ... oo 5%

3.3.1 Optimal result

Integrand size = 23, antiderivative size = 82

d—cd? T 2bc?d - 2d
n b POlyLog (2, e2i arcccs(cx))
2c2d

/ z(a + barccos(cr)) dp — i(a + barccos(cz))?  (a+ barccos(cz)) log (1 — e?iarccos(cr))

output ‘ 1/2%I*(atb*arccos (c*x)) ~2/b/c~2/d-(at+b*arccos (c*x))*1n(1- (c*x+I* (-c™2%x~2+ ‘
Ll)*(1/2))‘2)/c‘2/d+1/2*I*b*polylog(2,(c*x+I*(—c“2*x‘2+1)A(1/2))A2)/c‘2/d J

3.3.2 Mathematica [A] (verified)

Time = 0.21 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.40

/ z(a + barccos(cx)) i
d — cdx?
i(barccos(cz)? 4 2ibarccos(cz) log (1 — e'ereces(e2)) + 2ibarccos(cz) log (1 + e'#r°>s(<®)) 4 jglog (1 — c*a
B 2c2d

-/

p
input LIntegrate [(x*(a + b*ArcCos[c*x]))/(d - c™2*d*x"2),x]

output‘ ((I/2)*(b*ArcCos[c*x] "2 + (2+I)*b*ArcCos[c*x]*Log[l - E~(I*ArcCos[c*x])] +
‘ (2*I)*b*ArcCos [c*x]*Log[1 + E~(I*ArcCos[c*x])] + Ixa*Log[l - c™2%x~2] + 2
‘*b*PolyLog[Q, -E~(I*ArcCos[c*x])] + 2xb*PolyLog[2, E~(I*ArcCos[c*x])1))/(c
"2%d)

ERI———.——.,

3.3. f z(a+barccos(cz)) dz

T d—c2dz2
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3.3.3 Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.96, number
of steps used = 9, number of rules used = 8, Bummber of rules _ 348 Ryjjes used = {5181,

integrand size
3042, 25, 4200, 25, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z(a + barccos(cr)) e

d — c2dx?
l 5181

(a+b
f %ﬁ;m(“))d arccos(cz)

c2d

l 3042

| —((a + barccos(cz)) tan (arccos(cz) + %)) darccos(cz)
c2d

| 25

[(a + barccos(cz)) tan (arccos(cz) + %) d arccos(cz)

cd
| 4200
. 2i arccos(cx) ; 2
2 f _e l_e%(;—ci—cg:(r::;os(cx)) d arccos(cm) __i(at+b argzos(cx))
cd
| 25
. e2iarccos(er) (g4 parccos(cx)) i(a+barccos(cx))?
—21 f 1—e2tarccos(cz) d a‘rccos(cw) - 2b
c2d
| 2620

—2i(3ilog (1 — €% aLrCC"S(C“”)) (a + barccos(cz)) — 3ib [log (1 — €% arccos(c’”)) darccos(cz)) — —i(a+bargzos(cw))2
c2d
l 2715

_21(%1 log (1 _ e?z‘arccos(cm)) (a + barccos(ca:)) _ %bfe—%arccos(cm) log (1 _ e2iarccos(cz)) de2iarccos(cz)) _ i(a+barj
B c2d

l 2838

3.3. f z(a+barccos(cz)) dz

T d—c2dz2



input

output

rule 25

rule 2620

rule 2715

rule 2838

rule 3042

rule 4200
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—Qi(%i log (1 — e arccos(cz)) (a + barccos(cm)) + %b PolyLog (2, e2t arccos(cz))) _ i(a+barg<}:}os(cm))2

c2d

Int[(x*(a + b*ArcCos[c*x]))/(d - c~2*d*x~2),x]

N

‘-((((—1/2*1)*(a + bxArcCos[c*x])"2)/b - (2*I)*((I/2)*(a + bxArcCos[c*x])+L
‘ ogll - E~((2*I)*ArcCos[c*x])] + (b*PolyLogl[2, E~((2*I)*ArcCos[c*x]1)]1)/4))/
(c72x)

| S —

3.3.3.1 Defintions of rubi rules used

§
LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

~—

Int [(CCFL)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Log[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))"n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Int[Logl[(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 :> Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Simp[2*I Int[(c + d*x)~
m*xE”~ (2+%Ixk*Pi) * (E~(2%xI*(e + f*x))/(1 + E~(2xIxk*Pi)*E~(2*Ix(e + £*x)))), x]
, x] /; FreeQ[{c, d, e, f}, x] &% IntegerQ[4+k] && IGtQ[m, O]

3.3. f z(a+barccos(cz)) dz

T d—c2dz2
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rule 5181‘Int[(((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)*(x_))/((d ) + (e_.)*(x_)"2), \
‘x_Symbol] :> Simp[1/e  Subst[Int[(a + b*x) n*Cot[x], x], x, ArcCos[c*x]],
x] /; FreeQ{a, b, c, d, e}, x] & EqQlc™2*d + e, 0] & IGtQ[n, O] |

3.3.4 Maple [A] (verified)

Time = 1.22 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.73

method result
aln(c2a?—1) b (— M +arccos(cz) In (l—ca:—i\/ —c2x2+1) —ipolylog (2,cx+i\/ —02w2+1) +arccos(cz) ]
parts i — a2
. 2
B a (%‘g;l)_ﬁ_%gﬁ) B b (— % +arccos(czx) ln(l—cz—i\/ —c2z2+1) —1 polylog (2,cz+i\/ —c212+1) +arccos(cz) In (1
derivativedivides 4 = 4
a (w + M) b <7 MQM +arccos(cz) In (lfca:f'i\/ —c222 +1) —ipolylog (2,cm+i vV 7c23:2+1) +arccos(cz) In (1
default d = 4
inputLint(x*(a+b*arccos(c*x))/(—c‘2*d*xA2+d),x,method=_RETURNVERBOSE) J

output‘-1/2*a/d/c“2*1n(c“2*x”2—1)—b/d/c“2*(-1/2*I*arccos(c*x)“2+arccos(c*x)*ln(1-
‘c*x-I*(-c“2*x“2+1)“(1/2))-I*polylog(2,c*x+I*(-c“2*x”2+1)“(1/2))+arccos(c*x
)*ln(L+cxx+I* (- 2+x"2+1) " (1/2))-T*polylog (2, ~crx-T* (-c~2+x"2+1)~(1/2)))

3.3.5 Fricas [F]

/ z(a + barccos(cx)) dp — /_ (barccos (cz) + a)z ds

d — c2dz? c2dz? — d

inputLintegrate(x*(a+b*arccos(c*x))/(-c“2*d*x“2+d),x, algorithm="fricas") J

outputLintegral(-(b*x*arccos(c*x) + axx)/(c”2*%d*x"2 - d), x) J

3.3. f z(a+barccos(cz)) dz

T d—c2dz2
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3.3.6 Sympy [F]

/z(a + barccos(cx)) dp — _f g dr+ [ bxc%;(im) dx
d — c2dx? v d

input Lintegrate (x* (at+b*acos (c*x) ) / (-c**2*kd*x**2+d) ,x)

output‘—(Integral(a*x/(c**Z*x**Q - 1), x) + Integral(b*x*acos(c*x)/(c**2xx**2 - 1

L), x))/d

3.3.7 Maxima [F]

/ z(a + barccos(cz)) iz

d — c2dz?

(barccos (cx) + a)x
/ cdx? —d de

inputLintegrate(x*(a+b*arccos(c*x))/(—c“2*d*x“2+d),X, algorithm="maxima")

output | 1/2%(2*c~2*d*integrate(1/2x (e~ (1/2xlog(cxx + 1) + 1/2*log(-c*x + 1))*log(c
*x + 1) + e~ (1/2%1log(c*xx + 1) + 1/2xlog(-c*x + 1))*log(-c*x + 1))/(c 5xd*x
"4 - c”3xd*x"2 + (c”"3*%d*x"2 - c*d)*e~(log(c*x + 1) + log(-c*x + 1))), x) -

(log(c*x + 1) + log(-c*x + 1))*arctan2(sqrt(c*x + 1)*sqrt(-cxx + 1), c*x)
)*b/(c”2*d) - 1/2*a*log(c”2*d*x"2 - d)/(c”2xd)

3.3.8 Giac [F]

d — c2dz? c2dz? —d

/ z(a + barccos(cx)) dp — /_ (barccos (cz) + a)z ds

input‘integrate(x*(a+b*arccos(c*x))/(-c“2*d*x“2+d),x, algorithm="giac")

outputLintegrate(-(b*arccos(c*x) + a)*x/(c"2*%d*x"2 - d), x)

3.3. f z(a+barccos(cz)) dz

T d—c2dz2
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3.3.9 Mupad [F(-1)]

Timed out.

/w(a+ barccos(cx)) dr — / z (a + bacos(cz)) s

d — c2dz? d—c?dzx?

input Lint((x*(a + bxacos(c*x)))/(d - c~2*d*x"2),x)

output Lint((x*(a + b*acos(c*x)))/(d - c 2xd*x~2), x)

3.3. f z(a+barccos(cz)) dz

T d—c2dz2
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3.4 f a+barccos(cz) dx

d—c2dz?
34.1 Optimalresult . .. ... ... .. . 50l
3.4.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo oL 50
3.4.3 Rubi [A] (verified) . . . . . . ... BT
3.44 Maple [A] (verified) . . . ... ... ... bY
345 Fricas [F] . . . . o o 59
3.4.6 Sympy [F] . . . . . by
347 Maxima [F] . . . ... . bYe)
348 Giac [F] . . . 60
349 Mupad [F(-1)] . . . . o 60

3.4.1 Optimal result

Integrand size = 22, antiderivative size = 76

a + barccos(cz) 2(a + barccos(cz))arctanh (e’ arcc"s(“))
dr =
d — c?dz? cd
ibPolyLos (2, ¢ _ib PolyLog (2, <)
- +
cd cd

output‘2*(a+b*arccos(c*x))*arctanh(c*x+1*(—c“2*x‘2+1)“(1/2))/c/d—I*b*polylog(Q,-C
‘*x—I*(—c“2*x“2+1)“(1/2))/c/d+I*b*polylog(2,c*x+I*(—c“2*x“2+1)“(1/2))/c/d

3.4.2 Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.41

/ a + barccos(cx)
x
d — cdx?
—2barccos(cz) log (1 — e*@reees(<@)) + 2barccos(cz) log (1 4 ef2*s(«)) — glog(1 — cz) + alog(l + cz) —

2cd

input LIntegrate [(a + bxArcCos[c*x])/(d - c™2*d*x"2),x]

-/

output ‘ (-2*b*ArcCos [c*x] *Log[1 - E~(I*ArcCos[c*x])] + 2%b*ArcCos[c*x]*Log[l + E~( ‘
‘ IxArcCos[c*x])] - a*Logl[l - c*x] + a*Log[l + c*x] - (2+I)*b*PolyLog[2, -E~ ‘
‘ (I*ArcCos[c*x])] + (2*I)*b*PolyLogl[2, E~(I*ArcCos[c*x])])/(2*c*d) ‘

3.4. f a+barccos(cz) dx

d—c2dz?
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3.4.3 Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.87, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , 997 Ry jjeq ysed = {5165,

integrand size
3042, 4671, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a + barccos(cz)
d — c2dx?

J,5165

a+barccos(cz)
f W d arccos (cm)

cd
J’3042

[ (a+ barccos(cz)) csc(arccos(cz))d arccos(cx)
cd

J'4671

—b [log (1 — etareos(<®)) darccos(cz) + b [ log (1 + €227°°05(¢®)) d arccos(cx) — 2arctanh (e’ arccos(ez)) (g + barce
cd

l 2715

ib f et arccos(cz) ].Og (1 — ¢t arccos(cz)) det arccos(cz) _ ’Lbf et arccos(cz) log (1 + et arccos(ca:)) det arccos(cz) _ 2arctanh(
cd

l 2838

—2arctanh (e’ ar"‘:"‘s(c’”)) (a + barccos(cz)) + ibPolyLog (2, —€’ 3“rcc°s(‘””)) — ibPolyLog (2, ¢’ arcc°s(cx))
cd

p

inputLInt[(a + bxArcCos[c*x])/(d - c~2*d*x~2),x]

|

—

p
output ‘ -((-2*(a + b*ArcCos[c*x])*ArcTanh[E~ (I*ArcCos[c*x])] + Ixb*PolyLog[2, -E~(
IxArcCos[c*x])] - I*bxPolyLog[2, E~(I*ArcCos[c*x])])/(c*d))

N J

3.4. f a+barccos(cz) dx

d—c2dz?



rule 2715

rule 2838

rule 3042

rule 4671

rule 5165

input
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3.4.3.1 Defintions of rubi rules used

Int[Logl[(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLog[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(e_.) + (f_.)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2x(c + dx*x) “m* (ArcTanh[E~(I*(e + £xx))]1/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)~(m - 1)*Logl[l - E~(I*(e + f*x))], x], x] + Simp[d*(m/f) Int[(c + d*x
)"(m - 1)*Logl[l + E~(I*(e + £*x))]1, x]1, x]) /; FreeQ[{c, 4, e, f}, x] && IG
tQ[m, 0]

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/((d_ ) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[-(c*d)~(-1) Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2+#d + e, 0] && IGtQ[n, O]

3.4.4 Maple [A] (verified)

Time = 1.70 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.84

method result
— arctan T —tarctan. n(l1l— i(cz+1) —In _iez4l) e di ——
o sxctann(es) (= et (en) arcconten)—tarctani(en)(1n (1 G ) (14 ST ) ) s anon (14
derivativedivides d d
— arctan T —iarctan n(l1l— i(cx+1) —In _ilez4l) i di
a arctanh(cz) b( arctanh(cz) arccos(cz)—i arctanh(cz) (l (1 m) 1 (1+ m))_“d log(1+
default d _ d
b( — arctanh(cx) arccos(cz)—i arctanh(cz)  In| 1— _ieztl) ) _jp(g4—deztD)
aln(cz—1) aln(cz+1) V—c2z241 V—c22241
parts T 2de + 2dc -

‘ int ((atb*arccos (c*x))/(-c"2*d*x~2+d) ,x,method=_RETURNVERBOSE)

3.4. f a+barccos(cz) dx

d—c2dz?
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output ‘ 1/c*(a/d*arctanh (c*x)-b/d* (-arctanh (c*x)*arccos (c*x)-I*arctanh(c*x)*(1n(1-
‘I*(c*x+1)/(-c”2*x“2+1)“(1/2))-1n(1+I*(c*x+1)/(-c“2*x“2+1)”(1/2)))+I*dilog(
‘1+I*(c*x+1)/(—c‘2*x“2+1)“(1/2))-I*dilog(l-I*(c*x+1)/(-c“2*x‘2+1)“(1/2))))

3.4.5 Fricas [F]

/ a + barccos(cz) dp — / _ barccos (cz) +a s

d — c2dzx? c2dz? — d

inputtintegrate((a+b*arccos(c*x))/(—c‘2*d*x‘2+d),x, algorithm="fricas")

outputtintegral(—(b*arccos(c*x) + a)/(c™2xd*x"2 - d), x)

3.4.6 Sympy [F]

/ a + barccos(cz) d [ apmdz+ [ b?§$3(_cf) dz
> = —
d — c2dz? d

inputLintegrate((a+b*acos(c*x))/(—c**2*d*x**2+d),x)

output‘—(Integral(a/(c**Q*x**2 - 1), x) + Integral(b*acos(c*x)/(c**2*xx**2 - 1), x
))/d

3.4.7 Maxima [F]

a+ barccos(cx) , barccos (cx) + a
/ d — c2dx? dr = / cdx? —d de

input Lintegrate ((atb*arccos(c*x))/(-c"2*d*x"~2+d) ,x, algorithm="maxima")

N

output‘1/2*a*(log(c*x + 1)/(c*d) - log(c*x - 1)/(c*d)) - 1/2*%(2xcxd*integrate(1/2
‘*sqrt(c*x + 1)*sqrt(-cxx + 1)*(log(c*x + 1) - log(-c*x + 1))/(c”2*d*x"2 -
‘d), x) - (log(c*x + 1) - log(-c*x + 1))*arctan2(sqrt(c*x + 1)*sqrt(-cxx +
‘1), cxx) ) *b/ (cxd)

ERI———.——.,

3.4. f a+barccos(cz) dz

d—c2dz?
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3.4.8 Giac [F]

a+ barccos(cx) , barccos (cx) + a
/ d — c2dxz? dz = /_ cdx? —d de

input Lintegrate ((atb*arccos(c*x))/(-c"2xd*x"2+d) ,x, algorithm="giac")

output Lintegrate(-(b*arccos(c*x) + a)/(c™2xd*x"2 - d), x)

3.4.9 Mupad [F(-1)]

Timed out.

/ a + barccos(cx) dp — / a + bacos(cx) d

d — c2dz? d—c2dzx?

input Lint((a + bxacos(c*x))/(d - c”2xd*x~2),x)

output Lint((a + b*acos(c*x))/(d - c™2*%d*x"2), x)

3.4. f a+barccos(cz) dz

d—c2dz?
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35 f a+barccos(cz) dx

z(d—c?dz?)
3.5.1 Optimalresult . . .. ... .. ... ... e 611
3.5.2 Mathematica [B] (verified) . . . . . . . ... ... Lo 611
3.5.3 Rubi [A] (verified) . . ... ... .. 62
3.5.4 Maple [A] (verified) . .. ... .. . ... 64
3.5.,5 Fricas [F] . . . . . o o 64
3.5.6 Sympy [F] . . . . . 65]
3.5.7 Maxima [F] . . . ... .. 65
3.5.8 Giac [F] . . . 65
3.59 Mupad [F(-1)] . . . . oo 66

3.5.1 Optimal result

Integrand size = 25, antiderivative size = 71

/ a + barccos(cz) 2(a + barccos(cz))arctanh (g% arecos(ee))
dx =
z (d — c2dx?) d
2b PolyLog (2’ _621' arccos(cw)) N b POlyLOg (2, e2i arccos(cm))

- 2d 2%

OUtPUt‘2*(a+b*arccos(c*X))*arctanh((C*x+I*(-c“2*x‘2+1)“(1/2))“2)/d—1/2*I*b*polylo
‘g(2,—(c*x+I*(—c“2*x“2+1)”(1/2))“2)/d+1/2*I*b*polylog(2,(c*x+I*(—c”2*x“2+1)
/27274 |

3.5.2 Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 143 vs. 2(71) = 142.

Time = 0.32 (sec) , antiderivative size = 143, normalized size of antiderivative = 2.01

/ a + barccos(cz) p
z (d — c2dx?)
2barccos(cz) log (1 — ef2eos(®)) 4 2p arccos(cz) log (1 + e?27*(<®)) — 2p arccos(cz) log (1 + e?iarceos(c

input LIntegrate [(a + b*ArcCos[c*x])/(x*(d - c”2xd*x"2)),x] J

35. [ ) ds



output
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-1/2*%(2*b*ArcCos [c*x]*Log[1 - E~(I*ArcCos[c*x])] + 2xb*ArcCos[c*x]*Log[1 +

E~(I*ArcCos[c*x])] - 2xbxArcCos[c*x]*Log[1 + E~((2+I)*ArcCos[c*x])] - 2xa
xLog[x] + axLog[l - c™2%x72] - (2+I)*b*PolyLog[2, -E~(I*ArcCos[c*x])] - (2
*I)*b*xPolyLog[2, E~(I*ArcCos[c*x])] + I*b*PolyLogl[2, -E~((2*I)*ArcCos[c*x]
)1)/d

3.5.3 Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.94, number
of steps used = 7, number of rules used = 6, Bumber of rules _ 94y Ryjes used = {5185,

integrand size
4919, 3042, 4671, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/ a + barccos(cz)
z (d — c2dz?)

l 5185

a+barccos(cz)
S T d arccos(cz)
d

l 4919

2 [(a + barccos(cz)) csc(2 arccos(cz))d arccos(cz)
d

l 3042

2 [(a + barccos(cz)) csc(2 arccos(cz))d arccos(cz)
d

l 4671

2(—1b [log (1 — e2iarccos(cx)) d arccos(cx) + 1b [ log (1 + e2iarccos(er)) darccos(cx) — (arctanh (e2iarecos(cr)) (g
_ 2 2

d
l 2715

2(%&6 f e—2i arccos(cz) log (1 — e arccos(cm)) de: arccos(cz) __ %lbf e~ 2 arccos(cz) log (1 + e2t arccos(cz)) de arccos(cz) _

d
l 2838

35. [ ) ds
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2(— (arctanh(e* arccos(c””)) (a + barccos(cz))) + iib PolyLog (2, —e? a”rc‘x’s(cm)) — %ib PolyLog (2, e** arccos(c’”)))

d

inputLInt[(a + bkArcCos[c*x])/(x*x(d - c™2*d*x"2)),x]

~—

output((—Q*(-((a + b*ArcCos [c*x])*ArcTanh [E™ ((2*I)*ArcCos [c*x])]) + (I/4)*b*PolyL
‘og[2, -E~((2%I)*ArcCos[c*x])] - (I/4)*b*PolyLogl[2, E~((2*I)*ArcCos[c*x])])
/4

———

3.5.3.1 Defintions of rubi rules used

rule 2715 | Int [Log[(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

rule 2838 Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4671 Int[cscl(e_.) + (£_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2x(c + dx*x) "m* (ArcTanh[E~(I*(e + f*x))]/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)"(m - 1)*Log[l - E~(I*(e + f*x))], x], x] + Simp[d*(m/f) Int[(c + d*x
)~ (m - 1)*Logl[l + E~(Ix(e + £*x))], x], x]) /; FreeQl{c, d, e, f}, x] && IG
tQ[m, 0]

ruk34919/Int[Csc[(a_.) + (b_)*(x_ )] (n_.)*((c_.) + (A_.)*(x_))"(m_.)*Sec[(a_.) + (b
_)*(x )17 (n_.), x_Symbol] :> Simp[2°n  Int[(c + d*x) m*Csc[2*a + 2*b*x]"n
,» x], x] /; FreeQ[{a, b, c, d, m}, x] && IntegerQ[n] && RationalQ [m]

rule 5185 Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))"(n_.)/((x_)*((d_) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[-d~(-1)  Subst[Int[(a + b*x)"n/(Cos[x]*Sin[x]), x], x, A
rcCos[c*x]], x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n
, 0]

35. [ ) ds
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3.5.4 Maple [A] (verified)

Time = 1.90 (sec) , antiderivative size = 196, normalized size of antiderivative = 2.76

method result

In(cz—1) | In(cat1) b| arccos(cz) In (1—cx—i\/ —02w2+1) —i polylog (2,cx+i\/ —c2x2+1) —arccos(
a(— ln(z)+#+f)

parts - ] -

a (— In(cz)+ Inex—1) M) b (arccos(cz) In (1—cz—i\/m> —ipolylog (2,C$+i\/m> —arccos
derivativedivides | — dz 2 _

In(ez—1) | In(cat1) b | arccos(cz) 1n<1—cx—i\/—02z2+1> —ipolylog (2,(;7:-|—i\/ —02x2+1> —arccos
a(— ln(cm)+f+f>
default — Z _

inputLint((a+b*arccos(c*x))/x/(—c‘2*d*x*2+d),x,method=_RETURNVERBOSE) J

output | -a/d*(-1n(x)+1/2*1n(c*x-1)+1/2*1n(c*x+1))-b/d* (arccos (c*x) *1n(1-c*x-I*(-c”~
2xx72+1)~(1/2) ) -I*polylog(2, cxx+I* (-c~2%x~2+1) " (1/2))-arccos (c*x) *1n(1+(c*
x+I*(-c™2xx72+1)~(1/2)) "2)+1/2*%I*polylog(2,—(cxx+I*(-c~2*x"2+1)~(1/2))"2)+
arccos (c*x) *1n(1+c*x+I* (-c~2*x~2+1) " (1/2)) -I*polylog(2,-c*x-I*(-c~2*x~2+1)
~(1/2)))

3.5.5 Fricas [F]

/ a+ barccos(cx) , / _ barccos (cz) +a i

z (d — c2dx?) (2dz? — d)z
inputLintegrate((a+b*arccos(c*x))/x/(—c“2*d*x‘2+d),x, algorithm="fricas") J
outputLintegral(-(b*arccos(c*x) + a)/(c”2xd*x~3 - d*x), x) J

35. [ ) ds
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3.5.6 Sympy [F]

/a + barccos(cz) dp — _f s do+ [ P55 c;) dz

z (d — c2dz?) v d

inputtintegrate((a+b*acos(c*x))/x/(—c**2*d*x**2+d),x)

output‘—(Integral(a/(c**2*x**3 - x), x) + Integral(b*acos(c*x)/(c**2xx**3 - x), X

))/d

3.5.7 Maxima [F]

a+ barccos(cx) , barccos (cx) + a
/ z (d — c2dx?) dz = / (dz? — d)z dz

inputLintegrate((a+b*arccos(c*x))/x/(-c“2*d*x“2+d),x, algorithm="maxima")

output‘—1/2*a*(log(c*x + 1)/d + log(c*x - 1)/d - 2xlog(x)/d) - b*integrate(arctan
‘2(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x)/(c™2*d*x~3 - d*x), x)

3.5.8 Giac [F]

/ a + barccos(cz) dp — /_barccos (cx)+a i
z (d — c2dx?) B (2dz? — d)z

input Lintegrate ((atb*arccos(c*x))/x/(-c~2*d*x~2+d) ,x, algorithm="giac")

output‘integrate(-(b*arccos(c*x) + a)/((c™2%d*x"2 - d)*x), X)

35. [ —a;(”dafgg;j;;”> da
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3.5.9 Mupad [F(-1)]

Timed out.

a+ barccos(cx) , / a + bacos(cz)
/ z (d — 2dz?) do = d

z (d—c2dx?) v

inputtint((a + bxacos(c*x))/(x*(d - c~2%d*x"2)),x)

-

output Lint((a + bxacos(c*x))/(x*x(d - c"2*%d*x"2)), x)

-/

35. [ ) ds
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36 [ do

3.6.1 Optimalresult . . .. .. ... ... .. 671
3.6.2 Mathematica [A] (verified) . . . . . .. . ... . L 67
3.6.3 Rubi [A] (verified) . . . . ... ... ... 68
3.6.4 Maple [A] (verified) . .. ... .. ... ... [Tl
3.6.5 Fricas [F] . . . . . . . 72
3.6.6 Sympy [F] . . . . . 72
3.6.7 Maxima [F] . . .. . .. . 72
3.6.8 Giac [F] . ... . . 73
3.6.9 Mupad [F(-1)] . . . . . o 73

3.6.1 Optimal result

Integrand size = 25, antiderivative size = 107

/ a + barccos(cx) dp— 2 + barccos(cz) N 2c(a + barccos(cz))arctanh (e 2recos(ee))
22 (d — c2dz?) B dz d
bC&I‘Ct&Ilh(V 1-— C2$2) ibc POIYLOg (2’ _ei arccos(ca:))
d . d
ibe PolyLog (2, et a,rccos(cx))
* d

output ‘ (-a-b*arccos (c*x)) /d/x+2%c* (a+b*arccos (c*x) ) *arctanh (ckx+I* (-c~2%x~2+1) "~ (1 ‘
|/2)) /d+bxcxarctanh ((-c"2%x~2+1) " (1/2)) /d-T*b*c*polylog(2,-cxx-T* (-c 2%x~2+
|1)7(1/2))/d+I*bxcrpolylog (2, chx+I*(~c 2%x"2+1)~(1/2))/d |

3.6.2 Mathematica [A] (verified)

Time = 0.48 (sec) , antiderivative size = 158, normalized size of antiderivative = 1.48

/ a + barccos(cz) dr —

22 (d — c2dzx?)
2a + 2barccos(cz) + 2bcx arccos(cz) log (1 — e*2reos(®)) — 2beg arccos(cz) log (1 + ef2ecs(2)) + 2bex

input LIntegrate[(a + bxArcCos[c*x])/(x~2%(d - c~2%d*x~2)),x]

~—

36. [ el g
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output | -1/2x(2*a + 2*bxArcCos[c*x] + 2*bxcxx*ArcCos[c*x]*Log[1l - E~(I*ArcCos[c*x]
)1 - 2%bkcxx*ArcCos [c*x]*Log[1 + E~(I*ArcCos[c*x])] + 2*bxcxx*Logl[x] + axc
*x*xLog[1 - c*x] - akcxxxLog[l + c*x] - 2*bkxcxx*Logl[l + Sqrt[l - c™2%x"2]]
+ (2%I)*bxc*x*PolyLog[2, -E~(I*ArcCos[c*x])] - (2*I)*b*c*x*PolyLogl[2, E~(I
*ArcCos [c*x])])/(d*x)

3.6.3 Rubi [A] (verified)

Time = 0.52 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.95,

_ _ number of rules _
number of steps used = 11, number of rules used = 10, integrand size 0.400, Rules

used = {5205, 27, 243, 73, 221, 5165, 3042, 4671, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/ a + barccos(cz)
z? (d — c2dz?)

lsmm

5 [ a+ barccos(cz) . be [ ﬁdw __a+ barccos(cz)
d(1— c2z?) d dz

| 27

[ a—i—blar(;cosz(cz) dx bcf z\/licizwzdw _ a+ barccos(cz)
d d dz
| 243

2 a+barccos(cx 1 2
|75 szz( )dl‘ be [ mzmdw a + barccos(cx)

d 2d - de

| 73

f a+barccos(a7:)d bf ﬁdv 1—c?z?
22

a + barccos(cz)

1—c2z2 _
d + od dz
l 991
[ a+b1arz<2:c;s;(cx) dz _a+ barccos(cx) + bcarctanh( vi- 62932)
d dz d
l 5165

+b
_cf %\/%ig“)darccos(cx) _a+ barccos(cz) . bcarctanh<\/1 — c2x2>

d dz d

36. [ —a;’;;f°§;;;3§> da
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| 3042
¢ [(a + barccos(cz)) csc(arccos(cz))d arccos(cz)  a + barccos(cz) N bcarctanh (m)
| 4671

c(=b [ log (1 — eiareeos(en)) darccos(cx) + b [ log (1 + et 2eees(<2)) darccos(cx) — 2arctanh (ei27<0s(@)) (g + bar
_ d
a + barccos(cz) N bcarctanh (m)

dz d
l 2715

C(’Lbf e—tarccos(cz) log (1 — et arccos(cm)) detarccos(cz) _ ;) f e—tarccos(cz) log (1 + et arccos(cz)) detarccos(cz) _ 9aretan
d

a + barccos(cz) bcarctanh <m)
+
dz d
| 2838

c (—2arctanh (ei arccos(cx)) (a + barccos(cx)) + ib PolyLog (2, —el arccos(ca:)) — ibPolyLog (2, el arccos(ca;)) )

d
a + barccos(cz) N becarctanh (W)
dm d

input LInt [(a + b*ArcCos[c*x])/(x72*(d - c™2*d*x"2)),x] J

| A\

-((a + bxArcCos[c*x])/(d*x)) + (b*ckArcTanh[Sqrt[1l - c”2*x~2]])/d - (c*(-2
‘*(a + b*ArcCos [c*x])*ArcTanh [E” (I*ArcCos[c*x])] + IxbxPolyLog[2, -E~(I*Arc ‘
‘Cos[c*x])] - Ixb*PolyLogl[2, E~(I*ArcCos[c*x])1))/d J

output

36, [ s da



rule 27

rule 73

rule 221

rule 243

rule 2715

rule 2838

rule 3042

rule 4671
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3.6.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)~(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tlx~((m - 1)/2)*(a + bxx)"p, x1, x, x°2], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

Int[Logl[(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(e_.) + (f_.)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2x(c + d*x) “m*(ArcTanh[E~(I*(e + f*x))1/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)~(m - 1)*Logl[l - E~(I*(e + f*x))], x], x] + Simp[d*(m/f) Int[(c + d*x
)"(m - 1)*Logl[l + E~(I*(e + £*x))]1, x1, x]) /; FreeQ[{c, 4, e, f}, x] && IG
tQ[m, 0]

36. [ el g




rule 5165

rule 5205
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Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[-(c*d)~(-1) Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQlc™2+#d + e, 0] && IGtQ[n, O]

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.)) " (a_.)*((£_.)*(x_)) " (m_)*((d_) + (e_.
Y*(x_)"2)"(p_), x_Symbol] :> Simp[(f*x)~(m + 1)*(d + exx"2)"(p + 1)*((a + b
*ArcCos [c*x]) "n/(d*fx(m + 1))), x] + (Simp[c™2*((m + 2*p + 3)/ (£ 2*%(m + 1))
) Int[(f*x)"(m + 2)*(d + e*x"2) p*(a + b*ArcCos[c*x])"n, x], x] + Simp[b*
cx(n/(f*x(m + 1)))*Simp[(d + exx~2)"p/(1 - c™2*x"2)"p] Int[(f*x)"(m + 1)*(
1 - c™2xx72)"(p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x1) /; FreeQ[{a, b,
c, d, e, £, p}, x] && EqQ[c™2*d + e, 0] && GtQ[n, 0] && ILtQ[m, -1]

3.6.4 Maple [A] (verified)

Time = 3.49 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.36

method result

a < c ln(czzc—l) e ln(c2:c+1) +%> bc(%jw)+i dilog (cac+i\/ —c2z2+1) +idilog (1+cw+i\/ —c2w2+1) +2i arctan|

parts — p]

cT

d

derivativedivides v

cx

default

( a ( Ly ln(c;_ D ln(cg-f-l) ) b ( arccg;(cm) +i dilog (cx—l—z'\/ —02w2+1) +idilog <1+c:1:+i\/ —02x2+1) +2i arctar
C —_—

U

d

( a(i+ln(cg_1) - 1n(c§+1)) b(arccz(m) +i dilog (cz—}-i\/ —52w2+1> +i dilog(1+ca:+i\/ —02m2+1> +2i arctar
c PR—
d

input Lint ((a+b*arccos(c*x)) /x~2/ (-c~2%d*x~2+d) ,x ,method=_RETURNVERBOSE)

output ‘ -a/d*(1/2xc*1n(cxx-1)-1/2*cx1n(c*x+1)+1/x)-b/d*c*(1/c/x*arccos (c*x)+I*dilo

\g(c*x+I*(-c‘2*x“2+1)“(1/2))+I*dilog(1+c*x+I*(-c‘2*x“2+1)‘(1/2))+2*I*arctan
‘(c*x+I*(—c“2*x“2+1)“(1/2))-arccos(c*x)*ln(1+c*x+I*(—c‘2*x“2+1)“(1/2)))

36. [ el g
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3.6.5 Fricas [F]

/ a + barccos(cz) dp — / _ barccos (cz) +a s
z2 (d — c2dx?) B (c2dz? — d)z?

inputLintegrate((a+b*arccos(c*x))/x‘2/(—c“2*d*x‘2+d),x, algorithm="fricas")

outputLintegral(—(b*arccos(c*x) + a)/(c™2xd*x"4 - d*x"2), x)

3.6.6 Sympy [F]

/ a + barccos(cx) P [ ot da+ [ 25 (fg) dz
x2 (d — c2dx?) N d

input‘integrate((a+b*acos(c*x))/x**2/(—c**2*d*x**2+d),x)

output‘-(Integral(a/(c**2*x**4 - xx*2), x) + Integral(bx*acos(c*x)/(cx*2kxx*4 - x*

\*2), x))/d

3.6.7 Maxima [F]

/ a + barccos(cz) dp — / _ barccos (cz) +a i
z2 (d — c2dx?) B (c2dz? — d)z?

inputLintegrate((a+b*arccos(c*x))/x‘2/(—c“2*d*x‘2+d),x, algorithm="maxima")

output‘1/2*a*(c*log(c*x + 1)/d - c*log(cxx - 1)/d - 2/(d*x)) - 1/2%(2*d*x*integra
‘te(1/2*(c“2*x*log(c*x + 1) - c™2*kxxlog(-c*x + 1) - 2xc)*sqrt(cxx + 1)*sqrt
‘(-c*x + 1)/(c™2%d*x"3 - d*x), x) - (c*x*log(c*x + 1) - c*x*log(-c*x + 1) -
‘ 2)*arctan2(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x))x*b/(d*x)

36. [ —a;’;;fcggggz? da
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3.6.8 Giac [F]

/ a + barccos(cz) dp — / _ barccos (cz) +a s
z2 (d — c2dx?) B (c2dz? — d)z?

input Lintegrate ((atb*arccos(c*x))/x72/(-c"2*%d*x"2+d) ,x, algorithm="giac")

output Lintegrate(—(b*arccos(c*x) + a)/((c™2%d*x"2 - d)*x72), x)

3.6.9 Mupad [F(-1)]

Timed out.

/a + barccos(cx) i :/ a + bacos(cx) p

z2 (d — c2dx?) 22 (d—c*dx?) v

input Lint((a + bxacos(c*x))/(x~2%(d - c~2*d*x~2)),x)

output Lint((a + b*acos(c*x))/(x~2%(d - c~2*%d*x~2)), x)

36. [ el g
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37 [ do

3.7.1 Optimalresult . . . . ... .. .. . [74
3.7.2 Mathematica [A] (verified) . . . . . .. . ... . 74
3.7.3 Rubi [A] (verified) . . . . ... .. ... 751
3.74 Maple [A] (verified) . ... ... ... .. 78
3.75 Fricas [F] . . . . . o o 8
3.76  Sympy [F] . . . . o 79
3.7.7 Maxima [F] . . . . . 79
3.7.8 Giac [F] . . . . 79
3.79 Mupad [F(-1)] . . . .o R0

3.7.1 Optimal result

Integrand size = 25, antiderivative size = 124

/ a + barccos(cx) dp — bevl —c2z?  a+ barccos(cr)

x3 (d — c2dx?) v 2dx a 2dx?
2¢?(a + barccos(cz))arctanh (e arecos(ce))
d
ibc? POlyLOg (2’ —e% arccos(cac)) N ibc? PolyLog (2’ e?iarccos(cx))
2d 2d

output(1/2*(-a—b*arccos(c*x))/d/x‘2+2*c‘2*(a+b*arccos(c*x))*arctanh((c*x+I*(—c‘2*
‘x“2+1)‘(1/2))*2)/d—1/2*I*b*c‘2*polylog(2,—(c*x+I*(-c“2*x‘2+1)“(1/2))“2)/d+
\1/2*I*b*c“2*polylog(2,(c*x+I*(-c“2*x“2+1)‘(1/2))‘2)/d+1/2*b*c*(—c”2*x“2+1)
L“(1/2)/d/x

| —

3.7.2 Mathematica [A] (verified)

Time = 0.44 (sec) , antiderivative size = 220, normalized size of antiderivative = 1.77

dr =

/ a + barccos(cz)
x3 (d — c2dzx?)
a — bez/1 — 222 + barccos(cz) + 2bc?z? arccos(cz) log (1 — efrecs(<@)) + 2bc?z? arccos(cz) log (1 4

37, [ el g
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input ‘ Integrate[(a + bxArcCos[c*x])/(x"3*(d - c~2*d*x"2)),x]

output

-1/2*(a - bxc*x*Sqrt[1 - c”2*%x"2] + bxArcCos[c*x] + 2*bxc~2*x"2xArcCos [c*x
J#Log[1l - E~(I*ArcCos[c*x])] + 2*%b*xc~2xx"2xArcCos[c*x]*Log[1 + E~(I*ArcCos
[c*x])] - 2%b*c™2*x~2%ArcCos [c*x]*Log[1 + E~((2*I)*ArcCos[c*x])] - 2%a*c™2
*x"2%Log[x] + axc™2*x"2xLogl[l - c™2*x~2] - (2*I)*b*c~2*x"2*PolyLog[2, -E~(
IxArcCos[c*x])] - (2%I)*b*c~2*x~2+PolyLog[2, E~(I*ArcCos[c*x])] + Ixb*c™2x%
x~2*PolyLog[2, -E~((2*I)*ArcCos[c*x])])/(d*x"2)

3.7.3 Rubi [A] (verified)

Time = 0.57 (sec) , antiderivative size = 115, normalized size of antiderivative = 0.93,

_ number of rules
number of steps used = 10, number of rules used = 9, integrand size = 0.360, Rules used

= {5205, 27, 242, 5185, 4919, 3042, 4671, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a + barccos(cz)
z3 (d — c2dz?)

lsmm

9 [ a+ barccos(cz) - be [ ﬁdx _a+ barccos(cz)
dz (1 — c2x?) 2d 2dz?

l 27

a+barccos(cx
2f -;(1 chg dx B be [ w2¢11_672362dx _a+ barccos(cz)
d 2d 2dz?
l 242
a-+barcco!
[ -;(1 Ccziggm) dzx _ a+ barccos(cz) + bev'1 — c2x?
d 2dz? 2dx
l 5185
barc
[ a:z al sz(cm)darccos( ) _a+ barccos(cz) N bev/1 — 22
d 2dx? 2dx
l 4919

2¢2 [(a + barccos(cz)) csc(2arccos(cz))d arccos(cx)  a + barccos(cx) — beyv/1 — c2a?
- d - 2dz? 2dz

3.7. j“%%%;%gg%gde
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| 3042
2¢2 [(a + barccos(cz)) csc(2 arccos(cz))d arccos(cx)  a + barccos(cx) + bev'1 — 2z
d 2dz? 2dx
| 4671

2¢%(—1b [log (1 — e¥arecos(<r)) darccos(cx) + 1b [ log (1 + e?iarecos(e?)) d arccos(cz) — (arctanh (e2arecos(ea)) (
- d

a + barccos(cx) + bev'1 — c2x?
2dx? 2dx

l 2715

202(%751)1‘ o2 arccos(cz) log (1 i arccos(c:v)) de2t arccos(cz) _ %be o2 arccos(cz) log (1 + e2t arccos(cx)) de2t arccos(cz)
d

a + barccos(cx) + bev'1 — c2x?
2dx? 2dx

l'2838

2¢? (— (arctanh (e?arecos(e?)) (g + barccos(cz))) + 2ibPolyLog (2, —eZarccos(c)) — Lip PolyLog (2, e2arecos(ez))

d
a + barccos(cx) = bev1 — c2x?
2dzx? 2dx

-

input LInt [(a + bxArcCos[c*x])/(x"3*(d - c~2*d*x~2)),x]

~—

output‘ (b*c*Sqrt[1 - c™2*x~2])/(2*d*x) - (a + bxArcCos[c*x])/(2*d*x~2) - (2%c™2x*(
‘ -((a + b*ArcCos[c*x])*ArcTanh [E~((2*I)*ArcCos[c*x]1)]) + (I/4)*bxPolyLogl[2,
‘ -E~((2*I)*ArcCos[c*x])] - (I/4)*b*PolyLog[2, E~((2*I)*ArcCos[c*x])]))/d

—

3.7.3.1 Defintions of rubi rules used

rule 27/Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 242 /Int[((c_.)*(x_))’"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(c*x)~
(m + D*((a + bxx"2)"(p + 1)/(a*c*(m + 1))), x] /; FreeQ[{a, b, c, m, p}, x
] && EqQ[m + 2*p + 3, 0] && NeQ[m, -1]

37, [ el g



rule 2715

rule 2838

rule 3042

rule 4671

rule 4919

rule 5185

rule 5205
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Int[Logl[(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(e_.) + (f_.)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2x(c + d*x) “m*(ArcTanh[E~(I*(e + f*x))1/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)"(m - 1)*Logl[l - E~(I*(e + f*x))], x], x] + Simp[d*(m/f) Int[(c + d*x
)"(m - 1)*Logl[l + E~(Ix(e + f*x))]1, x1, x1) /; FreeQ[{c, 4, e, f}, x] && IG
tQ[m, 0]

Int[Cscl(a_.) + (b_)*(x_ )1 (n_.)*((c_.) + (d_.)*(x_))"(m_.)*Sec[(a_.) + (b
_)*(x_)17(n_.), x_Symbol] :> Simp[2°n Int[(c + d*x) m*Csc[2*a + 2*b*x] n
, x], x] /; FreeQ[{a, b, c, d, m}, x] && IntegerQ[n] && RationalQ [m]

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))"(n_.)/((x_)*((d_) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[-d~(-1) Subst[Int[(a + b*x) n/(Cos[x]*Sin[x]), x], x, A
rcCos[c*x]], x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n
, 0]

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.)) " (n_.)*((f_.)*(x_)) " (m_)*((d_) + (e_.
)*¥(x_)"2)"(p_), x_Symbol] :> Simp[(f*x)"(m + 1)*(d + exx"2)"(p + )*((a + b
*ArcCos [c*x]) "n/(d*f*x(m + 1))), x] + (Simp[c™2*((m + 2%p + 3)/(£"2*(m + 1))
) Int[(f*x)"(m + 2)*(d + exx~2) p*(a + bxArcCos[c*x])"n, x], x] + Simp[b*
ck(n/(£x(m + 1)))*Simp[(d + e*x"2)"p/(1 - c”2*x72)"p] Int[(f*x)"(m + 1)*(
1 - ¢c™2%x72)"(p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x]) /; FreeQ[{a, b,
c, d, e, £, p}, x] && EqQlc™2*d + e, 0] && GtQ[n, 0] && ILtQ[m, -1]

37, [ el g
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3.7.4 Maple [A] (verified)

Time = 2.25 (sec) , antiderivative size = 248, normalized size of antiderivative = 2.00

method result
B b —ic2z2_cx\/ —c2z2 4 14arccos(cx) +arccos(cm) In 1_61:_1.@
a( 1 _ln(cx)+ln(cm 1)+1n(cz+1)) 202 12
derivativedivides | ¢? | ——2c% 2 2/ _
d
. 2.2
) In(er—1) | In(ewt1) b —ic“z® —cx/ 7czzz2+l+arccos(cz) +a.rccos(cac) 111(1—6.%—1\/@
2c4x
default c? a<262w2 “hn(eo) TR+ )
— 3 —
—ic2z2 _cav/—c2z211
2 2 2 ic“z®—czx c?z“+14arccos(cz) PN
a(ﬁ_cz In(z)+& 1n(2cz—1)+c ln(2cz+1)) bc ( 222 +arccos(cm)ln<1 cr—iv —c
parts — y —

inputLint((a+b*arccos(c*x))/x‘3/(-c‘2*d*x‘2+d),x,method=_RETURNVERBUSE)

output

c™2x(-a/d*(1/2/c~2/x"2-1n(c*x)+1/2*1n(c*x-1)+1/2*1n(c*x+1) ) -b/d* (1/2% (-I*c
T2%x72-c*x* (-cT2%x"2+1) " (1/2) +arccos(c*x)) /c”2/x"2+arccos (ckx) *1n (1-cxx-I*
(-c™2%x72+1) " (1/2) )-I*polylog(2, c*x+I*(-c~2*x"2+1) " (1/2)) -arccos (c*x) *1n(1
+(cxx+I*(-c™2xx"2+1)~(1/2)) "2)+1/2*I*polylog(2, - (cxx+I*(-c~2*%x"2+1) " (1/2))
~2)+arccos (c*x) *1n (1+c*xx+I*(-c~2+x"2+1) " (1/2) ) -I*polylog(2,—c*x—I*(-c~2%x~
2+1)7(1/2))))

3.7.5 Fricas [F]

/ a + barccos(cz) dp — / _ barccos (cz) +a i
z3 (d — c2dx?) B (c2dz? — d)x3

inputLintegrate((a+b*arccos(c*x))/x”3/(—c‘2*d*x‘2+d),x, algorithm="fricas")

outputLintegral(-(b*arccos(c*x) + a)/(c™2%d*x~5 - d*x~3), x)

37, [ el g
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3.7.6 Sympy [F]

/ a + barccos(cx) dr = — [ Ztmda+ [ b;‘;‘? (;ms) dz
z3 (d — c2dx?) N d

inputtintegrate((a+b*acos(c*x))/x**3/(-c**2*d*x**2+d),x)

output‘—(Integral(a/(c**2*x**5 - x**3), x) + Integral(b*acos(c*x)/(cx*2*x**5 - x*
*3), x))/d

3.7.7 Maxima [F]

/ a + barccos(cx) dp — / _ barccos (cz) +a i
z3 (d — c2dx?) B (c2dz? — d)z3

inputLintegrate((a+b*arccos(c*x))/x“3/(-c”2*d*x“2+d),x, algorithm="maxima"

output‘—1/2*(c‘2*log(c*x + 1)/d + c"2xlog(c*x - 1)/d - 2*xc”2xlog(x)/d + 1/(d*x"2)
‘)*a - bxintegrate(arctan2(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x)/(c"2*d*x~5 -
‘d*x“S), x)

3.7.8 Giac [F]

/ a + barccos(cz) dp — / _ barccos (cz) +a i
z3 (d — c2dx?) B (c2dz? — d)z3

input‘integrate((a+b*arccos(c*x))/x“3/(—c“2*d*x“2+d),x, algorithm="giac")

outputLintegrate(-(b*arccos(c*x) + a)/((c™2*%d*x"2 - d)*x"3), x)

3.7. j‘%ﬁ%;%gg%%de
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3.7.9 Mupad [F(-1)]

Timed out.

/ a + barccos(cz) dr — / a + bacos(cx) p
z3 (d — c2dx?) N

z3 (d— c2dx?) v

input {int((a + b*acos(c*x))/(x"3%(d - c~2*%d*x~2)),x)

e—

-

output Lint ((a + bxacos(c*x))/(x"3*%(d - c™2*d*x"2)), x)

-/

37, [ el g
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3.8 f z*(a+barccos(cz)) dx

(d—c2dx2)2
3.8.1 Optimalresult . .. ... ... ... .. 8T
3.8.2 Mathematica [A] (verified) . . . . . .. .. ... .. Lo oL ’2
3.8.3 Rubi [A] (verified) . . . . . ... .. R2
3.84 Maple [A] (verified) . . . ... . ... ... 30
3.85 Fricas [F] . . . . . o o &7
3.8.6 Sympy [F] . . . . . . BT
3.87 Maxima [F] . . .. .. ... ]Y
3.88 Giac [F] . . . . . e 88
3.89 Mupad [F(-1)] . . . o o ]88

3.8.1 Optimal result

Integrand size = 25, antiderivative size = 180

/ z*(a + barccos(cz)) i — b V1=
(d — c2dz?)* 28d2/1 = a2 cod?
3z(a + barccos(cx))  z3(a + barccos(cr))
2c4d? 2c2d? (1 — 2x?)
3(a + barccos(cz))arctanh (ef#recos(2))
cSd?
3ibPolyLog (2, —e*@c>s(<®))  34p PolyLog (2, e*2reccs(<2))
* 2c5d? a 2c5d?

output | 3/2*x* (a+b*arccos(c*x))/c”4/d"2+1/2*xx"3*x (a+b*arccos(c*x))/c~2/d"2/ (-c~2*x~
2+1)-3* (at+b*arccos (c*x)) *arctanh (c*x+I* (-c~2%x"2+1)~(1/2))/c~5/d"2+3/2*I*b
*polylog(2,-c*x-I*(-c~2*%x"2+1)~(1/2))/c~5/d"2-3/2*I*b*polylog(2, cxx+I*(-c~
2%x72+1)7(1/2))/c”5/d"2+1/2%b/c"5/d"2/ (—c™2*x"2+1) ~(1/2) -b* (-c"2*x"2+1) ~ (1
/2)/c”5/d"2

z*(a+barccos(cz
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3.8.2 Mathematica [A] (verified)

Time = 0.48 (sec) , antiderivative size = 294, normalized size of antiderivative = 1.63

(d — c2da?)? T AR T 2P (=1 + c22?) 4cdd? 4c5d?

/ z*(a + barccos(cz)) ax ax 3alog(l —cz) 3alog(l+ cz)

_iarccus(cz)2 2 arccos(cx) log(1+ez arccos(cm)) 2

2c c

b V1—c2z2—arccos(cz) v/ 1—c2z24arccos(cz) + —V1-c?z?4cxarccos(cx) (
5
c

4ct(ct+c?x) + 4ct(c—c?x)

4ct

+ 7

input ‘ Integrate[(x~4*(a + b*ArcCos[c*x]))/(d - c™2*d*x~2)"2,x] ‘

output

(a*x)/(c™4%d"2) - (a*x)/(2xc™4*d"2x(-1 + c~2%x72)) + (3*axLogl[l - c*x])/(4
*c"b*%d"2) - (3*axLogl[l + c*x])/(4*%c”5*d~2) + (b*x((Sqrt[l - c™2*x"2] - ArcC
os[c*x])/(4xc™4*(c + c™2*x)) + (Sqrt[l - c”2*x"2] + ArcCosl[c*x])/(4*c”4x*(c
- ¢c72%x)) + (-Sqrt[l - c™2*x"2] + c*x*xArcCos[c*x])/c”5 - (3*%(((-1/2*I)*Ar
cCos[c*x]~2)/c + (2*ArcCos[c*x]*Log[1 + E~(I*ArcCos[c*x]1)])/c - ((2*I)*Pol
yLog[2, -E~(I*ArcCos[c*x]1)]1)/c))/(4*%c~4) - (((3+I)/8)*(ArcCos[c*x]*(ArcCos
[cxx] + (4*I)*Log[1l - E~(I*ArcCos[c*x])]) + 4*PolyLogl[2, E~(I*ArcCos[c*x])

1))/c75))/d™2

3.8.3 Rubi [A] (verified)

Time = 0.79 (sec) , antiderivative size = 191, normalized size of antiderivative = 1.06,

number of steps used = 13, number of rules used = 12, number of rules _ 0.480, Rules
integrand size

used = {5207, 27, 243, 53, 2009, 5211, 241, 5165, 3042, 4671, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z*(a + barccos(cr)) iz
(d — 2dx?)?
| 5207

2 bar 3
_3f %dﬂ? N b (1_02xw2)3/2 dzx z3(a + barccos(cz))

2¢2d 2cd? 2c2d? (1 — c2x?)

l27

z*(a+barccos(cz
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z2 a’
3f WCM b[ de 23(a + barccos(cz))

2242 2cd2 2c2d? (1 — c2x2)
l 243
2(qa L 2
3 Sty ] it (o barccos(en)
2c2d2 ded? 2¢2d? (1 — c2x?)

l 53

1 1 2
3f de N bf <62(1_62z2)3/2 - C2\/1_02902) dx x3(a + barccos(cx))

2c2d? 4ed? 2¢2d? (1 — c2x?)
| 2009
2 r 2v1—c2z? 2
_3f %dﬂ? z3(a + barccos(cz)) b( a ot c4\/1—c2x2>
2¢2d? 2¢2d? (1 — c2x2) ded?
l 5211
3 fm%;c:(mdx bf\/ﬁdm __ z(atbarccos(cz))
2 c c? N x3(a + barccos(cr))
2c2d? 2¢2d? (1 — c2x?)
2z
b(Z\/l; + 54\/12—c2m2)
4cd?
| 21
[ atbarccos(cz) 4.
3 1—c222 __ z(atbarccos(cz)) + bV1—c2z2
2 2 3 N x3(a + barccos(cr))
2c2d? 2¢2d? (1 — c2x?)
)
b(Z\/lcT + 04\/12—c2m2)
4cd?
| 5165
i wdarccos(cx)
3( V1—c222 __ z(a+barccos(cz)) + bV/1—c2a2
c3 c? c
+ z3(a + barccos(cz))
2c2d? 2¢2d? (1 — c2x?)
ZW 2
b( + c4\/1—c2z2)
4cd?
| 3042

z*(a+barccos(cz
3.8. j‘-—iégjﬁg—gf——ﬂ-dz
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3 + x3(a + barccos(cz))
2¢2d? 2¢2d? (1 — c2x?)
QW 2
b( + c4\/1—c2x2>

4cd?
l 4671

3(_ J(a+barccos(cz)) csc(arccos(cz))d arccos(cx) :c(a—}-bal;gcos(c:c)) + b\/10_3072x2)

c

3 ( —b [ log(1—€® arccos(cx) )darccos(cz)+b [ log(1+¢€ arccos(cx) )d arccos(cx) —2arctanh (e arc"os(”)) (a+barccos(cz)) x(a+barccos(c:
— 3 - 2

B 2c2d?
2\/1 2y 2
z3(a + barccos(cz)) b( £+ AVI_2a?

2¢2d? (1 — c22?) 4cd?
| 2715

3 < ib f e—z arccos(cx) log( ’L arccos(cz)) i arccos(cx) —ib f e—i arccos(cz) log(l_'_ez arccos(cz))dei arccos(czx) _2arctanh (ei arccos(cz)) (a+b arc
c3
B 2c2d?
2v1—c2z? 2
z3(a + barccos(cz)) + b( a T 04\/1_02352)
2c2d? (1 — c2x?) 4ed?

l 2838

3 (_ —2arctanh( g amcos(“)) (a+barccos(cz))+ib P013yLog( “*TCCOS(%)) ib PolyLog(2,e arCCOS(CﬂC)) _ a(atd argcos(cz)) n b@
c c c

B 2c2d?
2v1—c2a? 2
z3(a + barccos(cz)) b( a o+ c4\/1_62352)
2¢2d? (1 — c22?) 4ed?

input LInt [(x~4*x(a + b*ArcCos[c*x]))/(d - c~2*%d*xx"2)"2,x] J

-

output | (bx(2/(c™4*Sqrt[1 - c™2*xx72]) + (2xSqrt[1l - c~2*x"2])/c"4))/(4*c*xd"2) + (x
~3x(a + b*ArcCos[c*x]))/(2xc™2%d"2+(1 - c™2*x"2)) - (3*((b*Sqrt[1 - c™2*x~
2])/c”3 - (x*(a + bxArcCos[c*x]))/c”2 - (-2x(a + b*ArcCos[c*x])*ArcTanh[E~
(IxArcCos[c*x])] + IxbxPolyLog[2, -E~(I*ArcCos[c*x])] - IxbxPolyLogl[2, E~(
I*xArcCos[c*x])])/c™3))/(2*%c™2*d"2)

N

z*(a+barccos cac



rule 27

rule 53

rule 241

rule 243

rule 2009

rule 2715

rule 2838

rule 3042

rule 4671
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3.8.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && IGtQ[m, O] &% ( !'IntegerQ[n] || (EqQlc, 0] && LeQ[7*m + 4*n + 4, 0])
|| LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(a + b*x"2)"(p + 1)/
(2%b*x(p + 1)), x] /; FreeQ[{a, b, p}, x] && NeQ[p, -1]

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst [In
tx~((m - 1)/2)*(a + bxx)"p, x1, x, x°2], x] /; FreeQ[{a, b, m, p}, x] && I

ntegerQ[(m - 1)/2]

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[Logl[(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Int[Logl[(c_.)*((d_ ) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[cscl(e_.) + (£_.)*(x_)]1*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> Simp[-
2x(c + d*x) “m*(ArcTanh[E~(I*(e + f*x))1/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)~(m - 1)*Logl[l - E~(I*(e + fxx))], x], x] + Simp[d*(m/f) Int[(c + d*x
)"(m - 1)*Logl[l + E~(I*(e + £*x))]1, x1, x1) /; FreeQ[{c, 4, e, f}, x] && IG
tQ[m, O]

z*(a+barccos(cz




rule 5165

rule 5207

rule 5211
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Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[-(c*d)~(-1) Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQlc™2+#d + e, 0] && IGtQ[n, O]

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)*((£_.)*(x_))"(m_)*((d_) + (e_.
Y*(x_)"2)"(p_), x_Symbol] :> Simp[f*(f*x)~(m - 1)*(d + e*x"2)"(p + 1)*((a +
b*ArcCos[c*x])"n/(2*ex(p + 1))), x] + (-Simp[f~2*((m - 1)/(2%ex(p + 1)))
Int[(£f*x)"(m - 2)*(d + e*xx"2)"(p + 1)*(a + b*ArcCos[c*x])"n, x], x] - Simp
[b*xf*x(n/(2*%cx(p + 1)))*Simp[(d + e*x"2)"p/(1 - c~2*x~2) p] Int[(f*x)"(m -
1)*(1 - c™2*xx"2)"(p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x]) /; FreeQ[{
a, b, c, d, e, £}, x] && EqQ[c™2*d + e, 0] && GtQ[n, 0] && LtQlp, -1] && IG

tQ[m, 1]

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.)) " (n_.)*((£f_.)*(x_)) " (m_)*((d_) + (e_.
)¥(x_)"2)"(p_), x_Symbol] :> Simp[f*(f*x)"(m - 1)*(d + exx"2)"(p + 1)*((a +
b*ArcCos[c*x]) "n/(e*x(m + 2*p + 1))), x] + (Simp[£f~2*((m - 1)/(c”™2*(m + 2*p
+ 1))) Int[(f*x)"(m - 2)*(d + e*x~2) p*(a + b*ArcCos[c*x])"n, x], x] - S
imp [b*f*(n/(cx(m + 2%p + 1)))*Simp[(d + e*x"2)"p/(1 - c~2*x~2) p] Int [(£*
) (m - 1)*x(1 - c”2%x"2)"(p + 1/2)*(a + b*ArcCos[c*x])"(n - 1), x], x1) /;
FreeQ[{a, b, c, d, e, f, p}, x] && EqQ[c™2*d + e, 0] && GtQ[n, 0] && IGtQ[m
, 1] && NeQ[m + 2*p + 1, 0]

3.8.4 Maple [A] (verified)

Time = 2.41 (sec) , antiderivative size = 250, normalized size of antiderivative = 1.39

method result
1 3ln(cz—1) 1 _ 3In(cz+1)
a(C17 4(cz—1) + 1 ~ 4(cz+1) 4 ) _bV/—c22241 + barccos(cz)cx _ barccos(cx)ex _ bv/—c2z24+1 3barccos(
. . o e d? a2 d2 2d2 (029:2—1) 242 (c2z2 —1)
derivativedivides
1 31ln(cz—1) 1 31ln(cz+1)
a(cz— icz-1) " 1 ~A4(cz+1) 4 ) _bV/—=c2z2+1 + barccos(cz)ca _ barccos(cz)cz  bv/—c2z2+1 3b arccos(
d2 a2 a2 2d2(c222-1)  2d2(c222-1)
default
a(l— 1 +31n(cz—1)_ 1 _31n(c:v+1))
I't 4 4c5(cw—1) 4c5 4c5 (caz+1) 4c5 _ b\/—02x2+1 + bz arccos(cx) _ bz aI‘CCOS(C.’l!) _ b\/
parts d? cbd? d2ct 2d2ct(c2z2-1) 2d2c

inputLint(x“4*(a+b*arccos(c*x))/(-c”2*d*x“2+d)“2,x,method=_RETURNVERBOSE)

z*(a+barccos(cz
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output | 1/c"5*%(a/d"2* (c*x-1/4/ (c*x-1)+3/4*1n(c*x-1)-1/4/ (c*x+1)-3/4*1n(c*x+1))-b/d
~2%(-c”2*%x~2+1) ~(1/2) +b/d"2*arccos (c*x) *c*x-1/2%b/d"2/ (c~2*x~2-1) *arccos (c
*x)*c*x-1/2%b/d"2/ (c"2*%x"2-1) *(-c~2*%x~2+1) ~(1/2) +3/2*%b/d"2*arccos (c*x) *1n(
1-cxx-I*(-c™2%x"2+1) " (1/2))-3/2*I*b/d"2*polylog (2, cxx+I* (-c"2*xx~2+1) ~(1/2)
)-3/2%b/d~2*arccos (c*x) *1n(1+ckx+I*(-c™2%x~2+1) " (1/2) ) +3/2*I*b/d"2*polylog
(2,-c*x-I*(-c~2*xx"2+1)~(1/2)))

3.8.5 Fricas [F]

/ z*(a + barccos(cz)) (barccos (cx) + a)z*
5 dr = 5 dz
(d — c2dx?) (c2dz? — d)

inputLintegrate(x“4*(a+b*arccos(c*x))/(-c“2*d*x“2+d)“2,x, algorithm="fricas")

output‘integral((b*x‘4*arccos(c*x) + axx"4)/(c™4*d"2*x"4 - 2%c"2%d"2%x"2 + d72),
®

3.8.6 Sympy [F]

IB4 acos (cx
/w4<a+barccos<cx>> e do+ | et do
(d — c2dz?)® d?

inputLintegrate(x**4*(a+b*acos(c*x))/(-c**2*d*x**2+d)**2,x)

Output‘(Integral(a*x**4/(c**4*x**4 - 2xc**2xx*x2 + 1), x) + Integral (b*x**4*acos(
Lc*x)/(c**4*x**4 - 2kCkk2¥xx*k*2 + 1), x))/d**x2

z*(a+barccos(cz
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3.8.7 Maxima [F]

dz

/ z*(a + barccos(cz)) i — / (barccos (cx) + a)z*
(d — 2dz?)? (dz? — d)?

inputLintegrate(x‘4*(a+b*arccos(C*x))/(—c‘2*d*x‘2+d)‘2,x, algorithm="maxima")

output

-1/4%a*(2*x/(c"6*%d"2%x"2 - c”4%d"2) - 4*x/(c”4*d"2) + 3*log(c*x + 1)/(c”5%
d~2) - 3*log(cxx - 1)/(c™5*d"~2)) + 1/4*((4*c™3*x"3 - 6*cxx - 3*(c™2*x"2 -

1)*log(c*x + 1) + 3*(c™2*x"2 - 1)*log(-c*x + 1))*arctan2(sqrt(c*x + 1)*sqr
t(-c*x + 1), c*x) + 4x(c”7*d"2%x"2 - c~5*d"2)*integrate(-1/4*(4*c”~3*x"3 -

6xcxx — 3*(c”2*x"2 - 1)*log(c*xx + 1) + 3*(c™2*x"2 - 1)*log(-c*x + 1))*sqrt
(c*x + 1)*sqrt(-c*x + 1)/(c™8*d"2*x"4 - 2*xc”6xd"2*x"2 + c~4*xd"2), x))*b/(c
“7T*d"2%x72 - c”b*d"2)

3.8.8 Giac [F]

/ z*(a + barccos(cz)) , [ (barccos(cz)+ a)z* i

(d — 2da?)? - (dz? — d)?

inputLintegrate(x“4*(a+b*arccos(c*x))/(-c”2*d*x“2+d)“2,x, algorithm="giac")

outputLintegrate((b*arccos(c*x) + a)*x~4/(c”2%d*x"2 - d)"2, x)

3.8.9 Mupad [F(-1)]

Timed out.

/ z*(a + barccos(cz)) / z* (a + bacos(cz))
5 dr = 5 dx
(d — c?dx?) (d—c?dz?)

inputtint((x“4*(a + bkxacos(c*x)))/(d - c~2*d*x"2)"2,x)

outputtint((x‘4*(a + bxacos(c*x)))/(d - c”2xd*x"2)"2, x)

z*(a+barccos(cz
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3.9 f z3(a+barccos(cz)) dx

(d—c2dx2)2
39.1 Optimalresult . .. ... ... . .. ... 89|
3.9.2 Mathematica [A] (verified) . . . . . .. .. ... .. L Lo oL 89
3.9.3 Rubi [A] (verified) . . . . . ... 90
3.9.4 Maple [A] (verified) . . ... ... ... !
3.9.5 Fricas [F] . . . . . o o 94
3.9.6 Sympy [F] . . . . . 95
3.9.7 Maxima [F] . . .. . ... 95
398 Giac [F] . . . . . 95
3.9.9 Mupad [F(-1)] . . . . o 90

3.9.1 Optimal result

Integrand size = 25, antiderivative size = 155

z*(a + barccos(cz)) , b z2(a + barccos(cx))  i(a + barccos(cx))?
/ (d — c2dz?)* v 2¢3d2+/1 — 2x? 2242 (1 — 2z?) 2bctd?
barcsin(cz) = (a+ barccos(cz)) log (1 — eZarccos(ea))
22 cAd?
ib PolyLog (2, g% arccos(ce))
a 2ctd?

output‘1/2*x“2*(a+b*arccos(c*x))/c“2/d‘2/(—c‘2*x“2+1)-1/2*I*(a+b*arccos(c*x))“2/b
‘/c‘4/d‘2—1/2*b*arcsin(c*x)/c‘4/d“2+(a+b*arccos(c*x))*1n(1-(c*x+I*(—c‘2*x‘2
‘ +1)7(1/2))"2)/c~4/d"2-1/2*Ixb*polylog(2, (c*x+I*(-c~2*x~2+1)~(1/2))~2) /c~4/ ‘
‘ d~2+1/2%b*x/c~3/d"2/ (-c"2*xx"2+1) " (1/2) ‘

3.9.2 Mathematica [A] (verified)

Time = 0.59 (sec) , antiderivative size = 203, normalized size of antiderivative = 1.31

3
/w (a + barccos(cx)) i

2
(d — c2dz?)
bWi=—c?z?2 _ b/1-c?z® _ 2 barccos(cz) barccos(cz) o 2 __ ptarccos(c
= = e T e+ 2ibarccos(cz)? + 4barccos(cz) log (1 — e

23 (a+barccos(cz
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input ‘ Integrate[(x~3*(a + b*ArcCos[c*x]))/(d - c™2*d*x~2)"2,x]

output

((bxSqrt[1 - c™2*xx72])/(1 - cxx) - (bxSqrt[l - c™2*x"2])/(1 + c*xx) - (2*a)
/(-1 + c™2%x72) + (b*ArcCos[c*x])/(1 - c*x) + (b*ArcCos[c*x])/(1 + c*x) -
(2*I)*b*ArcCos [c*x] "2 + 4*b*ArcCos[c*x]*Log[l - E~(I*ArcCos[c*x])] + 4xb*A
rcCos [cxx]*Log[1 + E~(I*ArcCos[c*x])] + 2%axLog[l - c~2%x~2] - (4*I)*b*Pol
yLog[2, -E~(I*ArcCos[c*x])] - (4*I)*b*PolyLogl[2, E~(I*ArcCos[c*x])])/(4*c”
4%d"2)

3.9.3 Rubi [A] (verified)

Time = 0.63 (sec) , antiderivative size = 152, normalized size of antiderivative = 0.98,

_ _ number of rules _
number of steps used = 13, number of rules used = 12, integrand size 0.480, Rules

used = {5207, 27, 252, 223, 5181, 3042, 25, 4200, 25, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

3
/x (a + barccos(cz)) iz

(d — c2dx?)?
l5m7
z(a+barccos(cz z?
J ( Z(l—cQwQ() Naz bJ (1—c222)%/2 dz z%(a + barccos(cz))
cd 2cd? 2c2d? (1 — c2x?)

l 27
1132

fwdm bf 7(1_0%2)3/2(1.%' mQ(a+barccos(cm))

1—c2z2

Bl c2d? + 2cd? 2c2d? (1 — c2x?)
| 252
f 1 ___dx
z _ J V1-c222
J %dm n b(CQ\/l—szz c? > z%(a + barccos(cz))
c2d? 2cd? 2c2d? (1 — c2x?)
| 223
z(a+barccos(cz)) 9 b T __ arcsin(cz)
_f = H—g2gr 4z  x2(a+ barccos(cr)) 2 /I—c222 3
c2d? 2¢2d? (1 — c2x?) 2cd?
| 5181

23 (a+barccos(cz
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S Cx(adl: F’lfzgzz(cx))darccos(cx) N x2(a + barccos(cz)) b(c2\/1z—02x2 - arcslg(cz))
ctd? 2¢2d? (1 — c2z?) 2cd?
| 3042
[ —((a + barccos(cz)) tan (arccos(cz) + §)) darccos(cz) — z%(a + barccos(cz))
ctd? 2¢2d? (1 — c2x?)
z arcsin(cz)
b(czx/l—czz2 o c3 )
2cd?

| 25

[(a + barccos(cz)) tan (arccos(cz) + %) darccos(cz) — 22(a + barccos(cz))

ctd? 2¢2d? (1 — c2x2)
b( T __ arcsin(cx) )
c2y/1—c222 c?
2cd?
l 4200
9% f _ e2i arcc;s_(:ﬁz)i(;:_cz;rcic)os(w)) d arccos(cw) _ M .'132 (a + b arccos(cw))
ctd? 2¢2d? (1 — c2x2)
b( z __ arcsin(cz) )
c2v/1—c222 c3
2cd?

| 25

e2tarccos(cz) (

—2i [ 12t iiﬁii‘;‘?s(“)) darccos(cz) — W z2(a + barccos(cz))
ctd? 2¢2d? (1 — c%x?)
arcsin(cz)
b(02\/1i02x2 - c3 )
2cd?
l 2620
—2i(%ilog (1—e arCCOS(“)) (a + barccos(cx)) — %ib [log (1 —e* arccos(“)) darccos(cz)) — —i(a+bargzos(cx))2
cid? +
resin(cx)
x2(a + barccos(cz)) b<cz\/1i02x2 -5 )
2¢2d? (1 — c2x?) 2cd?
l 2715

—92i(L; log 1 — e arccos(cz) a + barccos(cz)) — 1y (2 arccos(cz) log 1 — e arccos(cx) de2t arccos(cz)) _ i(atbarcc
2 4 2b

ctd?
T rcsin(czx)
z?(a + barccos(cz)) b<62\/1_62x2 - a )
2¢2d? (1 — c2a22) 2cd?

23 (a+barccos(cz



CHAPTER 3. LISTING OF INTEGRALS 92

| 2838
_27;(%2' log (1 — 2t arccos(cx)) (CL + barccos(cw)) + ib PolyLog (2, e2t arccos(cx))) _ i(a+bar;(l:)os(cx))2
ctd? +
resin(cx)
x2(a + barccos(cz)) b<czvqf1;x2'_ - )
2¢2d? (1 — c2x?) 2cd?
inputLInt[(x‘S*(a + bxArcCos[c*x]))/(d - ¢ 2%d*x~2)"2,x] J

output | (x~2%(a + bxArcCos[c*x]))/(2xc 2+d 2% (1 - c 2%x"2)) + (b*(x/(c"2*Sqrtl1 -
‘c“2*x‘2]) - ArcSin[c*x]/c”3))/(2%c*d"2) + (((-1/2*I)*(a + bxArcCos[c*x])"2
)/b - (2%I)*((I/2)*(a + bxArcCos[c*x])*Log[l - E~((2%I)*ArcCos[cxx])] + (b
 *Polylog[2, E"((2+I)*ArcCos[c*x1)1)/4))/(c"4*d"2) |

3.9.3.1 Defintions of rubi rules used

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

-/

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 223 Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[al)]1/Rt[-b, 2], x] /; FreeQl[{a, b}, x] && GtQ[a, 0] && NegQ[b]

rule 252 | Int [((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[c*(c*x
)"(m - 1)*((a + b*x72)"(p + 1)/(2%bx(p + 1))), x] - Simp[c™2*x((m - 1)/(2%bx*
(p +1))) Intl(c*x)"(m - 2)*(a + b*xx"2)~(p + 1), x], x] /; FreeQ[{a, b, c
}, x] && LtQlp, -1]1 && GtQm, 1] && !'ILtQ[(m + 2%p + 3)/2, 0] &% IntBinomi
alQla, b, ¢, 2, m, p, x]

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(b*f*g*n*Log[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*x(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]
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rule 2715

rule 2838

rule 3042

rule 4200

rule 5181

rule 5207
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Int[Logl[(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
] > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Simp[2+#I Int[(c + d*x)~
m*E~ (2*xIxk*Pi) * (E~ (2%I* (e + f*x))/(1 + E~(2*I*k*Pi)*E~(2*%I*(e + f*x)))), x]
, x] /; FreeQ[{c, d, e, f}, x] &% IntegerQ[4+k] && IGtQ[m, O]

-

Int[(((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)*(x_))/((d.) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[1/e  Subst[Int[(a + b*x) n*Cot[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQlc™2+#d + e, 0] && IGtQ[n, O]

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_)*((£f_.)*(x_))"(m_)*((d_) + (e_.
Y¥(x_)"2)"(p_), x_Symbol] :> Simp[f*(f*x)"(m - 1)*(d + e*xx"2)"(p + 1)*((a +
b*ArcCos[c*x])"n/(2%ex(p + 1))), x] + (-Simp[f~2*((m - 1)/(2%ex(p + 1)))
Int[(£*x)"(m - 2)*(d + exx"2)"(p + 1)*(a + bxArcCos[c*x])"n, x], x] - Simp
[bxf*(n/(2*c*x(p + 1)))*Simp[(d + exx"2)"p/(1 - c”2*x"2) "p] Int[(£f*x)"(m -
1)*(1 - c™2*xx"2)"(p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x]) /; FreeQ[{
a, b, c, d, e, f}, x] & EqQ[c™2xd + e, 0] && GtQ[n, 0] && LtQ[p, -11 && IG
tQ[m, 1]
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3.9.4 Maple [A] (verified)

Time = 1.50 (sec) , antiderivative size = 207, normalized size of antiderivative = 1.34

method result

i arccos(cac)2 _ ic2z?+exy —c2z2 4 14arccos(cx)—i

1 In(cz—1) 1 In(cz+1) b +arccos(cz) In(1—cz—iv/-
a(_4(cw—1) + 2 taczrat 2 2 2(c2z2—1) (

+

derivativedivides a2

b( izn‘ccos(car:)2 ic2z2+cz\/—0212+1+arccos(cm)—i
— > —

In(cz—1 1 In(cz+1
( 2 )+4c1:+4+ ¢ 2 )) 2(c2z2—1)

a(_ 4(cxlfl)+

ct

+arccos(czx) ln(lfczfi\ﬂ

+

default P

1 arccos(cm)2 _ ic2z? ez —c2z2+1+arccos(cz)—i

_ 1 In(cz—1) 1 In(cz+1) b
(l( 464(0.’1}71)—‘{_ 2c4 +4c4(cz+l)+ 2c4 ) _|_ < 2 2(62:02_1)

ct

~+arccos(cz) I

parts 7

inputLint(x‘3*(a+b*arccos(c*x))/(—c‘2*d*x‘2+d)‘2,x,method=_RETURNVERBDSE) J

output

1/c”4x(a/d"2x(-1/4/ (c*x-1)+1/2*1n(c*x-1)+1/4/ (c*x+1)+1/2*1n(c*x+1) ) +b/d" 2%
(-1/2*I*arccos (c*x) "2-1/2% (I*c™2*x"2+cxx* (—c~2*x"2+1) ~ (1/2) +arccos (c*x) -I)
/(c™2%x"2-1)+arccos (c*x) *1n(1-c*x-I* (-c~2*x~2+1) " (1/2)) +arccos (c*x) *1n(1+c
*xx+I* (-c"2*x"2+1) " (1/2) ) -I*polylog(2, c*x+I*(-c~2%x~2+1)~(1/2))-I*polylog(2
,—ckx-I*x(-c™2*xx~2+1)~(1/2))))

3.9.5 Fricas [F]

T = dz

(d — 2dz?)? (dz? — d)?

/ z3(a + barccos(cz)) gy — (barccos (cx) + a)z?

inputLintegrate(x“S*(a+b*arccos(c*x))/(—c“2*d*x‘2+d)‘2,X, algorithm="fricas") J

output‘integral((b*x‘3*arccos(c*x) + a*xx”3)/(c™4*d"2*xx"4 - 2%c"2*%d"2%x"2 + d72),

® |
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3.9.6 Sympy [F]

3 b3
[ Blaburcte)) ), _ | b+ | e do
(d — c2dz?)® d?
inputLintegrate(x**S*(a+b*acos(c*x))/(—c**2*d*x**2+d)**2,x) J

Output‘(Integral(a*x**S/(c**4*x**4 - 2%cx*2*x**2 + 1), x) + Integral (b*x**3*acos(
|ckx) / (CRRAxxHkd - DkCHRxXHH2 + 1), X))/dH*2 |

3.9.7 Maxima [F]

/ z3(a + barccos(cz)) (barccos (cx) + a)z3 p
T = T
(d — c*dz?)” (c2dx? — d)*
inputLintegrate(x‘3*(a+b*arccos(c*x))/(-c‘2*d*x‘2+d)‘2,x, algorithm="maxima") J

output | -1/2*a*(1/(c™6*d"2%x"2 - c~4%d"2) - log(c™2*x"2 - 1)/(c™4xd"2)) + 1/2x(((c
~2%x72 - 1)*log(c*x + 1) + (c”2%x"2 - 1)*log(-c*x + 1) - 1)*arctan2(sqrt(c
*x + 1)*sqrt(-c*x + 1), c*x) - 2*%(c”6xd"2*x"2 - c~4xd"2)*integrate(1/2*((c
~2%x72 - 1)xe”~(1/2%log(cxx + 1) + 1/2xlog(-c*x + 1))*log(c*x + 1) + (c™2*x
"2 - 1)*e”(1/2*%log(cxx + 1) + 1/2xlog(-c*x + 1))*log(-c*x + 1) - e~ (1/2*lo
glc*kx + 1) + 1/2%1log(-c*x + 1)))/(c™9%d"2*x"6 - 2%c”~T*d"2%x"4 + c~5*d"2xx"
2 + (c77*d"2xx"4 - 2*c”b*d"2*x"2 + c”~3*d"2)*e"(log(c*xx + 1) + log(-c*x + 1
))), x))*b/(c”6xd"2%x"2 - c"4*d"2)

3.9.8 Giac [F]

T = dz

(d — c2dz?)® (c2dx? — d)*

/ z3(a + barccos(cz)) g — (barccos (cx) + a)z?

—

inputLintegrate(x‘S*(a+b*arccos(C*x))/(—c‘2*d*x‘2+d)‘2,x, algorithm="giac")

outputLintegrate((b*arccos(c*x) + a)*xx~3/(c”2%d*x"2 - d)~2, x) J
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3.9.9 Mupad [F(-1)]

Timed out.

/ z3(a + barccos(cz)) do — / 2 (a + bacos(cx)) d

(d — c2dz?)® (d — c?dz?)®

input Lint((x“B*(a + bxacos(c*x)))/(d - c2*d*x"2)"2,x)

output Lint((x“S*(a + b*acos(c*x)))/(d - c~2*d*x"2)"2, x)

-/

23 (a+barccos(cz



CHAPTER 3. LISTING OF INTEGRALS 97

3.10 f 2% (a+barccos(cz)) dx

(d—c2da:2)2
3.10.1 Optimal result . . . . . . .. . ... 971
3.10.2 Mathematica [A] (verified) . . . . . . . ... ... Lo 97
3.10.3 Rubi [A] (verified) . . . . . . ... .. 98
3.10.4 Maple [A] (verified) . . . . ... . . ... 107
3.10.5 Fricas [F] . . . . o o o 107
3.10.6 Sympy [F] . . . . . . 102
3.10.7 Maxima [F] . . . . . ... 102
3.10.8 Giac [F] . . . o 102
3.10.9 Mupad [F(-1)] . . . o o 103

3.10.1 Optimal result

Integrand size = 25, antiderivative size = 136

/ z%(a + barccos(cz)) v — b z(a + barccos(cz))
(d — 2dax?)? T 231 — 22 222 (1 — c2x?)
(a + barccos(cz))arctanh (et 2recos(<e))
- cA3d?
, ibPolyLog (2,—e'®**>=(=)) ibPolyLog (2, ¢'=())
2c3d? 20342

output ‘ 1/2xx* (a+b*arccos(c*x))/c~2/d"2/ (-c~2%x~2+1) - (atb*arccos (c*x) ) *arctanh (c*x ‘
+I%(-c™2%x"2+1)~(1/2)) /c"3/d"2+1/2*I¥b*polylog (2, -cxx-I* (-c 2%x~2+1) " (1/2)
‘)/c“3/d‘2-1/2*I*b*polylog(2,C*X+I*(—c‘2*x“2+1)‘(1/2))/c“3/d“2+1/2*b/c‘3/d‘
2/ (-c"2%x"2+1) " (1/2) |

3.10.2 Mathematica [A] (verified)

Time = 0.39 (sec) , antiderivative size = 251, normalized size of antiderivative = 1.85

/ z?(a + barccos(cz)) p
(d — c2dz?)*
2acz + 2bv/1 — 232 + 2bex arccos(cz) + 2barccos(cz) log (1 — efreces(e)) — 2bc?z? arceos(cz) log (1 -
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input ‘ Integrate[(x~2*(a + b*ArcCos[c*x]))/(d - c™2*d*x~2)"2,x]

output | -1/4x(2xaxc*x + 2xb*Sqrt[1 - c~2*x"2] + 2*bxcxx*ArcCos[cxx] + 2xb*ArcCosl[c
*xx]*Log[1 - E~(I*ArcCos[c*x])] - 2xb*c~2*x~2xArcCos[c*x]*Log[1l - E~(I*ArcC
os[c*x])] - 2*b*ArcCos[c*x]*Log[1l + E~(I*ArcCos[c*x])] + 2%b*c~2*x~2*ArcCo
s[c*x]*Log[1 + E~(I*ArcCos[c*x])] + a*Logl[l - c*x] - a*c™2*x"2*Log[l - c*x
] - a*Logl[l + c*x] + axc™2*x"2xLog[l + cxx] - (2*xI)*bx(-1 + c~2%x"2)*PolyL
ogl[2, -E~(I*ArcCos[c*x])] + (2*I)*b*(-1 + c~2*x~2)*PolyLog[2, E~(I*ArcCos[
cxx])])/(c™3%d"2x (-1 + c™2%x72))

3.10.3 Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 125, normalized size of antiderivative = 0.92,
number of steps used = 9, number of rules used = 8§, number of rules _ 0.320, Rules used

integrand size
= {5207, 27, 241, 5165, 3042, 4671, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z2(a + barccos(cz))
5 dx
(d — c2dz?)
| 5207
f a+barccos(cz) dx

d(1—c2z2)
2¢2d

bJ (1_029;2)3/2 dx z(a + barccos(cz))
2cd? 2¢2d? (1 — c2z?)

l 27

_|_

| J e g . b] e % z(a+ barccos(cz))
2¢2d? 2cd? 2¢2d? (1 — c2x?)
| 21
_f “H’%g‘;(“)daz z(a + barccos(cz)) b
2c2d? 2¢2d? (1 — c2?) 2c3d2v/1 — c?x?
| 5165
a+barccos(cz) d
J s darccos(cz) + z(a + barccos(cz)) + b
2c3d? 2¢2d? (1 - c®2?)  2c3d2/1 — c2x2
| 3042
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[ (a+ barccos(cz)) csc(arccos(cz))d arccos(cz) 4 z(a + barccos(cz)) 4 b
26342 2c2d? (1 — 2x2) ' 263d2\/1 — 222
| 4671

—b [log (1 — etarccos(<®)) darccos(cz) + b [ log (1 + €227°°05(«®)) d arccos(cx) — 2arctanh (ef27e°s(<®)) (g + barccos
2¢3d?
b

z(a + barccos(cz)) n
2c2d? (1 — 2x2)  263d24/1 — c2x2
| 2115

be e—tarccos(cz) log ( zarccos(a’c)) detarccos(cz) _ ’Lbf e—tarccos(cz) log (1 + et arccos(cx)) detarccos(cz) _ 9aretanh (ei
2c3d?

z(a + barccos(cz)) n
2¢2d? (1 — c2x?) 2¢3d2+y/1 — 222
| 2838

—2arctanh (e?27°%5(2)) (q + barccos(cz)) + ib PolyLog (2, —e?87°°s(¢®)) — jb PolyLog (2, e*arecos(<e))
c3d?
z(a + barccos(cz)) b

2c¢2d? (1 — c2x?) + 2¢3d2+/1 — 22

_|_

~—

p
input LInt [(x"2%(a + b*ArcCos[c*x]))/(d - ¢ 2%d*x"2)"2,x]

output ‘ b/ (2%c~3*d"2*Sqrt[1 - c™2*x"2]) + (x*(a + b¥ArcCos[c*x]))/(2*c™2*xd"2*(1 - ‘
‘c"2*x"2)) + (-2%(a + b*ArcCos[c*x])*ArcTanh[E~(I*ArcCos[c*x])] + I*b*xPolyL
‘ ogl[2, -E~(I*ArcCos[c*x])] - I*b*PolyLogl[2, E~(I*ArcCos[c*x])])/(2*c~3*d~2) ‘

3.10.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 241 Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(a + b*x~2)~(p + 1)/
(2xbx(p + 1)), x] /; FreeQ[{a, b, p}, x] && NeQ[p, -1]

z2(a barccos( cac



rule 2715

rule 2838

rule 3042

rule 4671

rule 5165

rule 5207
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Int[Logl[(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(e_.) + (f_.)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2x(c + d*x) “m*(ArcTanh[E~(I*(e + f*x))1/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)"(m - 1)*Logl[l - E~(I*(e + f*x))], x], x] + Simp[d*(m/f) Int[(c + d*x
)"(m - 1)*Logl[l + E~(Ix(e + f*x))]1, x1, x1) /; FreeQ[{c, 4, e, f}, x] && IG
tQ[m, 0]

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[-(c*d)~(-1) Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2+#d + e, 0] && IGtQ[n, O]

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.)) " (n_.)*((£_.)*(x_))"(m_)*((d_) + (e_.
Y*(x_)"2)"(p_), x_Symbol] :> Simp[f*(f*x)~(m - 1)*(d + e*x"2)"(p + 1)*((a +
b*ArcCos[c*x])"n/(2%ex(p + 1))), x] + (-Simp[£f~2*((m - 1)/(2%ex(p + 1)))
Int[(£*x)"(m - 2)*(d + e*xx"2)"(p + 1)*(a + b*ArcCos[c*x])"n, x], x] - Simp
[bxf*(n/(2*c*x(p + 1)))*Simp[(d + exx"2)"p/(1 - c™2*x~2) "p] Int[(f*x)“(m -
1)*(1 - c™2*xx"2)"(p + 1/2)*(a + bxArcCos[c*x])~(n - 1), x], x]) /; FreeQ[{
a, b, c, d, e, £}, x] && EqQ[c™2*d + e, 0] && GtQ[n, O] && LtQ[p, -1] && IG

tQ[m, 1]
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3.10.4 Maple [A] (verified)

Time = 1.98 (sec) , antiderivative size = 189, normalized size of antiderivative = 1.39

method result
1 In(cz—1) 1 In(cz+1) bl <% aLl”CCC‘S(Cﬂﬂ)-F\/WLH+awccos(cac) ln(l—cx—i\/—02z2+l) _ipolylog(f
“(_ Dt 1 detn 1 )+ 2(c2e2-1) ’
derivativedivides = 3
. In(ea_1) . In(eat1) o[ _cz arccos(cw)+m+arccos(cz) ln(l—cw—i\/—czw2+1> _z‘polylog(f
“(‘ @Dt 4 It 4 >+ 2(c222-1) 2
default 4 3
C
b cz arccos(cz)+V/—cZa2+1 arccos(czx) ln(l—c:z:—z'\/ —c212+1) i
al— 1 +1n(ca:—1)_ 1 _ln(cm+1)) - 2( o222 1 + 3 -
( 4c3(co—1) 4c3 4c3 (ca+1) 4c3 (c ® )
parts e +
inputLint(x”2*(a+b*arccos(c*x))/(-c“2*d*x“2+d)“2,x,method=_RETURNVERBOSE) J

output | 1/c~3*%(a/d"2*x(-1/4/(c*xx-1)+1/4*x1n(c*x-1)-1/4/ (c*x+1)-1/4*1n(c*xx+1) ) +b/d~2%
(-1/2*(cxx*arccos (c*x)+(-c™2*%x"2+1) " (1/2) )/ (c"2*x"2-1)+1/2*arccos (c*x) *1n(
1-cxx-I*(-c™2*x"2+1)~(1/2))-1/2*I*polylog(2,c*x+I*(-c~2*x~2+1)~(1/2))-1/2x
arccos (c*x)*1n (1+c*x+I*(-c”2%x"2+1) " (1/2) ) +1/2%I*polylog(2,-c*x-I*(-c~2*x"
2+1)°(1/2))))

3.10.5 Fricas [F]

/ z?(a + barccos(cz)) p (barccos (cx) + a)z? p
T = x
(d — c2dz?)” (c2dx? — d)*
inputtintegrate(x“2*(a+b*arccos(c*x))/(-c‘2*d*x“2+d)‘2,x, algorithm="fricas") J

p
output‘integral((b*x‘2*arccos(c*x) + a*x"2)/(c74*d"2%x"4 - 2%cT2xd"2*x"2 + 472),
® |
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3.10.6 Sympy [F]

2 bx?
/ 2*(a + barccos(ca)) , | awrbami de t [ S da
(d — 2dx?)? d?
inputLintegrate(x**2*(a+b*acos(c*x))/(-c**2*d*x**2+d)**2,x) J

output‘(Integral(a*x**2/(c**4*x**4 - 2kcx*2xx**2 + 1), x) + Integral (b*x**2*acos(
‘c*x)/(c**4*x**4 - 2kCHARXAA2 + 1), X)) /d¥*2 ‘

3.10.7 Maxima [F]

— 2dx2)? = 2422 — 4)? dz
(d — c2dx?) (c2dz? — d)

/ z2(a + barccos(cz)) dp — (barccos (cz) + a)z?

input‘integrate(x“2*(a+b*arccos(c*x))/(-c”2*d*x”2+d)“2,x, algorithm="maxima")

output | -1/4xa* (2*x/(c”4*%d"2*x"2 - c¢"2x%d"2) + log(cxx + 1)/(c”3*%d"2) - log(c*x - 1
)/(c™3%d"2)) - 1/4%((2%c*x + (c™2*x"2 - 1)*log(c*x + 1) - (c™2*x"2 - 1)*1lo

g(-cxx + 1))*arctan2(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x) - 4*(c™5*d"2*x"2 -
c~3*%d"2)*integrate(1/4*(2*c*x + (c™2*x"2 - 1)*log(c*x + 1) - (c™2*x"2 - 1
)*¥log(-c*x + 1))*sqrt(cxx + 1)*sqrt(-c*xx + 1)/(c”6*%d"2*x"4 - 2%c~4*d"2*x"2
+ c~2%d"2), x))*b/(c”"5*d"2*%x"2 - c~3*%d"2)

3.10.8 Giac [F]

/ x?(a + barccos(cz)) p (barccos (cx) + a)z? p
T = x
(d — c2dz?)” (c2dx? — d)*
inputtintegrate(x‘2*(a+b*arccos(c*x))/(-c‘2*d*x“2+d)‘2,x, algorithm="giac") J
outputLintegrate((b*arccos(c*x) + a)*x"2/(c”2xd*x"2 - d)72, x) J

310 [ de
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3.10.9 Mupad [F(-1)]

Timed out.

/ z2(a + barccos(cz)) dr — / z? (a + bacos(cz)) dx

(d — c2dz?)® (d — c?dz?)®

input Lint((x‘?*(a + bxacos(c*x)))/(d - c2*d*x"2)"2,x)

output Lint((x“2*(a + b*acos(c*x)))/(d - c~2*d*x"2)"2, x)

-/

310 [ de
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3.11 f z(a+b arccos(gx)) dx
(d—c?dz?)

3.11.1 Optimalresult . . . . . . . . . . . . 104
3.11.2 Mathematica [A] (verified) . . . . . . . . ... Lo L 104
3.11.3 Rubi [A] (verified) . . . . . . ... .. 105
3.11.4 Maple [A] (verified) . ... ... ... . ...
3.11.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ..... 106
3.11.6 Sympy [F] . . . . o o 107
3.11.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. 107
3.11.8 Giac [A] (verification not implemented) . . . ... ... ... ... ...... 107
3.11.9 Mupad [F(-1)] . . . o o 108

3.11.1 Optimal result

Integrand size = 23, antiderivative size = 57

/ z(a + barccos(cx)) d — bx L + barccos(cz)
(d — c2dx?)? C 2edV/1 =222 233d2 (1 — 2a?)

output ‘ 1/2%(atb*arccos(c*x))/c~2/d72/ (-c™2%x"2+1)+1/2%b*x/c/d~2/ (-c™2*x"2+1) " (1/2
B

3.11.2 Mathematica [A] (verified)

Time = 0.19 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.86

/ z(a + barccos(cx)) gr = OT bexzv/1 — c?x? + barccos(cz)

(d — c2dz?)’ B 2c2d? — 2ctd2a?

input LIntegrate [(xx(a + b*ArcCos[c*x]))/(d - c™2*d*x"2)"2,x]

-/

output‘ (a + bkxc*x*Sqrt[1 - c™2*x"2] + b*ArcCos[c*x])/(2%c™2*%d™2 - 2xc”4*d"2%x"2)

311. [ ”(“(fibi;f;’::(“” dz



input

output

rule 208

rule 5183
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3.11.3 Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 487 Ryjles used = {5183,
integrand size
208}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

i

/ z(a + barccos(cz))
(d — dz?)?

| 5183
1
J (1—c242)%/2 dr 4 barccos(cz)
2cd? 2¢2d? (1 — c2z?)
| 208

a + barccos(cz) bx

2c2d2 (1 — c2x2) * 2cd?/1 — 222

LInt[(x*(a + bxArcCos[c*x]))/(d - c~2xd*x"2)"2,x]

‘(b*x)/(Q*c*d’?*Sqrt [1 - c™2%x72]) + (a + b*ArcCos[c*x])/(2%c™2*xd"2%(1 - c~
2%x72))

3.11.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-3/2), x_Symbol] :> Simp[x/(a*Sqrtl[a + b*x~2]),
x] /; FreeQ[{a, b}, x]

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)*(x_)*((d ) + (e_.)*x(x_)"2)"(p_
.), x_Symbol] :> Simp[(d + exx~2)"(p + 1)*((a + b*ArcCos[c*x]) n/(2*ex(p +
1))), x] - Simp[b*(n/(2*cx(p + 1)))*Simp[(d + e*x"2)"p/(1 - c™2*x~2)"p] I
nt[(1 - c™2*%x"2)"(p + 1/2)*(a + bxArcCos[c*x])~(n - 1), x], x] /; FreeQl{a,
b, c, d, e, p}, x] && EqQ[c”™2*d + e, 0] && GtQ[n, 0] && NeQ[p, -1]

311. [ ”(“(fi”i;f;’::(“” dz
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3.11.4 Maple [A] (verified)

Time = 0.70 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.72

method result size
b arccos(cz) \/—(Cw+1)2+26w+2 \/—(cw—1)2—2cw+2
_2(021:2—1) - 4(cz+1) - 4(cz—1)
— a + =
. . . . 2d2(c222-1
derivativedivides ( ) = 98
b arccos(ce) \/—(cx+1)2+2cm+2 \/—(02—1)2—20:v+2
- 2(c2m2—1) - 4(cz+1) - 4(cz—1)
_2d2 (0212—1) + a2
default = 98
ol — arccos(cz) \/—(cw+1)2+2cz+2 _ \/—(cx—1)2—2cx+2
a 2(c222—1) 4(cz+1) 4(cz—1)
parts T 2422 (222 10) + d?c? 100

inputLint(x*(a+b*arccos(c*x))/(-c“2*d*x“2+d)“2,x,method=_RETURNVERBOSE)

output‘1/c“2*(—1/2*a/d‘2/(c“2*x‘2-1)+b/d“2*(—1/2/(c‘2*x“2—1)*arccos(c*x)—1/4/(c*x

‘+1)*(—(c*x+1)“2+2*c*x+2)“(1/2)-1/4/(c*x-1)*(—(c*x—l)“2-2*c*x+2)“(1/2)))

3.11.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.95

z(a + barccos(czx)) p
(d — c2dx?)?

/

_ac’z® + v/ —c*a? + lbex + barccos (cx)

2 (c*d?x? — c2d?)

inputLintegrate(x*(a+b*arccos(c*x))/(—c*2*d*x“2+d)“2,x, algorithm="fricas")

output‘-1/2*(a*c“2*x“2 + sqrt(-c”2*x72 + 1)*bxc*x + bxarccos(c*x))/(c"4*d"2%x"2 -

\ c~2%d~2)

3.11. f z(a+barccos(cr)) arccos(cz)) dz

(d—c2dz?)?
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3.11.6 Sympy [F]

/x(a+barccos<cx>) o S Ao | G de
(d — c2dz?)” d?

inputLintegrate(x*(a+b*acos(c*x))/(—c**2*d*x**2+d)**2,x)

, x) + Integral (b*x*acos(c*x)/(
‘c**4*x**4 — 2kck*x2kxx*xx2 + 1), x))/d**2

3.11.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 136 vs. 2(50) = 100.

Time = 0.30 (sec) , antiderivative size = 136, normalized size of antiderivative = 2.39

/ z(a + barccos(cz)) iz

(d — c2dz?)*
_ 1 (V= +1ld? | V—cPa? + 1 d? N 2 arccos (cx) b a
4 c’d*z + 8d* c’d*z — cbd* ctd?x? — 2d? 2 (c*d?x? — c2d?)

inputLintegrate(x*(a+b*arccos(c*x))/(-c“2*d*x“2+d)“2,x, algorithm="maxima")

output‘—1/4*((sqrt(—c“2*x“2 + 1)*c™2+%d"2/(c”7*d"4*x + c”6*d"4) + sqrt(-c™2*xx"2 +
‘1)*0“2*d‘2/(c‘7*d‘4*x - c76*d"4))*c"2 + 2*xarccos(c*xx)/(c”4*d"2*x"2 - c~2*xd
L‘2))*b - 1/2%a/(c"4*d"2*x"2 - c~2*d"2)

3.11.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.75

/ z(a + barccos(cz)) v bz® arccos (cz) az?
(d — c2dx2)2 o 2(cx2 - 1)d2  2(c2x? —1)d?
—c2x?2 4+ 1bz  barccos (cx) a

— 2(22? — 1)cd? + 2c%d? + 2c2d?

311. [ ”(“(fibi;f;’::(“” dz
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inputLintegrate(x*(a+b*arccos(c*x))/(—c“2*d*x“2+d)“2,x, algorithm="giac")

output‘-1/2*b*x‘2*arccos(c*x)/((c‘2*x‘2 - 1)*d72) - 1/2*a*x”2/((c™2*x"2 - 1)*d"2)
‘ - 1/2%sqrt(-c”2*x72 + 1)*b*x/((c™2*x"2 - 1)*c*d~2) + 1/2%b*arccos(c*x)/(c
"2%d"2) + 1/2%a/(c"2%d"2)

3.11.9 Mupad [F(-1)]

Timed out.

/ z(a + barccos(cz)) dr — / z (a + bacos(cz)) s
(d — c2dz?)® (d— 2 da?)?

inputtint((x*(a + bxacos(c*x)))/(d - c~2*d*x"2)"2,x)

outputtint((x*(a + b*acos(c*x)))/(d - c™2*d*x"2)"2, x)

311. [ “”(“(;”i;f;::(“” dz



CHAPTER 3. LISTING OF INTEGRALS 109

3.12 f a+barccos(cx) dx

(d—c2dw2)2
3.12.1 Optimalresult . . . . . . . . . . .. .. . e 109
3.12.2 Mathematica [A] (verified) . . . . . . . .. ... Lo 1091
3.12.3 Rubi [A] (verified) . . . . . ... . 1101
3.12.4 Maple [A] (verified) . .. . . ... ... .. 112
3.12.5 Fricas [F] . . . . . o o o 113
3.12.6 Sympy [F] . . . . o o 113
3.12.7 Maxima [F] . . . . . . 114
3.12.8 Giac [F] . . . . 114
3.12.9 Mupad [F(-1)] . . . . o o 114

3.12.1 Optimal result

Integrand size = 22, antiderivative size = 132

/ a + barccos(cz) dp — b N z(a + barccos(cz))
(d — 2dz?)? 2cd?+/1 — c2x? 2d? (1 — c2x2)
(a + barccos(cz))arctanh (et 2recs(<e))
cd?
_ ibPolyLog (2, —gtarccos(ea)) N ibPolyLog (2, e*areces(e))
2cd? 2¢d?

output‘1/2*x*(a+b*arccos(c*x))/d‘2/(—c“2*x‘2+1)+(a+b*arccos(c*x))*arctanh(c*x+I*(
‘—c“2*x”2+1)“(1/2))/c/d“2—1/2*I*b*polylog(2,-c*x—I*(-c“2*x”2+1)“(1/2))/0/d”
‘2+1/2*I*b*polylog(2,c*x+I*(-c“2*x“2+1)“(1/2))/c/d”2+1/2*b/c/d“2/(-c“2*x”2+
1)7(1/2) |

3.12.2 Mathematica [A] (verified)

Time = 0.34 (sec) , antiderivative size = 220, normalized size of antiderivative = 1.67

/ a + barccos(cz)
2
(d — c2dx?)
bV1—c2a? 4 b/1-c?x? _  2ax + barccos(cz) _ barccos(cz)  2barccos(cz) log (1—e?arccos(cx)) + 2b arccos(cz) log (14¢? arecos
c—c?z ctc?z —1+4c2z2 c—c?z ctc?z c c

4d?

312. [ —“{;jzgf;;(;f) dz
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input ‘ Integrate[(a + bxArcCos[c*x])/(d - c™2xd*x~2)"2,x]

output

((bxSqrt[1 - c™2*x"2])/(c - c"2*x) + (bxSqrt[1 - c™2*xx"2])/(c + c™2*x) - (
2xaxx) /(-1 + c”2*x72) + (b*ArcCos[c*x])/(c - c"2%x) - (b*ArcCos[c*x])/(c +
c~2xx) - (2*¥bxArcCos[c*x]*Log[l - E~(I*ArcCos[c*x])])/c + (2*bxArcCos[c*x
J*Log[1 + E~(I*ArcCos[c*x])])/c - (a*Logl[l - c*x])/c + (a*xLogl[l + c*x])/c
- ((2*I)*b*PolyLog[2, -E~(I*ArcCos[c*x])])/c + ((2+I)*b*PolyLog[2, E~(I*Ar
cCosl[c*x])1)/c)/(4*d"2)

3.12.3 Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 122, normalized size of antiderivative = 0.92,
number of steps used = 9, number of rules used = 8§, number of rules _ 0.364, Rules used

integrand size
= {5163, 27, 241, 5165, 3042, 4671, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

a + barccos(cz)
(d — 2dz?)?

l 5163

b
il aZ(fﬁsgigix) dz n be | (1—(:29;2)3/2 dz z(a + barccos(cz))

2d 2d? 2d2 (1 — c2x2?)

l 27

J %ﬁgcw)dx N be | (1—c222)2/2 dz z(a + barccos(cz))
2d? 2d? 2d2 (1 — c2x2?)
| 2
/ m%g(:z(m)dx + z(a + barccos(cz)) + b
242 2d? (1 — c2z?) 2cd?\/1 — 2a?
| 5165
a+barccos(cz) d
J Vi arccos(cz) N z(a + barccos(cz)) 4 b
2¢d? 2d? (1 — c2z?) 2ed?v/1 — 2x2
| 3042
B [ (a + barccos(cz)) csc(arccos(cz))d arccos(cz) + z(a + barccos(cz)) + b
2cd? 2d2 (]. - 0211,‘2) 2¢d?+/1 — c2x2

3.12. j“ﬂ%%%gggg?ldx
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l’4671

_—b [ log (1 — e*@ecos(e@)) darccos(cz) + b [ log (1 + e?27cos(2)) d arccos(cz) — 2arctanh (ef2°°5(<)) (g + barcc
diz

z(a + barccos(cz))

2d2 (1 — c2x?) +%ﬁ¢i$%7

| 2115
Zb f e —iarccos(cz) log ( zarccos(cw)) de’ arccos(cz) __ be et arccos(cz) log (1 + et arccos(cac)) de’ arccos(cz) __ 2arctanh(
2cd?
z(a + barccos(cz)) 4 b
2d? (1 — c%x2?) 2¢d2v/1 — 22
| 2838
—2arctanh( ’arccos(cw)) (a + barccos(cz)) + ibPolyLog (2, — Z‘3“1”‘3‘:05(‘3’”)) — ibPolyLog (2, Zablr‘"’COS(‘””)) N
2cd?
z(a + barccos(cx)) b

2d2 (1 — c2z2?) + 2¢d?2v/1 — 22

inputLInt[(a + b¥ArcCos[c*x])/(d - c~2%d*x~2)"2,x] J

2xSqrt[1 - c™2*x"2]) + (x*(a + b*ArcCos([c*x]))/(2%d"2*(1 - c™2*x~
‘2)) - (-2*%(a + bxArcCos[c*x])*ArcTanh [E~ (I*ArcCos[c*x])] + I*b*PolyLogl[2,
‘ -E~ (I*ArcCos[c*x])] - Ixb*PolyLogl[2, E~(I*ArcCos[c*x])])/(2*c*d~2)

|\

3.12.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 241 Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(a + b*x~2)"(p + 1)/
(2%b*x(p + 1)), x] /; FreeQ[{a, b, p}, x] && NeQ[p, -1l

rule 2715 /Int[Log[(a_) + (b_)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Logl[a + b*x]/x, x], x, (F~(ex(c + d*x)
))"nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

a+barccos(cx
312. [ do



rule 2838

rule 3042

rule 4671

rule 5163

rule 5165
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Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
» (-c)*e*x"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[lcscl(e_.) + (£_)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2x(c + d*x) “m*(ArcTanh[E~(I*(e + f*x))]/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)~(m - 1)*Logl[l - E~(I*(e + f*x))], x], x] + Simp[d*(m/f) Int[(c + d*x
)~ (m - 1)*Logl[l + E~(I*x(e + £*x))], x], x]1) /; FreeQl{c, d, e, £}, x] && IG
tQ[m, 0]

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))"(n_.)*((d_) + (e_.)*(x_)"2)"(p_), x_
Symbol] :> Simp[(-x)*(d + e*x"2)"(p + 1)*((a + b*ArcCos[c*x]) "n/(2xdx(p + 1
))), x] + (Simp[(2*p + 3)/(2xd*x(p + 1)) Int[(d + exx"2)"(p + 1)*(a + b*Ar
cCos[c*x])"n, x], x] - Simp[b*c*(n/(2*(p + 1)))*Simp[(d + e*x"2)"p/(1 - c~2
*x"2)7p]  Int[x*x(1 - c”2*%x72)"(p + 1/2)*(a + bxArcCos[c*x])"(n - 1), x], x

1) /; FreeQ[{a, b, c, 4, e}, x] && EqQ[c™2*d + e, 0] && GtQ[n, 0] && LtQlp,
-1] && NeQ[p, -3/2]

‘Int[((a_.) + ArcCos[(c_.)*(x_)]I*(b_.))"(n_.)/((@.) + (e_.)*(x_)"2), x_Symbo
‘1] :> Simp[-(c*d)~(-1) Subst[Int[(a + b*x) “n*Csc[x], x], x, ArcCos[c*x]],
‘ x] /; FreeQl{a, b, c, 4, e}, x] && EqQ[c"2*d + e, 0] && IGtQ[n, O]

3.12.4 Maple [A] (verified)

Time = 1.86 (sec) , antiderivative size = 189, normalized size of antiderivative = 1.43

method result
1 In(cz—1) 1 In(cz+1) bl _c= arccos(cz)+v/—c2z2 41 _arcws(cac) ln(l—cw—i\/ —02z2+1) +ipolylog(:
a(— 4(cz—1) 4 _4(cw+1)+ 4 ) + 2(02x2—1> 2
derivativedivides 2 _
cz arccos(ca)+V —c2z2+1 arccos(cx) ln(l—cz—i\/ —02m2+1) ipolylog(f
ol - 1 _In(cz—1) 1 +ln(ca;+1) b — 5 5 — 5 +
( T(cz—1) 7 It 7 + 2(c222-1)
default e _
cz arccos(cz)+vV/—c2z2+1 arccos(cz)ln(l—cz—i\/—c2z2+1) ipo
a(_4 1 . _ln(c‘chl)_4 1+1 _’_ln(Zerl)) bl — 2(c2w2—1) — 5 4+ —
parts clez 1) Lt <+

312. [ —“{;jzgf;;(;f) dz
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inputLint((a+b*arccos(c*x))/(—c“2*d*x“2+d)“2,x,method=_RETURNVERBOSE)

output | 1/cx(a/d~2*x(-1/4/ (c*x-1)-1/4*1n(c*x-1)-1/4/ (c*x+1)+1/4*%1n(c*x+1) )+b/d~2* (-
1/2*x(c*x*arccos (c*x)+(-c™2*xx"2+1) " (1/2)) /(c"2*%x"2-1)-1/2*arccos (c*x) *1n(1-
cxx—I*(-c™2*x"2+1)~(1/2))+1/2*I*polylog(2, ckx+I*(-c~2*x~2+1)~(1/2))+1/2*ar
ccos (c*x)*1n(1+cxx+I*(-c™2*xx"2+1) " (1/2) ) -1/2*I*polylog(2,-c*x-I* (-c~2*x~2+
D=(/2))N)

3.12.5 Fricas [F]

a+ barccos(cz) . / barccos (cx) + a
(d — c2dx?)? (2dz? — d)?

inputLintegrate((a+b*arccos(c*x))/(-c“2*d*x“2+d)”2,x, algorithm="fricas")

outputLintegral((b*arccos(c*x) + a)/(c™4*d"2*xx"4 - 2xc™2xd"2*x"2 + d72), x)

3.12.6 Sympy [F]

bacos (cz)

/ a+barccos(cr) | | cimsrry 90+ [ agisgegin 4
(d — c2dz?)® d?

p
inputtintegrate((a+b*acos(c*x))/(-c**2*d*x**2+d)**2,x)

e—

p
output‘(Integral(a/(c**4*x**4 - 2xc**2xx*x2 + 1), x) + Integral(b*acos(c*x)/(c**4
‘*x**4 - 2kCk*2*x*k*k2 + 1), x))/d**2

———

312. [ —“{;jzgf;;(;f) dz
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3.12.7 Maxima [F]

a+ barccos(cz) . / barccos (cx) + a
(d — c2dx?)? (2dx? — d)®

input Lintegrate ((at+bxarccos(c*x))/(-c~2*%d*x~2+d) "2,x, algorithm="maxima")

-/

output | -1/4*a*(2*x/(c™2%d"2*x"2 - d~2) - log(c*x + 1)/(c*d”2) + log(cxx - 1)/(c*xd
72)) - 1/4x((2xcxx - (c™2*%x"2 - 1)*log(c*x + 1) + (c™2*x"2 - 1)*log(-c*x +

1))*arctan2(sqrt(cxx + 1)*sqrt(-c*x + 1), c*x) + 4*(c™3%d"2%x"2 - c*d~2)*
integrate(-1/4*(2*c*x - (c™2%x"2 - 1)*log(c*x + 1) + (c™2%x"2 - 1)*log(-cx*
X + 1))*sqrt(cxx + 1)*sqrt(-c*x + 1)/(c”4*d"2%x"4 - 2xc™2*%d"2*x"2 + d72),
x))*b/(c™3*%d"2%x"2 - c*xd"2)

3.12.8 Giac [F]

dx

a+ barccos(cx) , / barccos (cz) + a
(d — c2dx?)? (2dz? — d)?

inputLintegrate((a+b*arccos(c*x))/(-c‘2*d*x‘2+d)‘2,x, algorithm="giac")

outputLintegrate((b*arccos(c*x) + a)/(c™2xd*x"2 - d)"2, x)

3.12.9 Mupad [F(-1)]

Timed out.

/ a + barccos(cx) gr— [ + bacos(cz)
(d — c*dz?)” (d — c?dx?)”

inputtint((a + b*acos(c*x))/(d - c~2*d*x"2)"2,x)

outputtint((a + bkacos(c*x))/(d - c~2%d*x~2)"2, x)

312. [ —“{;jzgf;;(;f) dz
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a+barccos(cx
313  [< (d_mg); dx

3.13.1 Optimalresult . . .. ... ... . .. ... . e 115
3.13.2 Mathematica [A] (verified) . . . . . . ... ... Lo 17151
3.13.3 Rubi [A] (verified) . . . . . ... .. 116
3.13.4 Maple [A] (verified) . .. . ... ... ... 119
3.13.5 Fricas [F] . . . . . o o o 120
3.13.6 Sympy [F] . . . . o 120
3.13.7 Maxima [F] . . . .. . . 1201
3.13.8 Giac [F] . . . . . 121
3.13.9 Mupad [F(-1)] . . . o o 1211

3.13.1 Optimal result

Integrand size = 25, antiderivative size = 122

/ a + barccos(cz) dp — bex 48 + barccos(cz)
z (d — 2dx?)? 2d2/1 — 222 2d? (1 — c?x?)
2(a + barccos(cz))arctanh (e arecos(ea))
a2
) PolyLog (2’ _e2i arccoS(Cm)) N ib POlyLOg (2, 621' arccos(cx))
2d? 242

output‘1/2*(a+b*arccos(c*x))/d“2/(—c‘2*x‘2+1)+2*(a+b*arccos(c*x))*arctanh((c*x+I*
‘(—c“2*x“2+1)”(1/2))“2)/d“2—1/2*I*b*polylog(2,—(c*x+I*(—c*2*x“2+1)”(1/2))”2
\)/d‘2+1/2*I*b*polylog(2,(c*x+I*(-c”2*x“2+1)“(1/2))“2)/d‘2+1/2*b*c*x/d‘2/(-
(C2%x72+1)"(1/2) |

3.13.2 Mathematica [A] (verified)

Time = 0.71 (sec) , antiderivative size = 233, normalized size of antiderivative = 1.91

/ a + barccos(cz)
2
z (d — c2dx?)
bWi—cz? _ b/1-c2a? 2a barccos(cz) barccos(cz) __ piarccos(cr)) _ ‘
=& loc 20y AR | bare 4barccos(cz)log (1 — e ) — 4barccos(cz

3.13. f a+barccos(cz) dz

z(d—c2dz?)?
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input‘ Integrate[(a + bxArcCos[c*x])/(x*(d - c~2*d*x"2)"2),x] ‘

output | ((b*Sqrt[1 - c”2*%x72])/(1 - c*x) - (b*Sqrt[l - c™2%x72])/(1 + c*x) - (2%a)
/(-1 + c™2%x72) + (b*ArcCos[c*x])/(1 - c*x) + (b*ArcCos[c*x])/(1 + c*x) -

4xbxArcCos [c*x] *Log[1 - E~(I*ArcCos[c*x])] - 4*b*ArcCos[c*x]*Log[l + E~(I*
ArcCos[c*x])] + 4xbxArcCos[c*x]*Log[1 + E~((2*I)*ArcCos[c*x])] + 4*axLoglx
1 - 2xa*Logl[l - c™2*x"2] + (4*I)*b*PolyLogl[2, -E~(I*ArcCos[c*x])] + (4*I)*
b*PolyLog[2, E~(I*ArcCos[c*x])] - (2*I)*b*PolyLog[2, -E~((2*I)*ArcCos [c*x]
)1)/(4%d"2)

3.13.3 Rubi [A] (verified)

Time = 0.57 (sec) , antiderivative size = 119, normalized size of antiderivative = 0.98,

number of steps used = 10, number of rules used = 9, number of rules _ 360, Rules used
integrand size

= {5209, 27, 208, 5185, 4919, 3042, 4671, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a + barccos(cz)
z (d — c2dz?)?

l 5209

a+barccos(cx 1
J ;w(l 02:1:(2 Vda be | (1—c252)3/2 dz a + barccos(cx)
d 2d? 2d? (1 — 2z?)

| 27

a+bar cT 1
f a+barccos(cz) 1. be [ mdw a + barccos(cx)

z(1—c2z2)
d? 2d2 2d? (1 — c%x?)
| 208
barcc
J a-;(1 chigl;z) dx g 4 barccos(cx) + bex
d? 2d% (1 — c2x2)  2424/1 — c222
| 5185
J a+barlcczz(cx)darccos(cw) 48 + barccos(czx) + bex
& 24 (1 —c2?)  2d2/1— 22?2
| 4919

a+barccos(cx
3.13. [ 4EeE do
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2 [(a + barccos(cz)) csc(2 arccos(cz))d arccos(cz)  a + barccos(cz) 4 bex
d? 2d? (1 —c?2?)  2d2v/1 — c2x2
| 3042
2 [(a + barccos(cz)) csc(2 arccos(cz))d arccos(cz) — a + barccos(cx) 4 bex
42 2d? (1 —c222)  2d24/1— c2x2
| 4671

2(—%b [ log (1 — e arCC"S(C””)) darccos(cx) + %b [ log (1 + e Zm3‘:09’(“”)) darccos(cz) — (a,rctanh(e% arccos(“)) (a

&2
a + barccos(czx) 4 bex
2d2 (1 —c%x%)  242y/1— 222
| 2715

Q(i’tb f e~ 2 arccos(cz) log (1 — e arccos(cm)) de: arccos(cz) __ %’Lbf e~ 2 arccos(cz) log (1 + e2t arccos(ca:)) de arccos(cz) _

a2
a + barccos(cz) 4 bex
2d% (1 — c222)  2424/1 — c2z2
| 2838
C2(= (arctanh (e%arccos(e2)) (g 4 barccos(cz))) + LibPolyLog (2, —e?iarecos(ca)) — Lip PolyLog (2, e?arccos(ca))) _{
7
a + barccos(cz) bex

m%1—&ﬁ)+2ﬁ¢T??P

input LInt [(a + b*ArcCos[c*x])/(x*(d - c”2%d*x~2)"2),x]

~—

output‘{(b*c*x)/(2*d‘2*Sqrt [1 - c™2*%x72]) + (a + bxArcCos[c*x])/(2%d~2%(1 - c~2*x~
‘2)) - (2%(-((a + b*ArcCos[c*x])*ArcTanh[E~ ((2*I)*ArcCos[c*x])]) + (I/4)x*bx
‘PolyLog [2, -E~((2*I)*ArcCos[c*x])] - (I/4)*b*PolyLogl[2, E~((2*I)*ArcCos[c*
Lx] )1))/d~2

| ——

3.13. f a+barccos(cz) dz

z(d—c2dz?)?



rule 27

rule 208

rule 2715

rule 2838

rule 3042

rule 4671

rule 4919

rule 5185

CHAPTER 3. LISTING OF INTEGRALS

118

3.13.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-3/2), x_Symbol] :> Simp[x/(a*Sqrt[a + bxx"2]),
x] /; FreeQ[{a, b}, xl

Int[Logl(a_) + (b_)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Log[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(e_.) + (£_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol]l :> Simp[-
2x(c + d*x) “m*(ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)~(m - 1)*Log[1l - E~(I*(e + f*x))], x], x] + Simp[d*(m/f) Int[(c + d*x
)~(m - 1)*Logl[l + E~(Ix(e + £*x))], x], x]) /; FreeQ[{c, d, e, £}, x] && IG
tQ[m, 0]

Int[Cscl[(a_.) + (b_)*x)D]"(m_.)*((c_.) + (d_.)*(x_))"(m_.)*Sec[(a_.) + (b
_)*(x )] (m_.), x_Symbol] :> Simp[2°n Int[(c + d#*x) m*Csc[2*a + 2*b*x] n
» x], x] /; FreeQ[{a, b, c, d, m}, x] && IntegerQ[n] && RationalQ[m]

N\

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/((x_)*((d_) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[-d~(-1) Subst [Int[(a + b*x) n/(Cos[x]*Sin[x]), x], x, A
rcCos[c*x]], x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n
, 0]

3.13. f a+barccos(cz) dz

z(d—c2dz?)?




rule 5209

input

output
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Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_)*((f_.)*(x_))"(m_)*((d_) + (e_.
)*(x_)"2)"(p_), x_Symbol] :> Simp[(-(£f*x)"(m + 1))*(d + e*x"2)"(p + 1)*((a
+ b*ArcCos[c*x]) "n/ (2%d*fx(p + 1))), x] + (Simp[(m + 2*p + 3)/(2xd*(p + 1))

Int [(f*x) "m*(d + exx"2)"(p + 1)*(a + b*ArcCos[c*x])"n, x], x] - Simp[b*c
*(n/(2xfx(p + 1)))*Simp[(d + e*x~2)"p/(1 - c”2%x"2)"p] Int[(f*x)"(m + 1)*
(1 - c™2%x72)~(p + 1/2)*(a + bxArcCos[c*x])~(n - 1), x], x]) /; FreeQ[{a, b
, C, d, e, £, m}, x] && EqQ[c™2+#d + e, 0] && GtQ[n, 0] && LtQ[p, -1] && !G
tQ[m, 1] && (IntegerQ[m] || IntegerQ[p] || EqQ[n, 11)

3.13.4 Maple [A] (verified)

Time = 2.22 (sec) , antiderivative size = 255, normalized size of antiderivative = 2.09

method result
L2 2 — 2.9 N . .
1 1 In(cz—1) L In(eo+1) p| _ict= +cw\/ﬁ;ﬂ—)a ccos(cz) ! —arccos(cz) 11'1(1—01‘—1,\/:(
a( 11(113)_4(Cz_1) - 2 +4cz+4 — 3 )
parts z n
ic2e?4cav/—c2a2 414 (ca)—i '
a(ln(cx)_ L (D), 1 —ln(cz"‘l)) b <_w — zzczxﬂ_lfrccos 2= —arccos(cz) ln(l—cx—z\ﬁ
derivativedivides Aez—1) d22 Toxt4 2 i
ic?2? ez v/~ c2a? +1tarccos(ca) —i ,
a(ln(w)— 1 _In(ez=1) 1 1n(cm+1)) b <_ 2(0%2_1)& s —arccos(cx) 1n<1—cz—1\ﬁ
default LIC)) d22 Twtd 3 "

-

Lint((a+b*arccos(c*x))/x/(-c‘2*d*x‘2+d)‘2,x,method=_RETURNVERBUSE)

-/

a/d"2*(In(x)-1/4/(c*x-1)-1/2*1n(c*x-1)+1/4/ (c*x+1)-1/2*1n(c*x+1) ) +b/d"2* (-
1/2% (Ixc™2%x™2+c*x* (-c™2%x"2+1) ~(1/2) +arccos (c*x) -I)/(c"2*x"2-1) -arccos (c*
x)*1n(1-cxx-I*(-c™2*x"2+1) " (1/2) ) +I*polylog(2,c*x+I*(-c~2*x~2+1) ~(1/2))+ar
ccos(c*x) *1n (1+(ckx+I* (-c™2*x"2+1) ~(1/2)) ~2)-1/2*I*polylog(2,-(c*x+I*(-c~2
*x"2+1)~(1/2) ) "2) -arccos (c*x) *1n (1+c*x+I* (-c~2%x"2+1) " (1/2) ) +I*polylog(2,-

ckx-I*(-c™2*x~2+1)~(1/2)))

3.13. f a+barccos(cz) dz

z(d—c2dz?)?
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3.13.5 Fricas [F]

/ a + barccos(cx) / barccos (cx) + a
5 dr = 35— dT
z (d — c2dx?) (c2dz? — d)°z

inputLintegrate((a+b*arccos(c*x))/x/(—c‘Q*d*x‘2+d)‘2,x, algorithm="fricas")

-/

outputLintegral((b*arccos(c*x) + a)/(c™4*d"2*x"5 - 2%c~2%d"2*x"3 + d"2*x), Xx)

3.13.6 Sympy [F]

/ a+barccos(ca) | g drt ) iy 4
z (d — 2dz?)? d?

inputLintegrate((a+b*acos(c*x))/x/(-c**2*d*x**2+d)**2,x)

output‘(Integral(a/(c**4*x**5 - 2xc**2xx*x3 + x), x) + Integral (b*acos(c*x)/(c*x*4
‘*x**S - 2kCck*x2*kx*x*x3 + x), x))/d**2

3.13.7 Maxima [F]

/ a + barccos(cx) / barccos (cx) + a
5 dr = 57— dzx
z (d — c2dx?) (2dz? — d)°z

inputLintegrate((a+b*arccos(c*x))/x/(—c“2*d*x‘2+d)‘2,x, algorithm="maxima")

output‘—1/2*a*(1/(c‘2*d“2*x‘2 - d"2) + log(c*x + 1)/d"2 + log(c*x - 1)/d"2 - 2xlo
‘g(x)/d‘2) + bxintegrate(arctan2(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x)/(c™4*d~
\2*x‘5 - 2%c™2%d"2%x"3 + d"2%x), x)

3.13. f a+barccos(cz) dz

z(d—c2dz?)?
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3.13.8 Giac [F]

/ a + barccos(cx) / barccos (cx) + a
5 dr = 35— dT
z (d — c2dx?) (c2dz? — d)°z

input Lintegrate ((atb*arccos(c*x))/x/(-c~2*d*x~2+d) "2,x, algorithm="giac")

-/

output Lintegrate ((b*arccos(c*x) + a)/((c™2*d*x"2 - d)~2*x), x)

3.13.9 Mupad [F(-1)]

Timed out.

/a + barccos(c:;c) dp — / a+ bacos(cac)2 i
z (d — c?dx?) z (d— c?dz?)

input| int((a + bxacos(c*x))/(x*(d - c"2%d*x~2)"2),x)

output Lint((a + bxacos(c*x))/(xx(d - c~2*d*x"2)"2), x)

3.13. f a+barccos(cz) dz

z(d—c2dz?)?
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a+barccos(cx)
314 [ da

3.14.1 Optimalresult . . . . ... .. . ... . e 122
3.14.2 Mathematica [A] (verified) . . . . . . . .. ... Lo 1221
3.14.3 Rubi [A] (verified) . . . . . ... .. 123
3.14.4 Maple [A] (verified) . .. .. ... ... .. 128
3.14.5 Fricas [F] . . . . . o o o 128
3.14.6 Sympy [F] . . . . . o 129
3.14.7 Maxima [F] . . . . . . . e 1291
3148 Giac [F(-1)]  « v v vt e e e 29
3.14.9 Mupad [F(-1)] . . . . o oo 130

3.14.1 Optimal result

Integrand size = 25, antiderivative size = 177

a+ barccos(cx) , be a + barccos(cz)  3c*z(a + barccos(cz))
/ 22 (d — 2dz?)® v 221 — 22 d?x (1 — c%a?) 2d? (1 — c%z?)
3c(a + barccos(cz))arctanh (e'2s(*))  pearctanh(v/1 — c2z?)
" Z * rZ
3Zbc PolyLog (2 zarccos(CZ)) 3ibc PolyLog (2 el arccos(cz) )
2d? 2d?

output | (~a-b*arccos(c*x))/d"2/x/(-c™2*x"2+1)+3/2*c” 2*x* (a+b*arccos(c*x))/d~2/(-c”
2*x~2+1) +3*c* (atb*arccos (c*x) ) *arctanh (c*x+I* (-c"2*x"2+1) ~(1/2) ) /d"2+b*c*a
rctanh((-c™2*x~2+1) " (1/2))/d"~2-3/2*I*b*c*polylog(2,-c*x—-I*(-c~2*x"2+1) "~ (1/
2))/d"2+3/2*%I*b*xcxpolylog(2, cxx+I*(-c™2*xx~2+1)~(1/2))/d"2+1/2*b*c/d~2/(-c~
2%x72+1)~(1/2)

3.14.2 Mathematica [A] (verified)

Time = 0.58 (sec) , antiderivative size = 251, normalized size of antiderivative = 1.42

/ a + barccos(cz)
5 dr
x2 (d — c2dz?)

a | bc\/l c2 + bev/1—c?x?2 _  2ac’x 4barccos(cz) + bcarccos(cx) _ bcarccos(cz)

r 1+cx —1+c2z2 T l—cx 1+cx

— 6bcarccos(cz) log (1 — €

3.14. f a+ba,rccos(cw) dz

z2(d—c2dz?)?
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input ‘ Integrate[(a + bxArcCos[c*x])/(x"2*(d - c~2*d*x"~2)"2),x]

output | ((-4*a)/x + (b*c*Sqrtl[l - c™2*%x72])/(1 - c*x) + (b*c*Sqrt[1l - c™2*x"2])/(1

+ c*x) - (2%a*c”2*x)/(-1 + c”2*x"2) - (4*xb*ArcCos[c*x])/x + (b*c*ArcCos[c
*x])/(1 - c*x) - (b*cxArcCos[c*x])/(1 + c*x) - 6%bkcxArcCos[c*x]*Log[l - E
~(I*ArcCos[c*x])] + 6%b*ckArcCos[c*x]*Logl[l + E~(I*ArcCos[c*x])] - 4*b*cx*L
oglx] - 3*axc*Log[l - c*x] + 3%axc*Log[l + c*x] + 4xbxcxLog[l + Sqrt[l - ¢
~2*x~2]] - (6%I)*bxc*PolyLog[2, -E~(I*ArcCos[c*x])] + (6*I)*b*c*PolyLogl2,
E~(I*ArcCos[c*x])1)/(4*d~2)

& J

3.14.3 Rubi [A] (verified)

Time = 0.77 (sec) , antiderivative size = 193, normalized size of antiderivative = 1.09,

number of rules _ 520, Rules
integrand size

used = {5205, 27, 243, 61, 73, 221, 5163, 241, 5165, 3042, 4671, 2715, 2838}

number of steps used = 14, number of rules used = 13,

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a + barccos(cz)
22 (d — 2dx?)?

| 5205
be [ —2L —nda
o [ a+ barccos(cz) . s(1-c2e2)®?""  a+ barccos(cz)
d? (1 — c2x2)? d? d2z (1 — c2x?)

l 27

302 f a+barccos(czx) dx bCf 1

(1—c2x2)? . z(1—c222)3/? dz _a+ barccos(cz)
d? d? d?z (1 — c%z?)
| 243

2  a+barccos(cz) 1 g2
3c* | de _ be | 22(1—-c22?)3/? dz® o4 barccos(cz)

d? 2d? 2z (1-3?)

| 61
2 r a+bar (cz) 1 2
3c* [ %d&: bc<f 22v/1—c?a? de® + \/1—62w2) a + barccos(cz)

d? 2d? d?z (1 — 2z?)

| 73

3.14. f a+barccos(cz) dz

z2(d—c2dz?)?
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2f . 1z4 dv/1—c2z2
bC 2 - 672_6722
bar — 222 c
3¢c? [ chos)(cm)dm B Vizets _a+ barccos(cz)
d? 2d? d?z (1 — 2z?)
l 221
2  a+barccos(cz) 2
3c* [ de _ a+barccos(cx) bc(ﬁ - 2arctanh(\/1 - c2m2>)
d? d?z (1 — 2z?) 2d?
l 5163
+bar +bar
3¢ <% /e 1a_4§§;s2(cw) dz + %bcf (1= 2 22y3/? dz + z(az(la—zg;z()w))> a + barccos(cz)
d? d?z (1 — 2z?)
bc(\/ﬁ - 2arctanh<\/1 — c2w2>>
2d2
l 241
1 [ atbarccos(cz) z(a+barccos(cz))
c? (§ / 1:1_23(;52 dz + 2(1:12(2:(;52) * oevis czxz) _a+ barccos(cz) B
d? d?z (1 — c2x?)
bc(ﬁ — 2arctanh(\/1 — 02:1:2))
2d2
l 5165
f a+b arccos(cz) darccos(ca:)
3c2( — V1-c242 ] + :c(a+barc<2:osz(cw)) + —
c 2(1—c2z2) 20\/1 2z ~ a+ barccos(cm) ~
d? d?z (1 — c2z?)
bc(ﬁ — 2arctanh<\/1 — 02:02))
2d2
| 3042
J (a+barccos(cz)) csc(arccos(cz))d arccos(cz) (a+b (cz))
3c? (— 5 +2 a2(1a_rz<2:;s2)cx + Tm) _ a+barccos(cz)
d? d?z (1 — c2x?)
bc(ﬁ - 2arctanh<\/1 - c2x2>)
2d2
l 4671

3.14. f a+ba,rccos(c:c) dz

z2(d—c2dz?)?
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302 <_ —b [ log(1—e® arcCO“*(‘””))daurccos(cz)—}-b S log(1+€t ahrccos(cz))darccos(ccc)—28.1'(’31321,1111 (et a‘ccos(cz)) (a+barccos(cr)) i x(a+barccos(c

2e 2(1—c2z2)
42
2
a + barccos(cz) bC(\/ﬁ - 2arctanh(\/1 - c2gg2))
d?z (1 — c2z?) 242
| 2715

3 9 ( ib f et arccos(cz) log( el arccos(cz)) iarccos(cz) _zp f e—tarccos(cx) log(1+ei arccos(cz) ) det arccos(cx) —2aI‘Ctanh (ei arccos(cz)) (a-l—b arc
C

2c
a2
2
a + barccos(cz) bc(m — 2arctanh(\/ 1-— c2x2)>
d?z (1 — c2z2?) 2d?
l 2838
32 —2arctanh( ’arccos(cz))(a+barccos(cm))—i—szolyLog( ”rccos(m)) z’bPolyLog(Q,eiarccos(m)) x(a+barccos(cx)) b
0 2c + 2(1—c2z2) + 2¢v/1—c2
d2
2
a + barccos(cz) bc(\/ﬁ — 2arctanh(\/1 — c%cz))
d?z (1 — c?z?) 2d?

input LInt [(a + b*ArcCos[c*x])/(x"2*%(d - c~2%d*x~2)"2),x]

~—

output -((a + b*ArcCos[c*x])/(d"2*x*(1 - c™2%x72))) - (b*c*(2/Sqrt[1 - c 2*x"2] -

2#ArcTanh [Sqrt[1 - c™2*x72]1]1))/(2%xd"2) + (3xc™2*(b/(2*c*Sqrt[1 - c~2*x"2]
) + (x*(a + b*ArcCos[c*x]))/(2*(1 - c™2%x72)) - (-2x(a + bxArcCos[c*x])*Ar
cTanh[E~ (I*ArcCos[c*x])] + I*b*PolyLog[2, -E~(I*ArcCos([c*x])] - Ixb*PolyLo
g2, E"(I*ArcCos[c*x])])/(2%c)))/d"2

3.14. f a+ba,rccos(c:c) dz

z2(d—c2dz?)?
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rule 61

rule 73

rule 221

rule 241

rule 243

rule 2715

rule 2838
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3.14.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*d)*(m + 1))), x] - Simp[d*((
m+n+ 2)/((bxc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, c, d, n}, x] & LtQ[m, -1] & !(LtQ[n, -1] && (EqQ[a, O
1 Il (NeQ[c, 0] && LtQ[m - n, 0] &% IntegerQ[n]))) && IntLinearQ[a, b, c, d
, m, n, xJ

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(a + b*x"2)~(p + 1)/
(2%b*(p + 1)), x] /; FreeQ[{a, b, p}, x] && NeQ[p, -1]

/Int[(x_)"(m_.)*((a_) + (b_.)*(x_)~"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
t[x"((m - 1)/2)*(a + b*x)"p, x], x, x°2], x] /; FreeQ[{a, b, m, p}, x] & I

ntegerQ[(m - 1)/2]

‘Int[Log[(a_) + (b_)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
‘ :> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))"nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

N\

‘Int[Log[(c_.)*((d_) + (e_)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

3.14. f a+barccos(cz) dz

z2(d—c2dz?)?
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rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4671 Int[cscl[(e_.) + (£_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2x(c + d*x) “m*(ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)~(m - 1)*Logl[l - E~(I*(e + f*x))], x], x] + Simp[d*(m/f) Int[(c + d*x
) (m - 1)*Logl[l + E~(I*(e + £*x))], x], x]1) /; FreeQl[{c, d, e, £}, x] && IG
tQ[m, 0]

rule 5163 Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))"(n_.)*((d) + (e_.)*(x_)"2)"(p_), x_
Symbol] :> Simp[(-x)*(d + e*x~2)~(p + 1)*((a + b*ArcCos[c*x]) "n/(2*d*(p + 1
))), x] + (Simp[(2*p + 3)/(2xd*x(p + 1)) Int[(d + exx"2)"(p + 1)*(a + b*Ar
cCoslc*x])"n, x], x] - Simp[b*c*(n/(2x(p + 1)))*Simp[(d + e*x~2)"p/(1 - c~2
*x72)"p]  Int[x*(1 - c™2*x"2)"(p + 1/2)*(a + bxArcCos[c*x])~(n - 1), x], x

1) /; FreeQ[{a, b, c, d, e}, x] && EqQlc™2+d + e, 0] && GtQ[n, 0] && LtQlp,
-1] && NeQ[p, -3/2]

rule 5165 Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[-(c*d)~(-1) Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQl[{a, b, c, 4, e}, x] && EqQ[c"2*d + e, 0] && IGtQ[n, O]

rule 5205 | Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.)) " (n_.)*((f_)*(x_))"(m_)*((d_) + (e_.
)*¥(x_)"2)"(p_), x_Symbol] :> Simp[(f*x)"(m + 1)*(d + exx"2)"(p + )*((a + b
*ArcCos [c*x]) "n/(d*f*(m + 1))), x] + (Simp[c™2*((m + 2xp + 3)/(£72*(m + 1))
) Int[(f*x)"(m + 2)*(d + exx~2) p*(a + bxArcCos[c*x])"n, x], x] + Simp[b*
ck(n/(fx(m + 1)))*Simp[(d + e*x"2)"p/(1 - c™2*x72)"p] Int[(f*x)~(m + 1)*(
1 - ¢c™2%x72) " (p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x]) /; FreeQ[{a, D,
c, d, e, £, p}, x] && EqQ[c™2*d + e, 0] && GtQ[n, 0] && ILtQ[m, -1]

3.14. f a+barccos(cz) dz

z2(d—c2dz?)?
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3.14.4 Maple [A] (verified)

Time = 4.35 (sec) , antiderivative size = 332, normalized size of antiderivative = 1.88

method result
a(—%—4(czc_1) —3CID(ZI_1) — et D) +3¢ ln(zm'H)) ib<3i 1n<1+cx+i\/ —c2x2+1) arccos(czx)c3z3—3i ln(1+car:+i-

parts e —

af-L_ L __3n(z1) 1 +3ln(cw+1) ib( 3iIn ( 14-cx+iv/—c2x24+1) arccos(cz)c323—3iIn( 1+cz
derivativedivides c( GEace) S e) _ (s ) (

a<_£_4(c:3:—1) —31n(ff°_1) —4(cw1+1) +3ln(?+l)) ib(3i ln(1+cx+i\/—02x2+1> arccos(cx)c3z3—3i ln(l—i—cz
default c pe —

inputLint((a+b*arccos(c*x))/x‘2/(-c‘2*d*x‘2+d)“2,x,method=_RETURNVERBDSE) J

output | a/d~2*(-1/x-1/4*c/(c*x-1)-3/4*c*1ln(c*x-1)-1/4*c/(c*x+1)+3/4*c*1ln(c*x+1))-1
/2xI*xb/d~2/ (c"2*x"2-1) /x* (3*I*1n (1+ckx+I* (-c2*x"2+1) ~(1/2) ) *arccos (c*x) *c
~3xx"3-3*I*1n(1+c*kx+I* (-c"2*x"2+1) ~(1/2) ) *arccos (c*x) *cxx-3*I*arccos (c*x) *
c"2xx"2+4*arctan (c*xx+I* (-c”2%x"2+1) " (1/2) ) *c~3*x"3+3*dilog (c*x+I* (-c~2%x"2
+1)7(1/2) ) *c~3*x"3+3*dilog (1+c*x+I* (-c™2%x"2+1) " (1/2) ) *c~3*x~3-I* (-c~2*x"2
+1) 7 (1/2) *x*c+2*I*arccos (c*x) -4*arctan (c*x+I* (—c™2*x"2+1) " (1/2) ) *c*x-3*dil
og(c*xx+I*(-c™2%x"2+1) " (1/2) ) *c*x-3*dilog(1+c*x+I*(-c~2*x"2+1) " (1/2) ) *c*x)

3.14.5 Fricas [F]

a + barccos(cx) barccos (cx) + a
5 dr = 5— dx
x2 (d — c2dx?) (c2dz? — d) z?
input Lintegrate ((atbxarccos(c*x)) /x"2/(-c~2*d*x~2+d) "2,x, algorithm="fricas") J
outputLintegral((b*arccos(c*x) + a)/(c”4*d"2%xx"6 - 2%c"2%d"2*x"4 + d"2*%x"2), x) J

3.14. f a+barccos(cz) dz

z2(d—c2dz?)?



CHAPTER 3. LISTING OF INTEGRALS 129

3.14.6 Sympy [F]

/ a+barccos(cr) \ | g 42+ ) et dx
22 (d — 2dx?)? d?

inputLintegrate((a+b*acos(c*x))/x**2/(—c**2*d*x**2+d)**2,x) J

output‘(Integral(a/(c**4*x**6 - 2xck*2kx**4 + x**2), x) + Integral(b*acos(c*x)/(c
‘**4*x**6 — 2kCk*k2¥xx*k*4 + x*%2), x))/d**2

3.14.7 Maxima [F]

/ a + barccos(czx) dr — / barccos (cx) + a i

22 (d — 2da?)? (2dx? — d)*x2

inputLintegrate((a+b*arccos(c*x))/x‘2/(—c‘2*d*x‘2+d)‘2,x, algorithm="maxima") J

output | -1/4%ax (2% (3*xc”2%x"2 - 2)/(c™2%d"2*%x"3 - d"2*x) - 3*c*log(c*x + 1)/d"2 + 3
xckxlog(cxx - 1)/d"2) - 1/4%((6xc™2*x"2 - 3*(c™3*x"~3 - cxx)*log(c*x + 1) +

3x(c"3*x"3 - cxx)*log(-cxx + 1) - 4)*arctan2(sqrt(c*x + 1)*sqrt(-c*x + 1),
c*x) + 4x(c”2*%d"2#x"3 - d"2*x)*integrate(-1/4*(6*c”3*x"2 - 3*%(c"4*x"3 - ¢
~“2xx)*1log(c*x + 1) + 3%(c™4*x"3 - c~2*x)*log(-c*x + 1) - 4*c)*sqrt(c*x + 1
Y*sqrt(-c*x + 1)/(c™4*d"2*x"5 - 2%c™2*d"2*x"3 + d"2*x), x))*b/(c"2*xd"2*x"3
- d72xx)

3.14.8 Giac [F(-1)]

Timed out.

dz = Timed out

/ a + barccos(cz)
22 (d — 2da?)?

—

inputLintegrate((a+b*arccos(c*x))/x‘2/(—c‘2*d*x‘2+d)‘2,x, algorithm="giac")

outputLTimed out J

3.14. f a+barccos(cz) dz

z2(d—c2dz?)?
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3.14.9 Mupad [F(-1)]

Timed out.

/a+ barccos(cx) dr — / a + bacos(cx) p

22 (d — 2da?)? 22 (d — 2 da?)?

inputtint((a + b*acos(c*x))/(x"2%(d - ¢ 2%d*x~2)"2),x)

output Lint((a + b*acos(c*x))/(x"2%(d - c~2%d*x~2)"2), x)

3.14. f a+barccos(cz) dz

z2(d—c2dz?)?
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3.15 f a+barccos(cx) dx

23 (d—c2dz?) 2

3.15.1 Optimalresult . . .. .. . . . ... . . 1311
3.15.2 Mathematica [A] (verified) . . . . . . . ... Lo L 131
3.15.3 Rubi [A] (verified) . . . . . ... .. 132
3.15.4 Maple [A] (verified) . .. ... ... .. ... 136
3.15.5 Fricas [F] . . . . . . o o 137
3.15.6 Sympy [F] . . . . o o 137
3.15.7 Maxima [F] . . . . . . 137
3.15.8 Giac [F] . . . . . . 138
3.15.9 Mupad [F(-1)] . . . . oo 138

3.15.1 Optimal result

Integrand size = 25, antiderivative size = 159

/ a + barccos(cz) . be c*(a + barccos(cz))  a+ barccos(cx)
23 (d— 2de?)? 2d%zy/1— a2 d? (1 — c2x?) 2d222 (1 — c22?)
4c*(a + barccos(cz) )arctanh (g2 @recos(<e))
a2
ibc? PolyLog (2, —e% arccos(cm)) ibc? PolyLog (2, e2i arccos(cz))
B Pz * &

output‘c“2*(a+b*arccos(c*x))/d“2/(—c“2*x“2+1)+1/2*(-a—b*arccos(c*x))/d*2/x“2/(—c“
‘2*x“2+1)+4*c”2*(a+b*arccos(c*x))*arctanh((c*x+I*(-c“2*x“2+1)“(1/2))“2)/d”2
‘—I*b*c‘2*polylog(2,-(c*x+I*(—c‘2*x“2+1)“(1/2))“2)/d“2+I*b*c“2*polylog(2,(c
‘ *x+Ik (—c™2%x72+1) " (1/2))"2) /d"2+1/2%b*c/d"2/x/ (-c"2*xx~2+1) ~(1/2) ‘

3.15.2 Mathematica [A] (verified)

Time = 0.74 (sec) , antiderivative size = 309, normalized size of antiderivative = 1.94

a + barccos(cz)
5 dx
x3 (d — c2dzx?)
_i_g, + 2bcy/ lm—c2z2 + be?/1—c222 be2yv/1—c222 2ac®> _ 2barccos(cz) + bc? arccos(cx) + bc? arccos(cz) i 8bC2 arcec

1—cz 1+cz —14c2x2 x2 1—czx 1+cz

3.15. f a+barccos(cz) dz

z3(d—c2dz?)?
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input ‘

Integrate[(a + b*ArcCos[c*x])/(x"3*(d - c™2*d*x"2)~2),x]

output

N\

((-2%a)/x"2 + (2xbxc*Sqrt[l - c”2*%x72])/x + (b*c™2*Sqrt[1 - c™2*x~2])/(1 -
cxx) - (b*c™2#Sqrt[1l - c™2*xx72])/(1 + c*x) - (2*a*c”2)/(-1 + c~2*x"2) - (
2xbxArcCos [c*x]) /x"2 + (b*c~2xArcCos[c*x])/(1 - c*x) + (b*c~2*ArcCos[c*x])
/(1 + cxx) - 8xbxc”2xArcCos[c*x]*Log[1l - E~(I*ArcCos[c*x])] - 8xb*c~2xArcC
os[c*x]*Log[1 + E~(I*ArcCos[c*x])] + 8*bxc~2*ArcCos[c*x]*Log[1l + E~((2+I)*
ArcCos[c*x])] + 8xaxc~2*Log[x] - 4*a*c”2xLogl[l - c™2*x"2] + (8*I)#*b*c~2xPo
lyLog[2, -E~(I*ArcCos[c*x])] + (8*I)*bxc~2*PolyLog[2, E~(I*ArcCos[c*x])] -
(4*I)*bxc~2%PolyLog[2, -E~((2*I)*ArcCos[c*x])])/(4*d"2)

3.15.3 Rubi [A] (verified)

Time = 0.85 (sec) , antiderivative size = 198, normalized size of antiderivative = 1.25,

number of steps used = 13, number of rules used = 12, number of rules _ 480, Rules
integrand size

used = {5205, 27, 245, 208, 5209, 208, 5185, 4919, 3042, 4671, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a + barccos(cz)
23 (d — 2da?)?

| 5205
be [ ———L —rdx
o [ a+ barccos(cz) . e2(1-c222)*?""  a+ barccos(cz)
a2z (1 — c2x2)? 2d? 2d222 (1 — c2x2)

l 27

202 f a-l-barccos(cz)d bcf 1 dx

z(1—c2x2)? s2(1-c222)>?""  a+ barccos(cz)
d? 2d? 2d%z2 (1 — c2x2?)
| 245
202 a+barccos(c:c)d bC(2C2 f 1 dr — 1 )
¢ J o(1-c2a2)? O _ (1—c222)3/2 evi-c??) a + barccos(cz)
d? 2d? 2d%x2 (1 — c2x?)
| 208
2  a+b arccos(cx) 2 1
2¢ | z(1—c222)? dz 44 barccos(cz) bc<\/1fc§x2 - $\/1—ch2>
d? T 24222 (1 — c2a2?) 2d?
| 5209

3.15. f a+b a,rccos(c:c) dz

z3(d—c2dz?)?
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2 a+barccos(cz) 1 1 a+barccos(cz)
¢ (f (=) @+ abe f (1-c222)%/2 dz + W) _ a+barccos(cz)
d? 2d2z2 (1 — c2z2?)
2
bc(\/lzfci‘l’:av2 o w\/1i02w2)
2d?
| 208
+b +b 2z
2&(fadf$$%@d +“mﬁ$$%”+@¢b@ﬂ>__a+bamam@m__h(viw%z‘z¢ﬁ@ﬁ)
d? 2d%2x? (1 — c2x?) 2d?
| 5185
bar bar
2c2 (_ f a:I:—z alcc(;:(cw),d arccos(cz) + a—;(f_c;o;g();x) + Vi sz2> _a + barccos(cx) B
d? 2d2z2 (1 — c2z?)
C2Z
bc(\/12—czz2 o a:x/licza:z)
2d?
| 4919
2c2 (—2 [(a + barccos(cz)) csc(2 arccos(cz))d arccos(cz) + “*;’zj"_*"f;;g‘;”) + oA 62x2)
d? B
2 1
a + barccos(cz) bc(\/lfcgzcmz - x\/l_c2x2>
2d?z? (1 — 2z?) 2d?
| 3042
2c2 (—2 [ (a + barccos(cz)) csc(2 arccos(cz))d arccos(cz) + “*;’Efﬁcjg’jg‘;@ + 3 \/1_02#)
d? B
2c*z 1
a + barccos(cz) bc(\/l_czmz - m/l_camz>
2d%22 (1 — 2x?) 2d?
| 4671

2c? <—2(—%b [ log (1 — e?iarccos(c@)) darccos(cz) + b [ log (1 + e*21e0s(@)) d arccos(cz) —

(arctanh (e** arccos(cz)

d2

2 1
a + barccos(cz) bc<\/1fc§zz - x\/l_c2$2)

2d?z? (1 — ?z?) 2d?
| 2715

3.15. f a+b a,rccos(c:c) dz

z3(d—c2dz?)?



CHAPTER 3. LISTING OF INTEGRALS 134

2¢2 (_2(%“) j‘ e~ 2 arccos(cz) log (1 — e arccos(cm)) de? arccos(cz) _ %Zb f e 2 arccos(cz) log (1 + e2t arccos(cw)) de arccos(

d2

2c2 1
a + barccos(cx) bc(\/lfcﬂ;wz - m/l_c%z)

2d%z2 (1 — 2x?) 2d?
l 2838

2c? <—2(— (arctanh (e%arccos(e2)) (g + barccos(cz))) + LibPolyLog (2, —e?iarecos(ea)) — Lip PolyLog (2, e arccos(c
2

2c2 1
a + barccos(cx) B bc(ﬂfcgzcwz - x\/l_csz)
2d?z? (1 — 2z?) 2d?

-

inputLInt[(a + bxArcCos [c*x])/(x73*(d - c™2*d*x"2)"2),x]

~—/

output | -1/2* (bxcx (-(1/(x*Sqrt[1 - c2*x72])) + (2xc~2*x)/Sqrt[l - c~2xx~2]))/d"2
- (a + b*ArcCos[c*x])/(2+%d"2*%x"2*(1 - c™2%x72)) + (2*c™2x((b*c*x)/(2*Sqrt[
1 - ¢c™2*%x72]) + (a + bxArcCos[c*x])/(2%(1 - c™2*x72)) - 2x(-((a + b*ArcCos
[c*x])*ArcTanh [E~ ((2*I)*ArcCos[c*x])]) + (I/4)*bxPolyLogl[2, -E~((2*I)*ArcC
os[c*x])] - (I/4)*bxPolyLogl[2, E~((2+I)*ArcCos[c*x])]1)))/d"2

3.15.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 208 | Int[((a_) + (b_.)*(x_)"2)"(-3/2), x_Symbol] :> Simp[x/(a*Sqrt[a + b*x~2]),
x] /; FreeQ[{a, b}, x]

rule 245 | Int [(x_)~(m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[x~(m + 1)*((a +
bxx~2)~(p + 1)/(a*(m + 1))), x] - Simp[b*((m + 2x(p + 1) + 1)/(a*(m + 1)))

Int[x"(m + 2)*(a + b*x"2)"p, x]1, x] /; FreeQ[{a, b, m, p}, x] && ILtQ[Si
mplify[(m + 1)/2 + p + 1], 0] && NeQ[m, -1]

3.15. f a+barccos(cz) dz

z3(d—c2dz?)?



rule 2715

rule 2838

rule 3042

rule 4671

rule 4919

rule 5185

rule 5205
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Int[Logl[(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(e_.) + (f_.)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2x(c + d*x) “m*(ArcTanh[E~(I*(e + f*x))1/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)"(m - 1)*Logl[l - E~(I*(e + f*x))], x], x] + Simp[d*(m/f) Int[(c + d*x
)"(m - 1)*Logl[l + E~(Ix(e + f*x))]1, x1, x1) /; FreeQ[{c, 4, e, f}, x] && IG
tQ[m, 0]

Int[Cscl(a_.) + (b_)*(x_ )1 (n_.)*((c_.) + (d_.)*(x_))"(m_.)*Sec[(a_.) + (b
_)*(x_)17(n_.), x_Symbol] :> Simp[2°n Int[(c + d*x) m*Csc[2*a + 2*b*x] n
, x], x] /; FreeQ[{a, b, c, d, m}, x] && IntegerQ[n] && RationalQ [m]

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))"(n_.)/((x_)*((d_) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[-d~(-1) Subst[Int[(a + b*x) n/(Cos[x]*Sin[x]), x], x, A
rcCos[c*x]], x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n
, 0]

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.)) " (n_.)*((f_.)*(x_)) " (m_)*((d_) + (e_.
)*¥(x_)"2)"(p_), x_Symbol] :> Simp[(f*x)"(m + 1)*(d + exx"2)"(p + )*((a + b
*ArcCos [c*x]) "n/(d*f*x(m + 1))), x] + (Simp[c™2*((m + 2%p + 3)/(£"2*(m + 1))
) Int[(f*x)"(m + 2)*(d + exx~2) p*(a + bxArcCos[c*x])"n, x], x] + Simp[b*
ck(n/(£x(m + 1)))*Simp[(d + e*x"2)"p/(1 - c”2*x72)"p] Int[(f*x)"(m + 1)*(
1 - ¢c™2%x72)"(p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x]) /; FreeQ[{a, b,
c, d, e, £, p}, x] && EqQlc™2*d + e, 0] && GtQ[n, 0] && ILtQ[m, -1]

3.15. f a+barccos(cz) dz

z3(d—c2dz?)?
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rule 5209 | Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)*((f_)*(x_))"(m_)*((d_ ) + (e_.
)*(x_)"2)"(p_), x_Symbol] :> Simp[(-(£f*x)"(m + 1))*(d + e*x"2)"(p + 1)*((a
+ b*ArcCos[c*x]) "n/ (2%d*fx(p + 1))), x] + (Simp[(m + 2*p + 3)/(2xd*(p + 1))

Int [(f*x) "m*(d + exx"2)"(p + 1)*(a + b*ArcCos[c*x])"n, x], x] - Simp[b*c
*(n/(2xfx(p + 1)))*Simp[(d + e*x~2)"p/(1 - c”2%x"2)"p] Int[(f*x)"(m + 1)*
(1 - c™2%x72)~(p + 1/2)*(a + bxArcCos[c*x])~(n - 1), x], x]) /; FreeQ[{a, b
, C, d, e, £, m}, x] && EqQ[c™2+#d + e, 0] && GtQ[n, 0] && LtQ[p, -1] && !G
tQ[m, 1] && (IntegerQ[m] || IntegerQ[p] || EqQ[n, 11)

3.15.4 Maple [A] (verified)

Time = 2.40 (sec) , antiderivative size = 281, normalized size of antiderivative = 1.77

method result
( 1 ( ) 1 ) )> bl — 2c222 arccos(cz)+cx Vv —c2z 2+1—arccos(cz) .
. X L. al -5z +2 In(ex)— —— —In(cz—1)+—— —In(cz+1 2(c222-1)c22 |
derivativedivides | ¢? z e e + (?2?-1)e
( 1 1 ) bl — 2c2 52 arccos(cz)+cxV/—c2x241—arccos(cx) .
a(—5z2212 In(cx)— grom—py —In(cx—1)+ - 4Cz 5 —In(cz+1) (222 —1)c222 |
default c? 2 eed + + ( )e
2 2 be2 | — 2c2z2 arccos(cz)+cxV/ —c2w2+1—arccos(cx) _
a (— 27%2+202 In(z)— 74@;_1) —c2 In(cz—1)+ Tootd —c? 1n(cw+1)> 2 (c2w2 1) c2g2
parts e +

input‘int((a+b*arccos(c*x))/x“3/(—c“2*d*x‘2+d)“2,x,method=_RETURNVERBUSE)

output | c™2x(a/d~2x(-1/2/c~2/x"2+2%1n(c*x)-1/4/ (c*x-1)-1n(c*x-1)+1/4/ (c*x+1)-1n(c*
x+1))+b/d" 2% (-1/2* (2%c~2*%x"2*arccos (c*x)+c*xx* (-c~2*%x~2+1) ~(1/2) -arccos (c*x
))/(c™2*x"2-1) /c”2/x"2-2*arccos (c*x) *1n (1-c*x-I* (-c"2*x"2+1) ~(1/2) ) +2*arcc
os (c*x) *1n (1+(cxx+I*(-c™2*x"2+1) ~(1/2) ) "2) -2*arccos (c*x) *1n (1+c*x+I* (-c™2*
x"2+1)~(1/2))+2xI*polylog(2, cxx+I*(-c~2*x~2+1)~(1/2))-I*polylog(2,- (c*x+I*
(-c™2%x"2+1) " (1/2) ) ~2) +2*I*polylog(2,-c*xx-I* (-c~2*x"2+1)~(1/2))))

3.15. f a+b a,rccos(cw) dz

z3(d—c2dz?)?
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3.15.5 Fricas [F]

/ a + barccos(cx) / barccos (cx) + a
5 dr = 5— dT
x3 (d — c2dx?) (c2dz? — d)"z3

input Lintegrate ((atb*arccos(c*x))/x"3/(-c™2*d*x"2+d) ~2,x, algorithm="fricas")

-/

outputLintegral((b*arccos(c*x) + a)/(c™4*d"2xx"7 - 2%c™2%d"2*x"5 + d"2*x"3), x)

3.15.6 Sympy [F]

/ a+barccos(cz) | e do t | T Ao
23 (d — c2da?)? d?

inputLintegrate((a+b*acos(c*x))/x**3/(—c**2*d*x**2+d)**2,x)

output‘(Integral(a/(c**4*x**7 - 2xc**2xx*x5 + x**3), x) + Integral(b*acos(c*xx)/(c
‘**4*x**7 - 2%Ck*x2kxk*k5 + x*%*3), x))/d**2

3.15.7 Maxima [F]

/ a + barccos(cx) / barccos (cx) + a
5 dr = 5 dr
x3 (d — c2dx?) (c2dz? — d)"z3

inputLintegrate((a+b*arccos(c*x))/x‘3/(-c‘2*d*x‘2+d)‘2,x, algorithm="maxima")

output‘—1/2*a*(2*c‘2*log(c*x + 1)/d"2 + 2xc”2*xlog(cxx - 1)/d"2 - 4xc”2*log(x)/d"2
‘ + (2%c™2*x72 - 1)/(c™2*d"2*x"4 - d~2*x"2)) + bxintegrate(arctan2(sqrt(c*x
\ + 1) xsqrt(-cxx + 1), c*xx)/(c™4*d"2+x"7 - 2%c”2*d"2%x"5 + d72%x73), x)

3.15. f a+barccos(cz) dz

z3(d—c2dz?)?
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3.15.8 Giac [F]

/ a + barccos(cx) / barccos (cx) + a
5 dr = 5— dT
x3 (d — c2dx?) (c2dz? — d)"z3

input Lintegrate ((atb*arccos(c*x))/x"3/(-c™2*d*x~2+d) ~2,x, algorithm="giac")

-/

output Lintegrate ((b*arccos(c*x) + a)/((c™2*d*x~2 - d)~2*x73), x)

3.15.9 Mupad [F(-1)]

Timed out.

/a—l— barccos(cz) dp — / a + bacos(cx) P

2 z 4T
x3 (d — c2dx?) x3 (d — 2 dz?)

input| int((a + bxacos(c*x))/(x"3%(d - ¢ 2%d*x~2)"2),x)

output Lint((a + bxacos(c*x))/(x"3%(d - c™2*%d*x"2)"2), x)

3.15. f a+barccos(cz) dz

z3(d—c2dz?)?
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3.16 [ z*(d + ez?) (a + barccos(cz)) dz

3.16.1 Optimalresult . . . . .. .. . ... ... 139
3.16.2 Mathematica [A] (verified) . . . . . . .. ... ... L Lo oL 139
3.16.3 Rubi [A] (verified) . . . . . ... ... 1401
3.16.4 Maple [A] (verified) . . . ... . ... ... 142
3.16.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 143
3.16.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... 143]
3.16.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... 144
3.16.8 Giac [A] (verification not implemented) . . . . . ... ... ... ....... 144
3.16.9 Mupad [F(-1)] . . . . . o 145

3.16.1 Optimal result

Integrand size = 19, antiderivative size = 149

b(9c*d + 5e) zv/1 — c?x?
96¢°

b(9cd + 5e) z3v/1 — c2x?
144c3

bex®/1 — c2z2

_ + 1clgc‘*(a + barccos(cz))

36¢ 4 9
L, b(9c%d + 5e) arcsin(cx)
+ 5ex (a + barccos(cz)) + 966

/x3 (d + ez®) (a + barccos(cz)) dz = —

output ‘ 1/4xd*x"4* (a+b*arccos(c*x))+1/6*%exx"6* (a+b*arccos (c*x))+1/96*b* (9*xc~2*xd+5%
‘e)*arcsin(c*x)/c‘6-1/96*b*(9*c‘2*d+5*e)*x*(—c‘2*x“2+1)“(1/2)/0‘5—1/144*b*(
LQ*C“2*d+5*e)*x‘3*(-c“2*x‘2+1)‘(1/2)/0“3-1/36*b*e*x“5*(-c‘2*x‘2+1)‘(1/2)/c

3.16.2 Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.03

3 2 = —adz* + Zaex’ 1—c2?( -5 — —
/z (d + ez?) (a + barccos(cz)) dz 4adx + 5ae% +bd\/7( 3905 160)

5z 53 x°
bevl— a2 — 2 2 T
thevi-cw ( 965 1443 360)

1 1
+ Zbdx4 arccos(cx) + 6b6x6 arccos(cx)

3bd arcsin(cz)  5bearcsin(cx)
32¢ 96¢6

3.16. [ z*(d+ ex?) (a + barccos(cz)) dz
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input ‘ Integrate[x~3*(d + exx~2)*(a + b*ArcCos[c*x]),x]

output((a*d*x“4)/4 + (a*exx"6)/6 + bkdxSqrt[1 - c™2xx"2]*((-3*x)/(32%c"3) - x~3/(
‘16*0)) + bkxexSqrt[1 - c™2*x"2]*((-5*x)/(96*c~5) - (56%x73)/(144%c~3) - x~5/
‘(36*C)) + (b*d*x~4*ArcCos[c*x])/4 + (b*exx~6*ArcCos[c*x])/6 + (3*b*d*ArcSi
Ln[c*x])/(32*c‘4) + (5%bxexArcSin[c*x])/(96%c"6)

|

3.16.3 Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 145, normalized size of antiderivative = 0.97,
number of steps used = 6, number of rules used = 6, Bumber of rules _ 376 Ryles uged

integrand size
= {5231, 27, 363, 262, 262, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/:E3 (d + ez?) (a + barccos(cz)) dz

l 5231

. / (26117 + 3d)
%
12v/1 — 22

dx + d:v (a + barccos(cx)) + éew6(a + barccos(cz))

| 27

2 3d
%bc \(/% )d + d:c4(a + barccos(cr)) + flsemﬁ(a + barccos(cz))
| 363
1oL 5 a* ex®>V1—-c2z2\ 1, 1
12" <3 <c2 " 9d> / Vi—ea T s ) + 4d@"(a + barceos(cz)) + pex(a +
barccos(cz))
| 262

2
5e 3f\/%dx z3/1 — c222 ex®V/1 — c2x? 1
7(, d cx - = Vs T Zdxt
(3<c +9 > ( 4c? 4c? 3c? +4 va+

barccos(cz)) + éewG(a + barccos(cx))

l 262

3.16. [ z*(d+ ex?) (a + barccos(cz)) dz
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N ivier - .7
ibc 1/5e +od 2c? 2c? B 23v/1 — 22 B ex®vV1 — 2z
12 3\ ¢? 4c? 4c? 3c2?

1 1
Zdw4(a + barccos(cz)) + éexﬁ(a + barccos(cz))

l 9923

idaz‘l(a + barccos(cx)) + %emﬁ(a + barccos(cx)) +

resin( zV1—c2z?
1 (1 (3(a Cszc3cx) T oz > _ 21 —c2x2) (56 > _ex®V1 —021}2)

— +9d
4c2 4c? c2 + 3c2

input LInt [x~3*%(d + e*x"2)*(a + bxArcCos[c*x]),x]

output‘ (d*x~4*(a + bk*ArcCos[c*x]))/4 + (exx"6%(a + bxArcCos[c*x]))/6 + (b*c*x(-1/3
‘*(e*x‘S*Sqrt [1 - c™2%x72])/c™2 + ((9%d + (5%e)/c”2)*(-1/4*(x"3*Sqrt[1 - c~
‘2*x“2])/c’"2 + (3% (-1/2%(x*Sqrt[1 - c™2%x72])/c”2 + ArcSin[c*x]/(2%c~3)))/(
L4*c‘2)))/3))/12

3.16.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 223 | Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[al)1/Rt[-b, 2], x] /; FreeQl[{a, b}, x] && GtQ[a, 0] && NegQ[b]

rule 262 Int [((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[c*(c*x)
“(m - D*((a + b*xx"2)"(p + 1)/(b*(m + 2%xp + 1))), x] - Simpla*c™2*((m - 1)/
(bx(m + 2%p + 1))) Int[(c*x)"(m - 2)*(a + b*x"2)"p, x], x] /; FreeQ[{a, b
, €, p}, x] && GtQ[m, 2 - 1] && NeQ[m + 2*p + 1, 0] && IntBinomialQ[a, b, c
, 2, m, p, xJ

N\

3.16. [ z*(d+ ex?) (a + barccos(cz)) dz
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rule 363 Int[((e_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"2)"(p_.)*((c_) + (d_.)*(x_)"2), x
_Symbol] :> Simp[d*(e*x)~(m + 1)*((a + b*x~2)"(p + 1)/(b*ex(m + 2%p + 3))),
x] - Simp[(a*d*(m + 1) - b*ck(m + 2xp + 3))/(b*(m + 2xp + 3)) Int[(e*x)”
m*(a + b*x"2)"p, x], x] /; FreeQ[{a, b, c, d, e, m, p}, x] && NeQ[b*c - axd
, 0] && NeQ[m + 2*p + 3, 0]

rule 5231 Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))*((£f_.)*(x_)) " (m_.)*((d_) + (e_.)*(x_
)"2)~(p_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + e*x~2)"p, x]}, Simp
[(a + b*ArcCos[c*x]) u, x] + Simp[b*c Int[SimplifyIntegrand[u/Sqrt[1 -
c~2%x~2], x], x], x]1] /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[c™2*d + e,
0] && IntegerQ[p]l && (GtQ[p, 0] || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 0]))

3.16.4 Maple [A] (verified)

Time = 0.99 (sec) , antiderivative size = 170, normalized size of antiderivative = 1.14

method result
( c5w5 —c2w2+1_563z3 —0222+1_50w\/—c2$2+]
b ct arccos(c:c)ez6 arccos(c:v)c4x4d 6 24 16
6 + 4
1,.6 4 17,4
parts a(gez® + 3dz*) + =
63 NP Nawr el s
b _arccos(cz)c6d3+arccos(cz)c6dz4+earccos(cz)66z6 e’d” arcsin(cz) —2e (_ 6 T
2
(ch z4+gec :1:6) 12e
. . .. 3 +
derivativedivides < p
6,3 : 3 Sab —c2224 5c°
b 7arccos(cz)ced3+arccos(cm)06dm Jrearccos(zxr:)(:6.7:6 e’d” arcsin(cz) —2e (_
2 4 6
a(4dc (L‘4+6€C :c6) 12e
+
default <2 =

p
input Lint (x~3*(exx~2+d) * (at+b*arccos (c*x)) ,x,method=_RETURNVERBOSE)

-/

Output‘a*(1/6*e*x‘6+1/4*d*x“4)+b/c‘4*(1/6*c“4*arccos(c*x)*e*x“6+1/4*arccos(c*x)*c
\‘4*x‘4*d+1/12/c‘2*(2*e*(—1/6*c‘5*x‘5*(—c‘2*x‘2+1)‘(1/2)—5/24*c‘3*x‘3*(—c‘2
#x72+1) " (1/2)-5/16%ckx* (~c™2+x72+1) " (1/2) +5/16%arcsin (c*x) ) +3*d+c ™2+ (~1/4
‘c“3*x‘3*(—c*2*x“2+1)‘(1/2)—3/8*c*x*(—c“2*x‘2+1)“(1/2)+3/8*arcsin(c*x))))

—

3.16. [ z*(d+ ex?) (a + barccos(cz)) dz
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3.16.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 125, normalized size of antiderivative = 0.84

/z3 (d + ez?) (a + barccos(cz)) dz

_ 48acPex® + T2 ac’dx* + 3 (16 bcPex® + 24 bcPdat — 9 bc*d — 5 be) arccos (cx) — (8bc’ex® + 2 (9 bc’d + 5 be
B 288 ¢

inputLintegrate(x‘S*(e*x‘2+d)*(a+b*arccos(c*x)),x, algorithm="fricas")

~—

p
output‘ 1/288* (48*a*c”6*e*x"6 + T2xaxc 6xd*x"4 + 3*(16*b*c™6*exx"6 + 24*bkc”~6*xd*x”

\4 - 9%bxc”2xd - 5xb*e)*arccos(c*x) - (8*b*c~b*exx™5 + 2x(9xb*c~5*d + b*bxc
~3%e)*x~3 + 3k (9*b*c~3*d + Sxbkxcke)*x)*sqrt(-c”2*x"2 + 1))/c”6

& J

3.16.6 Sympy [A] (verification not implemented)

Time = 0.58 (sec) , antiderivative size = 211, normalized size of antiderivative = 1.42

/x3 (d + ez®) (a + barccos(cz)) dz

adz? + aex® + bdz* acos (cx) + bex® acos (cx) __ bdz®vV/—c?22+1 __ bexSv/—c2z2+1 __ 3bdzv—c2xz2+1 __ 5bex3vV—c?x2+1 __ 3
4 6 4 6 16¢ 36¢ 32¢3 144c3

(a+7) (& +=)

input\integrate(x**3*(e*x**2+d)*(a+b*acos(c*x)),X) \

output | Piecewise((a*d*x**4/4 + axe*xx**x6/6 + bkxdxx**4*acos(c*x)/4 + bkexx**x6*acos(
c*x) /6 — bxd*x**3*sqrt (—c**2*x**2 + 1)/(16%c) - bxe*x**5*sqrt (—c*x*2xx**2 +

1)/(36%c) - 3*bxd*x*sqrt(-c**2xx**2 + 1)/(32%c**3) — bxbxe*x**3*sqrt (-c**
2xx*x*2 + 1)/(144xc**3) - 3*bkd*acos(c*x)/(32%c**4) - b¥bkexx*sqrt(—cx*2xx*
*2 + 1)/(96*%cx*5) - Bxbxexacos(c*x)/(96xc**6), Ne(c, 0)), ((a + pi*b/2)*(d
*xx*4/4 + exx*x6/6), True))

3.16. [ z*(d+ ex?) (a + barccos(cz)) dz
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3.16.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.11

1 1
/x3 (d + ez?) (a + barccos(cz)) dz = — aez® + = adz*

6 4
1 4 2v—cr?+ 123> 3+/—c*x?+1x 3 arcsin (cx)
+ — | 8z* arccos (cx) — + - c |bd
32 c? ct cd
1 6 8v—cx?+1z° 10v/—c2x2+12® 154/ —c2z2+ 1z 15 arcsin (cx)
+_288 48 ° arccos (cx) — > + c4 + 5 — -
c ¢ c

~—

inputLintegrate(x‘S*(e*x‘2+d)*(a+b*arccos(c*x)),x, algorithm="maxima")

output \/1/6*a*e*x‘6 + 1/4*xaxd*x”"4 + 1/32%(8*x"4*arccos(c*x) - (2*sqrt(-c™2*x"2 + 1
‘)*x‘S/c‘Q + 3*sqrt(-c"2*xx"2 + 1)*x/c”4 - 3*arcsin(c*x)/c”5)*c)*bxd + 1/288
‘*(48*x‘6*arccos(c*x) - (8*sqrt(-c™2#x72 + 1)*x75/c”2 + 10*sqrt(-c”2*x"2 +

1)*x73/c”4 + 15%sqrt(-c”2*x"2 + 1)*x/c”6 - 15*%arcsin(c#*x)/c~7)*c)*b*e

@

N\

3.16.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.11

1 1 1
/ z°(d + ex?) (a + barccos(cz)) dz = 8 bex® arccos (cz) + 6 aex® + 1 bdz* arccos (cx)

V—c?z? + lbex® 1
— + —adzx

36¢c 4

V—c2z? + 1bdz® 5/ —c?x? + lbex®
16 ¢ 144 ¢3

3v—c2x? 4+ 1bdxr  3bdarccos (cz)
32¢c3 32c4

5v—c?z? + lbex  5bearccos (cx)
96 ¢ 96 cb

-

inputLintegrate(x‘S*(e*x‘2+d)*(a+b*arccos(c*x)),x, algorithm="giac")

~—

output | 1/6*bxe*x~6*arccos(c*x) + 1/6*axe*x”6 + 1/4*bxd*x~4*arccos(c*x) - 1/36*sqr
t(-c™2xx"2 + 1)*bxe*x”5/c + 1/4xa*d*x"4 - 1/16*sqrt(-c”2*x"2 + 1)*b*d*x~3/
c - 5/144%sqrt(-c”2*x"2 + 1)*bxe*x~3/c”3 - 3/32*sqrt(-c”2*x"2 + 1)*b*d*x/c
~3 - 3/32*b*d*arccos(c*x)/c”4 - 5/96*sqrt(-c”2*x"2 + 1)*b*e*x/c”5 - 5/96%b
*xexarccos (c*x)/c”6

3.16. [ z*(d+ ex?) (a + barccos(cz)) dz

)
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3.16.9 Mupad [F(-1)]

Timed out.

/x3 (d + ez?) (a + barccos(cz)) dz = /x3 (a+ bacos(cz)) (ez®+d) dz

inputtint(x“B*(a + b*acos(c*x))*(d + e*x”2),x)

output tint(x“3*(a + b*acos(c*x))*(d + e*xx"2), x)

3.16. [ z*(d+ ex?) (a + barccos(cz)) dz
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3.17 [ z*(d + ez?) (a + barccos(cz)) dz

3.17.1 Optimal result . . . . . . . . . .. 146
3.17.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 146
3.17.3 Rubi [A] (verified) . . . . . . .. .. 147
3.17.4 Maple [A] (verified) . . . ... . ... ... 149
3.17.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 149
3.17.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 1501
3.17.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 1501
3.17.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 151
3.17.9 Mupad [F(-1)] . . . . o o 151

3.17.1 Optimal result

Integrand size = 19, antiderivative size = 120

b(5c%d 1 — 212
/$2 (d + ez?) (a + barccos(cz)) dz = — (5c*d + ?Z)cg/ﬁ
| beetd+6e) (1 - )" be(1 = )"
1 45¢5 : 2505
+ gd:c?’(a + barccos(cz)) + gex5(a + barccos(cz))

output ‘ 1/45%b* (5kc~2xd+6%e) * (—-c~2*%x"2+1) ~(3/2) /c~5-1/25*%b*e* (-c~2*x~2+1) ~(5/2) /c~
‘5+1/3*d*x‘3*(a+b*arccos(c*x))+1/5*e*x‘5*(a+b*arccos(c*x))-1/15*b*(5*c‘2*d+
‘3*e)*(—c‘2*x‘2+1)“(1/2)/c“5

3.17.2 Mathematica [A] (verified)
Time = 0.14 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.04

2
/m2 (d + ez?) (a + barccos(cz)) dz = %adx?’ + %aex5 + bd(—i - x_) V1 — c2x?

8 422 =z
bev/1l— 222 ——— — =~ _ ~
Thevim e ( 756 7563 250)

1 1
+ gbdx?’ arccos(cz) + gbex5 arccos(czr)

3.17. [ z*(d + ex?) (a + barccos(cz)) dz
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input ‘ Integrate[x~2*(d + exx~2)*(a + b*ArcCos[c*x]),x]

p
output‘ (a*xd*x~3)/3 + (axexx”5)/5 + bxd*(-2/(9%c”3) - x~2/(9*c))*Sqrt[1 - c~2*x"2]

‘ + bk*exSqrt[1 - c™2*x"2]*(-8/(75%c”5) - (4%x~2)/(75%c~3) - x74/(25*c)) + (
‘ b*d*x~3*ArcCos[c*x])/3 + (b*exx 5xArcCos[c*x])/5

3.17.3 Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.02,
number of steps used = 6, number of rules used = 5, number of rules _ 0.263, Rules used

integrand size
= {5231, 27, 354, 86, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/:v2 (d + ez?) (a + barccos(cz)) dz
| 5231

3ex? +5cl) 1
be / ( —dz + d:c a + barccos(cz)) + —ex®(a + barccos(cz
e ( (c0)) + zea’( (e))
l 27

3 (3ex? + 5d) 1.4 1 5
1—5bc Ny — —"dx + dw (a + barccos(czx)) + €% (a + barccos(cx))
| 354
3 5d
%bc \(/% ) dz? + da:3(a + barccos(cx)) + ;e:r (a + barccos(cx))

| 86

lbc/ <36(1 — 02:1:2)3/2 N (—5dc? — 6e) V1 — 2x? N 5dc® + 3e
c

30 4 c4 64*/1 — 22

barccos(cz)) + %exs(a + barccos(cx))

1
> dx? + gdac?’(a +

l 2009

%dx?’(a + barccos(cz)) + %em‘r’(a + barccos(cz)) +

1 b (2(1 - 02m2)3/2 (5¢%d + 6e) 2m(502d +3e) 6e(l— 02w2)5/2>
—=bc —

30 3c6 b B 5¢c6

3.17. [ z*(d + ex?) (a + barccos(cz)) dz
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input‘Int[x“2*(d + e*xx~2)*(a + b¥ArcCos[c*x]),x]

output((b*c*((-Q*(S*c“2*d + 3xe)*Sqrt[1 - c™2%x72])/c”6 + (2% (5xc™2*d + 6%e)*(1 -
‘ c~2xx72)7(3/2))/(3*%c”6) - (6*%ex(1 - c™2*xx~2)"(5/2))/(5%c~6)))/30 + (d*x"3
‘*(a + bxArcCos[c*x]))/3 + (exx"5*(a + bxArcCos[c*x]))/5

-

3.17.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 86 Int[((a_.) + (b_.)*(x_))*((c_) + (d_.)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p_
.), x_] :> Int[ExpandIntegrand[(a + b*x)*(c + d*x) n*(e + f*x)7p, x], x] /;
FreeQ[{a, b, ¢, d, e, £, n}, x] && ((ILtQ[n, 0] && ILtQ[p, 01) || EqQ[p, 1
1 Il (IGtQlp, 0] && ( !'IntegerQ[n] || LeQ[9*p + 5%(n + 2), 0] || GeQ[n + p
+ 1, 0] Il (GeQ[n + p + 2, O] && RationalQ[a, b, c, 4, e, £1))))

e

rule 354 | Int [(x_) " (m_.)*((a_) + (b_.)*(x_)"2)"(p_.)*((c_) + (d_)*(x_)"2)"(q_.), x_S
‘ymbol] :> Simp[1/2 Subst[Int[x"((m - 1)/2)*(a + b*x) px(c + d*x)7q, x], x
, x°2], x] /; FreeQ[{a, b, c, d, p, q}, x] && NeQ[b*c - a*d, 0] && IntegerQ

L[(m - 1)/2]

~

ruka?OOQLInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5231 Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))*((f_.)*(x_))"(m_.)*((d_ ) + (e_.)*(x_
)"2)"(p_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + e*x~2)"p, x]}, Simp
[(a + b*ArcCos[c*x]) u, x] + Simp[b*c Int[SimplifyIntegrand[u/Sqrt[1 -
c~2%x~2], x], x], x]1] /; FreeQ[{a, b, c, d, e, £, m}, x] && NeQ[c"2*d + e,
0] && IntegerQ[pl && (GtQ[p, 0] || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 0]1))

3.17. [ z*(d + ex?) (a + barccos(cz)) dz
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3.17.4 Maple [A] (verified)

Time = 0.76 (sec) , antiderivative size = 154, normalized size of antiderivative = 1.28

method result
Aetv—c22241 4?22/~ 22241 8V —c222+41
b<c3 arccos(cw)mse+arccos(cm)c3m3d+36<_ 5 - 15 - 15 )
5 3 15¢2
parts a(tez® + 3dz?) + =
c4z4 —c2z2+1 4c242 —c21‘2+1 8 —62z2+1 2
b arccos(c:v)dc5<v3+arccos(cw)ec5w5+e(7 5 B 15 B 15 ) de”|
3 5 5
a(%dc5z3+%ec5z5) I
. . P 2 2]
derivativedivides < = .
c4m4\/—02m2+1 4c2:1:2 —c2:1:2+1 8\/—02m2+1 2
b arccos(cz)dc5z3+arccos(cz)ec5z5+ (_ 5 - 15 - 15 ) de”
3 5 5
a(%dcszs-ﬁ-%e 051.5) I
default < = 2
input Lint (x~2% (exx~2+d) * (at+b*arccos (c*x) ) ,x,method=_RETURNVERBOSE) J

output ‘ a*(1/5%exx~5+1/3*d*x~3)+b/c~3*(1/5*c~3*arccos (c*x) *x~5*xe+1/3*arccos (c*x) *c ‘
\“3*x*3*d+1/15/c“2*(3*e*(—1/5*c“4*x‘4*(—c“2*x“2+1)“(1/2)—4/15*c*2*x“2*(—c“2
\*x‘2+1)“(1/2)-8/15*(-c“2*x‘2+1)‘(1/2))+5*d*c“2*(—1/3*c‘2*x“2*(-c”2*x‘2+1)“
(1/2)-2/3%(-c™2%x"2+1) " (1/2)))) |

3.17.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.90

/z2 (d+ ez?) (a + barccos(cz)) dz

_ 4bac’ex® + T5ac’dz® + 15 (3bc’ex® + 5 bc®dx®) arccos (cx) — (9 betex® + 50 bc?d + (25 betd + 12 bee)a?
B 225 ¢

input Lintegrate (x72%(e*x~2+d) * (atb*arccos (c*x)) ,x, algorithm="fricas")

N

output‘1/225*(45*a*c“5*e*x‘5 + 75%a*c”5*%d*x"3 + 15%(3*bxc~5*e*x”™5 + 5*b*c”5*d*x~3
‘)*arccos(c*x) - (9%b*c~4*exx"4 + 50*bxc”2xd + (25*b*c”4xd + 12%b*c~2%e)*x”
2 + 24%b¥e)*sqrt(-c”2*x"2 + 1))/c”b

N\ J

-

3.17. [ z*(d + ex?) (a + barccos(cz)) dz
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3.17.6 Sympy [A] (verification not implemented)

Time = 0.43 (sec) , antiderivative size = 177, normalized size of antiderivative = 1.48

/z2 (d + ez?) (a + barccos(cz)) dz

adz?® + aex’ + bdz3 acos (cx) + bex® acos (cx)  bdz?v/—c?z?+1 _ bexV—c2x?+1 _ 2bdv/—c?z®+1 _ 4bex®V—c2z2+1 _ 8b
3 5 3 5 9c 25¢ 9c3 75¢3

(a+%) (& +<)

p

inputtintegrate(x**2*(e*x**2+d)*(a+b*acos(c*x)),x)

~—

p

output | Piecewise ((a*d*x**3/3 + akexx**5/5 + bxd*x**3*acos(c*x)/3 + bkexx**5*acos(
c*x) /5 - bxd*x**2%sqrt (-c**2*x**2 + 1)/(9%c) - b¥exx**4xsqrt (-cx*2*x**2 +
1)/(25%c) - 2*%bxd*sqrt(—cx*2xx**2 + 1)/(9*cx*3) — 4xbke*x*k*2*ksqrt (—ck*2*x*
*2 + 1)/(75%cx*3) - 8xbxe*sqrt(-c**2xx*x2 + 1)/(75%cx*5), Ne(c, 0)), ((a +
pi*b/2)*(d*x**3/3 + exx**5/5), True))

3.17.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.20

/x2 (d + ez®) (a + barccos(cz)) dz

1 1 1
= - aezr’ + - adz® + 9 (3 x3 arccos (cx) — c( 2

) 3
1 Vi 1zt 4
—l—% (15m5arccos(cx)— (3 c; i +

V—=c2z? + 122 N 2v/—c2x2 + 1>>bd
A

C C

V—=c2z? + 122 N 8v/—c2x2? + 1> c) .
4 6

inputLintegrate(x“2*(e*x“2+d)*(a+b*arccos(c*x)),x, algorithm="maxima") J

e B

1/5*%a*exx”5 + 1/3%a*d*x~3 + 1/9*%(3*x"3*arccos(c*x) - cx(sqrt(-c™2*x~2 + 1)
‘*x‘2/c‘2 + 2%sqrt(-c™2*x72 + 1)/c”4))*b*d + 1/75%(15*%x"5*arccos(c*xx) - (3%
|s5qrt(-cT2%x"2 + 1)*x"4/c"2 + 4*sqrt(-cT2xx"2 + 1)*x72/c”4 + 8xsqrt(-c 2xx"
L2 + 1)/c”6)*c)*b*e J

output

3.17. [ z*(d + ex?) (a + barccos(cz)) dz
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3.17.8 Giac [A] (verification not implemented)
Time = 0.29 (sec) , antiderivative size = 141, normalized size of antiderivative = 1.18
2 2 1. s Lo 5. 1., 3
z*(d + ez?) (a + barccos(cz)) dz = R bex” arccos (cz) + - aez + 3 bdx” arccos (cx)
V=t + 1bex? 1
25¢ 3
_ V=c?a? +1bdz® 4+ —c?a? + lbex?
75¢3

9c¢
B 2y —c2z? 4 1bd B 8 v/ —c2z? + 1be
9¢3 75 ¢

adz?®

inputLintegrate(x‘Q*(e*x‘2+d)*(a+b*arccos(c*x)),x, algorithm="giac")

output‘1/5*b*e*x“5*arccos(c*x) + 1/Bb*a*xexx”5 + 1/3xb*d*x"3*arccos(c*x) - 1/2b5*sqr
\t(-c‘2*x“2 + 1)*bxe*x"4/c + 1/3*axd*x"3 - 1/9*sqrt(-c”2*x"2 + 1)*bxd*x"2/c
‘ - 4/75%sqrt(-c”2*x"2 + 1)*b*e*x"2/c”3 - 2/9*sqrt(-c”2*x"2 + 1)*b*d/c”3 -
8/7T5%sqrt (-c"24x"2 + 1)*bxe/c”5

3.17.9 Mupad [F(-1)]

Timed out.

/az2 (d + ex?) (a + barccos(cz)) dz = /x2 (a+ bacos(cz)) (ez®+d) dz

inputLint(x‘2*(a + b*acos(c*x))*(d + e*xx"2),x)

p
output Lint(x“2*(a + bxacos(c*x))*(d + e*x”2), x)

~—

3.17. [ z*(d + ex?) (a + barccos(cz)) dz
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3.18 [ z(d + ex?) (a + barccos(cz)) dz

3.18.1 Optimal result . . . . . . .. . ... . 152
3.18.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 152
3.18.3 Rubi [A] (verified) . . . . . ... .. 153
3.18.4 Maple [A] (verified) . ... ... . ... ... 155
3.18.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 155
3.18.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 1561
3.18.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 1561
3.18.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 157
3.18.9 Mupad [F(-1)] . . . . o o 157

3.18.1 Optimal result

Integrand size = 17, antiderivative size = 122

_3b(2?d+e)zv1—cta? brv1—c2a?(d + ex?)
32¢3 16¢
N (d + ez?)? (a + barccos(cz))

/:c(d + ez?) (a + barccos(cz)) dz =

4e
N b(8c*d? + 8c*de + 3e?) arcsin(cx)
32cte

output ‘ 1/4x (exx~2+d) ~2* (a+b*arccos (c*x) ) /e+1/32*b* (8*c~4*d~2+8*c~2xd*e+3*e”2) *arc
‘sin(c*x)/c“4/e—3/32*b*(2*c‘2*d+e)*x*(—c“2*x‘2+1)‘(1/2)/c‘3—1/16*b*x*(e*x‘2
) *(-cm2ex"241) " (1/2) /c

3.18.2 Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.07

— 2.2
/x(d + 6372) (a + barccos(cx)) dz = lada;Q + laex‘l _ M

2 4 4c
Vi—az(-3% _ 2\ L Ly
+ beV1 — 2z 393~ 16c + 2bd:p arccos(cr)

bd arcsin(cz) 4 3be arcsin(cx)
4c? 32c¢4

1
+ Zbear:‘1 arccos(cz) +

3.18. [ z(d+ ez?) (a + barccos(cz)) dz
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input ‘ Integrate[x*(d + e*x~2)*(a + bxArcCos[c*x]),x]

p
output‘ (a*xd*x~2)/2 + (axexx"4)/4 - (b*d*x*Sqrt[1 - c”2xx"2])/(4*c) + bxexSqrt[1 -

‘ c~2xx" 2] * ((-3%x) /(32*c~3) - x73/(16%c)) + (b*d*x~2*ArcCos[c*x])/2 + (b*xex*
‘x‘4*ArcCos[c*x])/4 + (b*d*ArcSin[c*x])/(4xc~2) + (3*b*e*ArcSin[c*x])/(32%c
L*4)

|

3.18.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.11,
_ _ = number of rules __

number of steps used = 5, number of rules used = 5, integrand size 0.294, Rules used

= {5229, 318, 25, 299, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/a:(d + ez?) (a + barccos(cz)) dz

l 5229
2 d 2
be [ E;%dx N (d+ ex2)2 (a + barccos(cz))
de 4e
l 318

C
4c? 4c?

€ 2 e )xr C €
3e(2de?+e)2?+d(4dc? +e)
be _f_ 1—c222 dx _ exv1-c?z? (d+ex?)

) L (d+ em2)2 (a + barccos(cx))
4e 4e

| 25

3e 2dc2+e m2+d 4d02+e
be J ( 3—023:2( )dx . exV1—c2z2 (d+ez2)
4c? 4c?
N (d+ eacz)2 (a + barccos(cz))
4e 4e
| 299
8ctd?48c%det3e?) [ ——L —dz 5.0 /1222 (262dte
; ( 282) 1242 _3 \/j@ d+ ) eov/I—2a2 (d+e:1:2)
C 42 - 4c?
) 4e +
(d + ez?)” (a + barccos(cz))

4e

3.18. [ z(d+ ez?) (a + barccos(cz)) dz
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l 223
arcsin(cz C4 2 C2 € 62 exry —02132 C2 €
be ( )(8 2i3+8 dets )—3 : 52 (2 = ) _ exv1—c?a? (d+ex?)
(d+ em2)2 (a + barccos(cx)) 4e? 4e?
+
4e 4e

-

inputLInt[x*(d + exx”"2)*(a + bxArcCos[c*x]),x]

~—

OutPUt‘((d + e*x"2)"2x(a + bxArcCos[c*x]))/(4xe) + (bxcx(-1/4*(exx*Sqrt[1 - c™2xx
"2]1x(d + exx"2))/c™2 + ((-3%ex(2%c"2xd + e)*x*Sqrt[1 - ¢ 2%x"2]1)/(2%c™2) +
| ((8%c™4%d™2 + 8xc2+dve + 3xe"2)*ArcSin[c#x])/(2xc3))/(4%c™2)))/ (4%e)

3.18.3.1 Defintions of rubi rules used

e

ruka25t;nt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, xI, xI J

rule 223 Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[al)]1/Rt[-b, 2], x] /; FreeQl[{a, b}, x] && GtQ[a, 0] && NegQ[b]

rule 299 | Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[d*x
*((a + b*xx72)"(p + 1)/(b*(2%p + 3))), x] - Simp[(a*xd - bxc*(2*p + 3))/(bx(2
*p + 3)) Int[(a + b*x"2)"p, x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c -
axd, 0] && NeQ[2*xp + 3, 0]

rule 318 Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pld*xx(a + b*x"2)"(p + 1)*((c + d*x"2)"(q - 1)/(b*x(2x(p + @) + 1))), x] + S
imp[1/(bx(2%(p + @) + 1)) Int[(a + b*x"2) p*x(c + d*x~2)"(q - 2)*Simp[c*(b
*xck(2x(p + q) + 1) - a*xd) + dx(b*xcx(2%(p + 2%xq - 1) + 1) - a*xd*(2%(q - 1) +

1))*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, p}, x] && NeQ[b*c - a*d, 0] && G
tQLq, 1] && NeQ[2x(p + q) + 1, 0] && !'IGtQ[p, 1] && IntBinomialQ[a, b, c,
d, 2, p, q, x]

rule 5229 Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))*(x_)*((d_) + (e_.)*(x_)"2)"(p_.), x_
Symbol] :> Simp[(d + e*x"2)~(p + 1)*((a + bxArcCos[c*x])/(2%ex(p + 1))), x]
+ Simp[b*(c/(2%ex(p + 1))) Int[(d + exx™2)"(p + 1)/Sqrt[l - c™2*x~2], x]
, x] /; FreeQ[{a, b, ¢, d, e, p}, x] && NeQ[c™2*d + e, 0] && NeQ[p, -1]

3.18. [ z(d+ ez?) (a + barccos(cz)) dz
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3.18.4 Maple [A] (verified)

Time = 0.89 (sec) , antiderivative size = 161, normalized size of antiderivative = 1.32

method result
3.3 2,2 2 -
4 ;2 s 2(_c’x —cz+1_3ca:\/—cm
b c2earccos(cm)m4+arccos(cm)dc212+02 arccos(cm)d2+c d® arcsin(cz)+e ( 4 8
4 2 4e
arts a(ca’+d)’ +
p de c?
3.3 2,2 2 2
4 ;2 N 2 _cm\/fcz+1_3cz —c4z
b arccos(cz)c4d2+arccos(cz)c4d12+earccos(cz)c4z4 ¢”d” arcsin(ca)+e ( 4 8
4e
a(cZex2+c2d)2
. . e 2 2
derivativedivides dcZe =2 €
3.3 2.2 2 12
4,2 . 2(_c°x \/—cw+1_30x\/—cz
b arccos(cz)c4d2+arccos(cm)c4dm2+earccos(ca:)c4z4 ¢"d”arcsin(cz)+e ( 4 8
4e 2 4
a(c2ew2+02d)2+
2 2
default dele = e

inputLint(x*(e*x‘2+d)*(a+b*arccos(c*x)),x,method=_RETURNVERBOSE)

N

output ‘ 1/4*ax (exx~2+d) ~2/e+b/c”~2*(1/4*c~2%xe*arccos (c*x) *x~4+1/2%arccos (c*x) *d*c~2
‘*x‘2+1/4*c“2/e*arccos(c*x)*d‘2+1/4/c‘2/e*(c‘4*d“2*arcsin(c*x)+e‘2*(—1/4*c‘
‘3*x‘3*(—c‘2*x‘2+1)‘(1/2)—3/8*c*x*(—c‘2*x‘2+1)‘(1/2)+3/8*arcsin(c*x))+2*d*c
‘“2*e*(—1/2*c*x*(—c*2*x“2+1)‘(1/2)+1/2*arcsin(c*x))))

—

3.18.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 103, normalized size of antiderivative = 0.84

/z(d + ez?) (a + barccos(cz)) dz

_ 8actex* + 16 ac*dz® + (8 bc*ex* + 16 be*da? — 8 bc®d — 3 be) arccos (cx) — (2bc®ex® + (8 bc3d + 3 bee)x)y
B 32¢t

inputLintegrate(x*(e*x‘2+d)*(a+b*arccos(c*x)),x, algorithm="fricas") J

p

Output‘1/32*(8*a*c‘4*e*x“4 + 16*%a*xc”4*d*x"2 + (8*bkc~4d*xe*xx"4 + 16%b*c”4*d*x"2 - 8
\*b*c*z*d - 3*bxe)*arccos(c*x) - (2*%bxc~3*e*x”~3 + (8*b*c~3*d + 3*bkcke)*x)*
‘sqrt(—c‘2*x‘2 +1))/c"4

~

3.18. [ z(d+ ez?) (a + barccos(cz)) dz
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3.18.6 Sympy [A] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 158, normalized size of antiderivative = 1.30

/z(d + ez”) (a + barccos(cz)) dz

adz? + aex? + bdz? acos (cz) + bext acos (cx)  bdzv/—c2z?+1 _ bex3v/—c?z?+1 _ bdacos(cx)  3bex/—c?z?+1 _ 3beacos
2 4 2 4 4c 16¢ 4c? 32¢3 32¢

@+ ) (%5 +)

p

inputtintegrate(x*(e*x**2+d)*(a+b*acos(c*x)),x)

~—

p

output | Piecewise ((a*d*x**2/2 + akxexx**4/4 + bxd*x**2*acos(c*x)/2 + bkexxk*4d*acos(
c*x) /4 - b¥dxx*sqrt (-cx*2*x**2 + 1)/(4*c) - bxexx**3xsqrt(—cx*2xx*x2 + 1)/
(16*%c) - bxd*acos(c*x)/(4*c**2) - 3*bkexx*sqrt(—cx*2kx**2 + 1)/(32%c**3) -
3*bke*acos (c*x)/(32xc**4), Ne(c, 0)), ((a + pixb/2)*(d*x**2/2 + e*x**4/4)
, True))

3.18.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.02

/ z(d + ex?) (a + barccos(cz)) dz

1 1 1 V=22 +1 i
= ~—aezx* + - adx® + - | 2z arccos (cz) — ¢ ¢a?+ 1z _ arcsin(cr) bd
4 2 4 c? c3
1 4 2vV—c2z? + 123>  3+/—c2x?+ 1z 3 arcsin(cz)
+ — | 8z arccos (cz) — + - c |be
32 c? ct cd
inputLintegrate(x*(e*x‘2+d)*(a+b*arccos(c*x)),x, algorithm="maxima") J

e

1/4xa*exx™4 + 1/2*a*xd*x"2 + 1/4%(2*x"2*arccos(c*x) - c*(sqrt(-c™2*x"2 + 1)
‘*x/c“2 - arcsin(c*x)/c”3))*bxd + 1/32*(8*x"4*arccos(c*x) - (2*sqrt(-c~2*x"
‘2 + 1)*x73/c”2 + 3*sqrt(-c”2*x"2 + 1)*x/c”4 - 3*arcsin(c*x)/c”5)*c)*bx*e J

output

3.18. [ z(d+ ez?) (a + barccos(cz)) dz
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3.18.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 121, normalized size of antiderivative = 0.99

1 1 1
/ z(d + ez?) (a + barccos(cz)) dz = 1 bez* arccos (cx) + 1 aez* + 3 bdz? arccos (cz)

V=22 +1bex® 1 ., /—c2x?+ lbdz
— + - adz® —
16 c 2 4c
_ bdarccos (cz) 3+ —c?z? + lbex  3bearccos (cz)
4.2 32¢3 32¢

inputLintegrate(x*(e*x“2+d)*(a+b*arccos(c*x)),x, algorithm="giac")

output‘1/4*b*e*x‘4*arccos(c*x) + 1/4xa*xexx”4 + 1/2%b*d*x"2*arccos(c*x) - 1/16%sqr
‘t(-c‘2*x“2 + 1)*bxe*xx”3/c + 1/2%a*d*x"2 - 1/4*sqrt(-c”2*x"2 + 1)*bxd*x/c -
‘ 1/4xb*d*arccos(c*x)/c”2 - 3/32*sqrt(-c”2*x"2 + 1)#*b*exx/c”3 - 3/32*bxe*ar
‘ccos(c*x)/c‘4

3.18.9 Mupad [F(-1)]

Timed out.

/x(d + ez”) (a + barccos(cz)) dz = /z (a+bacos(cz)) (ez® +d) dr

input Lint(x*(a + b*acos(c*x))*(d + e*x~2),x)

output | int (x*(a + b*acos(c*x))*(d + e*x~2), x)

N

3.18. [ z(d+ ez?) (a + barccos(cz)) dz
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3.19 [ (d+ ez?) (a + barccos(cz)) dz

3.19.1 Optimalresult . . . . .. .. . .. . . 158]
3.19.2 Mathematica [A] (verified) . . . . . . . . ... ... L Lo oL 158
3.19.3 Rubi [A] (verified) . . . . . ... .. 159
3.19.4 Maple [A] (verified) . . . ... . .. ... 160
3.19.5 Fricas [A] (verification not implemented) . . . . . . ... . ... ... .. .. 161
3.19.6 Sympy [A] (verification not implemented) . . . ... .. ... ... .. ... . 161l
3.19.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 1621
3.19.8 Giac [A] (verification not implemented) . . . . ... ... ... ....... 162
3.19.9 Mupad [F(-1)] . . . . o o 163

3.19.1 Optimal result

Integrand size = 16, antiderivative size = 81

b(3c2d + €) V1— 222  be(l — 2a?)*/?
- +
3c3 9¢c3

+ dz(a + barccos(cz)) + %ex?’ (a + barccos(cx))

/ (d + ez®) (a + barccos(cz)) dz =

output ‘ 1/9%bxex (—c~2*x~2+1) ~(3/2) /c~3+d*x* (a+b*arccos (c*x) ) +1/3*e*x"3* (a+b*arccos
L(c*x))-1/3*b*(3*c“2*d+e)*(-c”2*x“2+1)“(1/2)/c“3

3.19.2 Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.12

V1 — 212 2
/(d+em2) (a + barccos(cz)) dm=adx—|—%aea:3—bdl#+be< 22 ) V1 —c2x?

968 9c

1
+ bdzx arccos(cx) + gbew?’ arccos(cr)

r

input LIntegrate[(d + e*xx~2)*(a + b¥ArcCos[c*x]),x]

| —

output‘ axd*x + (a*exx"3)/3 - (b*d*Sqrt[1 - c”2*x~2])/c + b*e*x(-2/(9%c~3) - x"2/(9
‘*c))*Sqrt [1 - c™2%x72] + bxd*x*ArcCos[c*x] + (b*exx~3*ArcCos[c*x])/3

3.19. [ (d+ ex?) (a+ barccos(cz)) dz
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3.19.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.04, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , 379 Ryjeg ysed = {5171,

integrand size
27, 353, 53, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (d + ez?) (a + barccos(cz)) dz
| 5171

:C(e:v2 + 3d) 1 .
be | ————Fdz+d b - b
c/ Winwr: x + dz(a + barccos(cz)) + 3ex (a + barccos(cz))
l 27

1 2 +3d 1

gbc m\(/elm_i&xz)dw + dz(a + barccos(cx)) + gem?’(a + barccos(cz))
| 353

1 2+ 3d 1

ébc %daﬁ + dz(a + barccos(cz)) + gem?’(a + barccos(cx))

| 53

2 J1 = 2.2
ébc/ (c;j;l% _evi 2 T ) dz? + dz(a + barccos(cz)) + %ew?’(a + barccos(cz))
| 2009
2¢(1 - 22)*?  2y/1— 222 (3c%d
dz(a + barccos(cx)) + %em‘g(a + barccos(cx)) + ébc( e( 3Z4x ) - ¢ xc4( cd+e)

input‘ Int[(d + exx"2)*(a + bxArcCos[c*x]),x]

Olltpllt‘ (b*c* (2% (3*c™2*d + e)*Sqrt[1 - c™2*x"2])/c”4 + (2*ex(1 - c~2*x~2)~(3/2))
‘/(3*c”4)))/6 + d*x*(a + b*ArcCos[c*x]) + (e*x~3*(a + bxArcCos[c*x]))/3

3.19. [ (d+ ex?) (a+ barccos(cz)) dz



rule 27

rule 53

rule 353
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3.19.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && IGtQ[m, O] &% ( !'IntegerQ[n] || (EqQlc, 0] && LeQ[7*m + 4*n + 4, 0])
|| LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_.)*((c_) + (d_.)*(x_)"2)"(q_.), x_Symbol]
:> Simp[1/2 Subst[Int[(a + b*x)“p*(c + d*x)~q, x], x, x~2], x] /; FreeQ[
{a, b, ¢, d, p, q}, x] && NeQ[b*c - axd, 0]

rule 2009 LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5171

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))*((d_) + (e_.)*(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x"2)"p, x]}, Simp[(a + b*ArcCos[c*x]) u, x
] + Simp[b*c Int[SimplifyIntegrand[u/Sqrt[1 - c~2*x~2], x], x], x]] /; Fr
eeQ[{a, b, c, d, e}, x] && NeQ[c~2*d + e, 0] && (IGtQ[p, 0] || ILtQlp + 1/2
, 01)

3.19.4 Maple [A] (verified)

Time = 0.22 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.23

method result Siz
3 e(_c2z2\/502m2+1_2\/—c§a}2+1>_3dc2 —c2a:2+1
b W—i—arcms(m)dcw—}- 322
1,3
parts a(3x e+ dx) + - 10
3 3 e(— c2w2\/—c2z2+1_2\/—c2w2+1)
b| arccos(cz)d c3:1:+ arccos(cg)ec z + 3 3 3 —d c2\/—0212+1
a(dcsz+le cszg)
3
derivativedivides = - = 11
3 3 e(— c2:1:2\/—c2m2+1_2 —c2a:2+1>
b| arccos(cz)d 03w+ arccos(c?a’n)ec z + 3 3 3 —d 02\/—c2w2+1
a(dc3m+%e c3m3)
default = - < 11

3.19. [ (d+ ex?) (a+ barccos(cz)) dz
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input‘int((e*x“2+d)*(a+b*arccos(c*x)),x,method=_RETURNVERBOSE) ‘

\e*(—1/3*c‘2*x‘2*(—c‘2*x‘2+1)‘(1/2)—2/3*(—c‘2*x‘2+1)‘(1/2))—3*d*c‘2*(—c‘2*x
\*2+1)‘(1/2)))

e DY
output‘a*(1/3*x“3*e+d*x)+b/c*(1/3*c*arccos(c*x)*x“3*e+arccos(c*x)*d*c*x+1/3/c“2*(

3.19.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.02

/ (d+ ez?) (a + barccos(cz)) dz

_ 3ac’ex® + 9actdz + 3 (bcPex® + 3bcPdx) arccos (cx) — (bex® + 9bc*d + 2 be)v/ —c?x? + 1
B 9¢3

inputLintegrate((e*x‘2+d)*(a+b*arccos(c*x)),x, algorithm="fricas")

~—

output‘ 1/9% (3*xa*xc”3*e*x"3 + 9*axc”3*d*x + 3*(b*c " 3*exx”3 + 3*b*c~3*d*x)*arccos(c* \
x) = (DHCT2ke*x"2 + OXb¥cT2kd + 2#bke)*sqrt(-c 2+x"2 + 1))/c”3 |

3.19.6 Sympy [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.41

/ (d + ez®) (a + barccos(cz)) dz

3 bex3 N/ — 22 2. /2,2 —c212
adz + 9<° 4 bdx acos (cz) 4 2E22C0) _ bdV=Cattl _ besVecloitl  dbeVodlaTHl  for ¢ oL ()

(a + %b) (da: + %) otherwise

inputLintegrate((e*x**2+d)*(a+b*acos(c*x)),x) J

output‘Piecewise((a*d*x + akexx**3/3 + b*d*x*acos(c*x) + b*exx**3*xacos(c*x)/3 - b
| *d*Sqrt (—cHx2¥xk*2 + 1)/C - brexxx*2xsqrt (-cr¥2*xxx2 + 1)/(9%c) - 2¥bkexsq
Tt (-cHx2kxxx2 + 1)/(9%cxx3), Ne(c, 0)), ((a + pi¥b/2)*(d*x + exx**3/3), Tr
‘ue)) J

3.19. [ (d+ ex?) (a+ barccos(cz)) dz
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3.19.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 94, normalized size of antiderivative = 1.16

/ (d+ ez?) (a + barccos(cz)) dz

I | 3 V=cz?+ 1z 2v/—c22? +1
= —aex” + - | 3z° arccos (cz) — ¢ + be
3 9 c? ct
cx arccos (cz) — v/ —c2x? + 1)bd
+ adx + ( (o) . )

-

input Lintegrate ((exx~2+d) * (atb*arccos(c*x)) ,x, algorithm="maxima")

-/

output‘l/B*a*e*x‘S + 1/9%(3*x"3*arccos(c*x) - cx(sqrt(-c™2*x"2 + 1)*x72/c”2 + 2xs
‘qrt(—c‘2*x“2 + 1)/c”4))*b*e + a*d*x + (cxx*arccos(c*x) - sqrt(-c™2*x"2 + 1
))*bxd/c

N\

3.19.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.12

/ (d + ex®) (a + barccos(cz)) dz = % bex? arccos (cz) + % aex®

vV —c2x? + 1bex?

+ bdzx arccos (cx) —

9c¢
+ ade — v —c2x2 + 1bd B 24/ —c2x? + 1be
c 9¢3

input  integrate((e*x~2+d)*(a+b*arccos(c*x)),x, algorithm="giac")

N

output‘1/3*b*e*x“3*arccos(c*x) + 1/3*axexx”3 + bxdxx*arccos(c*x) - 1/9*sqrt(-c~2*
‘x“2 + 1)*bxe*x"2/c + a*d*x - sqrt(-c”2*x"2 + 1)*bxd/c - 2/9*sqrt(-c”2*x"2
‘+ 1) *b*e/c~3

3.19. [ (d+ ex?) (a+ barccos(cz)) dz
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3.19.9 Mupad [F(-1)]

Timed out.

/ (d + ez®) (a + barccos(cz)) dz

as (ex?43d) _ be( 5 (3+2) _ ””3“‘;,5(”)> _ M erenled) e <

3 9 c

[ (a+bacos(cz)) (ex? +d) dzx if -0<c

input Lint((a + bxacos(c*x))*(d + exx"2),x)

output‘piecewise(o < c, - bxex(((1/c”2 - x72)~(1/2)*(2/c"2 + x72))/9 - (x~3*acos(
‘c*x))/3) + (a*x*(3*d + e*xx72))/3 - (b*d*x((- ¢c™2*x"2 + 1)~(1/2) - c*x*acos(
‘c*x)))/c, ~0 < ¢, int((a + b*acos(c*x))*(d + e*x"2), x))

3.19. [ (d+ ex?) (a+ barccos(cz)) dz
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3.90 f (d+ex?) (a+barccos(cz)) da

T
3.20.1 Optimal result . . . . . . . . . . .. . 164
3.20.2 Mathematica [A] (verified) . . . . . . . .. ... 164
3.20.3 Rubi [A] (verified) . . . . . ... .. 165
3.20.4 Maple [A] (verified) . . . ... ... ... 1661
3.20.5 Fricas [F] . . . . . . o 167
3.20.6 Sympy [F] . . . . . 167
3.20.7 Maxima [F] . . . . . . 167
3.20.8 Giac [F] . . . o . o 168
3.20.9 Mupad [F(-1)] . . . . . .o 168

3.20.1 Optimal result

Integrand size = 19, antiderivative size = 132

2 — 2,2 ;
/ (d+ ez?) (a —:Cb arccos(cz)) dp— — bez+/ ic 'zt %exz (a+barccos(cz)) + be arzsclil(cx)

1 . .
+ Eibd arcsin(cx)? — bd arcsin(cz) log (1 — % arcsm(cz))
+ d(a + barccos(cz)) log(x) + bd arcsin(cx) log(x)

1 N
+ éibd PolyLog (2, 2 arcsm(cg;))

e B

1/2*xe*xx”2* (a+b*arccos (c*x))+1/4*xbxexarcsin(c*x) /c™2+1/2*xI*xbxd*arcsin(c*x)~
‘2—b*d*arcsin(c*x)*1n(1—(I*c*x+(—c‘2*x‘2+1)‘(1/2))‘2)+d*(a+b*arccos(c*x))*1
\ n(x)+b*d*arcsin(c*x)*1n(x)+1/2*I*b*d*polylog(2, (I*xcxx+(-c™2*xx"2+1)~(1/2))"
L2)—1/4*b*e*x*(—c‘2*x“2+1)“(1/2)/c

output

~

3.20.2 Mathematica [A] (verified)

Time = 0.19 (sec) , antiderivative size = 121, normalized size of antiderivative = 0.92

d ’ b 1 b 1 — 212
/ (e (ot barccos(ca) dr = -aex® — @ + ~bex? arccos(cx)
v 2 4c 2
2 | bearcsin(ca)
4c?
+ bd arccos(cg;) 10g (1 + 622 aI‘CCOS(cm))

1 .
+ ad log(x) — §’Lbd POl}’LOg (2’ _e2z arccos(cw))

- %ibd arccos(cz)

3.90. f (d+ex?) (a+barccos(cx)) dr

x
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input‘ Integrate[((d + e*x"2)*(a + b*ArcCos[c*x]))/x,x] ‘

output‘/(a*e*x"2)/2 - (bxexx*Sqrt[1 - c”2%x72])/(4*xc) + (bkexx"2*ArcCos[c*x])/2 -
‘ (I/2)*b*d*ArcCos[c*x] "2 + (b*exArcSin[c*x])/(4*c~2) + bxd*ArcCos [c*x]*Logl
‘1 + E7((2*I)*ArcCos[c*x])] + a*d*Loglx] - (I/2)*b*d*PolyLogl[2, -E~((2*I)*A
chCos [c*x])]

|

3.20.3 Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.08,
number of steps used = 4, number of rules used = 4, Bumber of rules _ 5 917 Ryles used

integrand size
= {5231, 27, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (d + ez?) (a + barccos(cz)) de

xr
l 5231

2
bc/ew + 2dlog(x)

1 2
Wi dx + dlog(x)(a + barccos(cz)) + €% (a + barccos(cz))

l 27

,b / ex” + 2dlog(e )d + dlog(x)(a + barccos(cz)) + %%2(@ + barccos(cz))

V1— 22
l 7293

1 ex? 2dlog(z) > 1
bc/ < + dzx + dlog(z)(a + barccos(cx)) + —ex?(a + barccos(cx
2 Vi—@z2  J1-z2 g(z)( (cz)) + Sea™( (cz))

l 2009

1
dlog(z)(a + barccos(cz)) + Eexz(a + barccos(cz)) +
1 b (e arcsin(cx) + id PolyLog (2, e arcsin(cz)) 4 idarcsin(cz)?  2darcsin(cz) log (1 — e arssin(ea)) 4 2dlog(z
“be _

2 2c3 c c c

input‘ Int[((d + e*x~2)*(a + bxArcCos[c*x]))/x,x]

3.90. f (d+ex?) (a+barccos(cx)) dr

x
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output‘ (exx™2x(a + bxArcCos[c*x]))/2 + d*(a + bxArcCos[c*x])*Loglx] + (b*c*(-1/2x |
‘(e*x*Sqrt[l - ¢c”2%x72])/c"2 + (exArcSin[c*x])/(2*c"3) + (I*dxArcSin[c*x]"2
‘)/c - (2*d*ArcSin[c*x]*Log[1 - E~((2*I)*ArcSin[c*x])])/c + (2xd*ArcSin[c*x
IxLoglx])/c + (Ixd*Polylogl2, E~((2+I)*ArcSin[c*x]1)1)/c))/2

3.20.3.1 Defintions of rubi rules used

rukaZ?‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1] |

ruk32009LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 5231 Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))*((£f_.)*(x_))"(m_.)*((d_) + (e_.)*(x_
)72)"(p_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + e*x~2)"p, x]}, Simp
[(a + b*ArcCos[c*x]) u, x] + Simp[b*c Int[SimplifyIntegrand[u/Sqrt[1 -
c~2xx~2], x], x], x]] /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[c™2*d + e,
0] && IntegerQ[p] && (GtQ[p, 0] |l (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 0]))

rule 7293 | Int [u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

3.20.4 Maple [A] (verified)

Time = 4.93 (sec) , antiderivative size = 128, normalized size of antiderivative = 0.97

method result

2 ibd 2 V=c?z2+1 | b )
parts aezg; + adln ((L') 9 arcc;s(cz) __ bex 4(; 241 + arccos2(cm)ez _ arcc4(;s2(cm)e + bd arccos (Ci

'L’bda,rccos(car:)2 _ bez‘/;fw%_l + ba,rccosz(cx)ex2 _ barccos(cz)e + bd arccos ((

. . . . 2
derivativedivides | 4% + adln (cx) — 5 12

2 ibd 2 V=c?z241 | b )
default % + adln (CCL‘) i arcc;os(cz) __ bex 4(; 241 + arccos2(cz)ez . arczo;(cm)e + bd arccos ((

input Lint ((e*x~2+d) * (a+b*arccos (c*x)) /x,x,method=_RETURNVERBOSE)

-/

3.90. f (d+ex?) (a+barccos(cx)) dx

x
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output‘1/2*a*e*x“2+a*d*1n(x)—1/2*I*b*d*arccos(c*x)”2—1/4*b*e*x*(—c“2*x”2+1)“(1/2)
‘/c+1/2*b*arccos(c*x)*e*x“2-1/4*b/c“2*arccos(c*x)*e+b*d*arccos(c*x)*ln(1+(c
\*x+I*(—c‘2*x‘2+1)“(1/2))“2)—1/2*I*b*d*polylog(2,—(c*x+I*(—c‘2*x‘2+1)“(1/2)
)72)

3.20.5 Fricas [F]

/ (d + ex?) (a + barccos(cz)) dp — / (ex? + d)(barccos (cx) + a) i

T T

inputLintegrate((e*x‘2+d)*(a+b*arccos(c*x))/x,x, algorithm="fricas")

outputtintegral((a*e*x‘Q + axd + (b*e*x~2 + bxd)*arccos(c*x))/x, x)

3.20.6 Sympy [F]

dz

/ (d+ ez?) (a + barccos(cz)) i — / (a + bacos (cx)) (d + ex?)

input Lintegrate ((exx**2+d) * (a+b*acos (c*x)) /x,x)

outputtlntegral((a + bxacos(c*x))*(d + e*x*x2)/x, Xx)

3.20.7 Maxima [F]

dz

/ (d + ex?) (a + barccos(cz)) dp — / (ex? + d)(barccos (cx) + a)

T T

inputLintegrate((e*x‘2+d)*(a+b*arccos(c*x))/x,x, algorithm="maxima")

output‘1/2*a*e*x‘2 + axd*log(x) + integrate((b*exx”2 + b*d)*arctan2(sqrt(c*x + 1)
‘*sqrt(-c*x + 1), c*x)/x, Xx)

3.90. f (d+ex?) (a+barccos(cx)) dr

x
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3.20.8 Giac [F|

dz

/ (d+ ex?) (a + barccos(cz)) i — / (ex? + d)(barccos (cx) + a)

input‘integrate((e*x“2+d)*(a+b*arccos(c*x))/x,x, algorithm="giac") ‘

outputtintegrate((e*x“2 + d)*(b*arccos(c*x) + a)/x, x) J

3.20.9 Mupad [F(-1)]

Timed out.
/ (d + ex?) (a + barccos(cz)) dr = / (a+ bacos(cz)) (ex? + d) s
x N x
input Lint(((a + bxacos(c*x))*(d + e*x"2))/x,x) J
outputtint(((a + bxacos(c*x))*(d + exx~2))/x, x) J

3.90. f (d+ex?) (a+barccos(cx)) dx

x
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3.91 f (d+ex?) (a+barccos(cz)) da

72
3.21.1 Optimalresult . . .. .. .. . . ... .. 169
3.21.2 Mathematica [A] (verified) . . . . . . ... . ... Lo 1691
3.21.3 Rubi [A] (verified) . . . . ... .. .. 170
3.21.4 Maple [A] (verified) . ... ... ... . ... 172
3.21.5 Fricas [B] (verification not implemented) . . . . . . ... ... . ... .... 172
3.21.6 Sympy [A] (verification not implemented) . . . .. ... ... ... ..... 173
3.21.7 Maxima [A] (verification not implemented) . ... .. ... ... ...... 173l
3.21.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... et
3.21.9 Mupad [B] (verification not implemented) . . . . .. ... ... ... ... .. Ve

3.21.1 Optimal result

Integrand size = 19, antiderivative size = 66

2 c T

+ ex(a + barccos(cz)) + bedarctanh (\/ 1-— c2x2>

/ (d+ ex?) (a + barccos(cz)) dr — _bevl—c*?  d(a+ barccos(cz))

output ‘ -d* (at+b*arccos (c*x)) /x+e*xx* (atb*arccos (c*x) ) +b*cxd*arctanh ((-c~2*x~2+1) "~ (1
L/2))-b*e*(-c‘2*x‘2+1)‘(1/2)/c

3.21.2 Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.21

2 — 2.2
/ (d+ ez?) (a —;b arccos(cz)) dr — _%i + gex — bev'1 : c*z?  bd arcc;os(ca:)

+ bex arccos(cz) — bed log(z) + bed log (1 +v1-— csz)

input LIntegrate[((d + exx~2)*(a + bxArcCos[c*x]))/x"2,x]

p
Output‘—((a*d)/x) + akxexx - (bxexSqrt[1 - c~2*x"2])/c - (b*d*ArcCos[c*x])/x + b*e
L*x*ArcCos[c*X] - bxcxd*Log[x] + bxckdxLogl[1l + Sqrt[1 - ¢ 2*x~2]] J

3.91. f (d+ex?) (a+barccos(cx)) dr

2
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3.21.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.08, number
of steps used = 7, number of rules used = 6, Bumber of rules _ , 376 Ryjleg used = {5231,

integrand size
25, 354, 90, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ (d + ez?) (a + barccos(cz)) p

z? v
| 5231
d— ex? d(a + barccos(cx))
be | — dx — + ex(a + barccos(cx
3 - ( (cz))
| 25
d — ex? d(a + barccos(cz))
—bc dx — + ex(a + barccos(cx
3 - ( (cz))
| 354
1 d — ex? o d(a+ barccos(cz))
—2bc/ xzmdw - - + ex(a + barccos(cz))

- + ex(a + barccos(cx))

4 2ev1 — 02w2> _ d(a + barccos(cz))

2d [ —15dv1— 2x2

1, [ 2ev/1—c2z? h—? da+b
Lyl 2e czt 2T _ d(a + barccos(cz)) + ex(a + barccos(cz))
2 c2 c2 T
l 221
1 2ev/1 — c2x?
_ d(a + ba;ccos(cw)) + ex(a + barccos(cx)) — §bc <eczcx - 2darctanh<@)>

input LInt[((d + e*xx~2)*(a + b¥ArcCos[c*x]))/x~2,x]

~—

.
OUtPUt‘ -((d*(a + bxArcCos[c*x]))/x) + e*xx(a + b*ArcCos[c*x]) - (b*cx((2*e*Sqrt[1

‘ - ¢72%x72])/c”2 - 2*d*ArcTanh[Sqrt[1 - c~2*x~2]1))/2

—.

3.91. f (d+ex?) (a+barccos(cx)) dr

2
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3.21.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol]l :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x"(p*x(m + 1) - 1) *(c - a*x(d/b) +
dx(x"p/b))"n, x], x, (a + bxx)~(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, 4, m, n, x]

rule 90 Int[((a_.) + (b_.)*(x_))*((c_.) + (d_)*&_))"(a_.)*((e_.) + (£_)*))"(p
_.), x_1 > Simp[b*(c + d*x)"(n + 1)*((e + £xx)"(p + 1)/(d*fx(n + p + 2))),
x] + Simp[(axd*fx(n + p + 2) - bx(d*e*x(n + 1) + cxf*x(p + 1)))/(d*fx(n + p

+ 2)) Int[(c + d*x)"n*x(e + f*x)7p, x], x] /; FreeQ[{a, b, c, 4, e, f, n,

p}, x] && NeQ[n + p + 2, 0]

rule 221 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rtl[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 354 | Int [(x_)~(m_.)*((a_) + (b_.)*(x_)"2)"(p_.)*((c_) + (d_.)*(x_)"2)"(q_.), x_S
ymbol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)*(a + b*x) px(c + d*x)"q, x], x
, x72], x] /; FreeQ[{a, b, c, 4, p, q}, x] && NeQ[b*c - axd, 0] && IntegerQ
[(m - 1)/2]

rule 5231 Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))*((£f_.)*(x_))"(m_.)*((d_) + (e_.)*(x_
)"2)~(p_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + e*x~2)"p, x]}, Simp
[(a + b*ArcCos[c*x]) u, x] + Simp[b*c Int[SimplifyIntegrand[u/Sqrt[1 -
c2*x~2], x], x], x]] /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[c™2*d + e,
0] && IntegerQ[pl && (GtQ[p, 01 || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 0]))

N\

3.91. f (d+ex?) (a+barccos(cx)) dr

2




CHAPTER 3. LISTING OF INTEGRALS 172

3.21.4 Maple [A] (verified)

Time = 0.22 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.20

method result size
a cex— ¢ b(arccos(cx)ec.’mr—%(wﬂc—e\/—02zm2+1+dc2 arctanh( — 21 5 ))
derivativedivides | ¢ ( ( o ) + = e 79
al cex— ¢ b (arccos(cz)ecm— %(“MC —ev/—c2z2+1+d c? arctanh ( — L ) )
default c ( ( o ) + = Vocet 79
—ev/—c2z2+1+d c? arctanh (#)
parts a (ex _ g) +be (arccosc(cx)ex _ arcc?;fcx)d + S V—c222+1 79
input Lint ((exx~2+d) * (a+b*arccos (c*x))/x~2,x,method=_RETURNVERBOSE) J

output‘c*(a/c”2*(c*e*x-d*c/x)+b/c‘2*(arccos(c*x)*e*c*x—arccos(c*x)*d*c/x-e*(—c“2*
‘x“2+1)“(1/2)+d*c“2*arctanh(1/(-c“2*x“2+1)‘(1/2)))) ‘

3.21.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 155 vs. 2(62) = 124.

Time = 0.29 (sec) , antiderivative size = 155, normalized size of antiderivative = 2.35

/ (d + ex?) (a + barccos(cz))

x
72
bc*dz log (vV—c2z? + 1+ 1) — bc*dzlog (V—c?2® + 1 — 1) + 2acex? — 2+/—c2a? + lbex — 2 acd — 2 (be
- 2cx
input Lintegrate ((exx~2+d) *(a+b*arccos(c*x))/x72,x, algorithm="fricas") J

output‘1/2*(b*c“2*d*x*log(sqrt(-c‘2*x“2 + 1) + 1) - b*c™2xd*x*log(sqrt(-c™2*x"2 +
| 1) - 1) + 2%akckexx™2 - 2¥sqrt(-c2¥x72 + 1)¥bkexx - 2kaxckd - 2% (bkcxd -
‘ b*cxe) *x*arctan(sqrt (-c™2*xx"2 + 1)*c*xx/(c™2*%x"2 - 1)) + 2*(b*c*e*x"2 - b*
‘c*d + (b*cxd - b*c*e)*x)*arccos(c*x))/(c*x) ‘

3.91. f (d+ex?) (a+barccos(cx)) dr

2



CHAPTER 3. LISTING OF INTEGRALS 173

3.21.6 Sympy [A] (verification not implemented)

Time = 2.04 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.18

/ (d+ ex?) (a +2b arccos(cr)) i — _ad taer—bed| 17 acosh () for |c2_1z2| > 1
z z iasin (1) otherwise
_ bdacos (cz)
T
R forc=0
+ be e
zacos (cz) — Y=<=+L  otherwise

p
input

integrate ((exx**2+d) * (a+b*acos (c*x) ) /x**2,x)

N\

output‘—a*d/x + akxexx - bkcxd*Piecewise((-acosh(1/(c*x)), 1/Abs(c**2*xx*x2) > 1),
‘(I*asin(l/(c*x)), True)) - b*d*acos(c*x)/x + b*exPiecewise((pi*x/2, Eq(c,
LO)), (xxacos(c*x) - sqrt(-c**2*x*x2 + 1)/c, True))

3.21.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.23

2’ ] ] x

(czarccos (cz) — vV—c2z? + 1)be  ad

C T

/ (d + ez?) (a + barccos(cz)) dp — (c log (2 V—c2x? +1 3) _arccos (cz) ) bd

+ aex +

inputtintegrate((e*x‘2+d)*(a+b*arccos(c*x))/x“2,x, algorithm="maxima")

output‘(c*log(2*sqrt(—c‘2*x‘2 + 1)/abs(x) + 2/abs(x)) - arccos(c*x)/x)*bxd + axex
‘x + (c*x*arccos(c*x) - sqrt(-c™2*x"2 + 1))*b*e/c - a*xd/x

3.91. f (d+ex?) (a+barccos(cx)) dr

2




input

output
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3.21.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 859 vs. 2(62) = 124.

Time = 0.57 (sec) , antiderivative size = 859, normalized size of antiderivative = 13.02

2
/ (d + ez?) (a + barccos(cr)) dz = Too large to display

xr2

p
Lintegrate ((exx~2+d) * (at+b*arccos(c*x))/x"2,x, algorithm="giac")

~—

-b*c~2xd*arccos(c*x)/(c - (c™2*x"2 - 1)7"2%c/(cxx + 1)74) + bxc~2*d*log(abs
(cxx + sqrt(-c™2*x72 + 1) + 1))/(c - (c72*x"2 - 1)"2%c/(c*x + 1)74) - bxc~
2#d*xlog(abs(-c*x + sqrt(-c”2*x"2 + 1) - 1))/(c - (c™2*x"2 - 1)7"2%c/(c*x +

1)74) - a*c™2xd/(c - (c™2*x"2 - 1)"2%c/(c*x + 1)74) + 2%(c™2*%x"2 - 1)*b*c”
2+xd*arccos(c*x)/((c*x + 1)72x(c - (c™2*%x72 - 1)~ 2*c/(c*x + 1)74)) + 2%(c”2
*x72 - 1)*xaxc”2*d/((c*x + 1)72%(c - (c™2*x"2 - 1)72*c/(c*x + 1)74)) - (c~2
*x72 - 1) 2xbxc~2*d*arccos(c*x)/((c*x + 1)74*(c - (c™2*%x"2 - 1)72xc/(c*x +

1)74)) + bxe*arccos(c*x)/(c - (c™2*x"2 - 1)"2%c/(c*x + 1)74) - (c™2*x"2 -

1) ~2*b*c~2*d*log(abs(c*x + sqrt(-c™2*x"2 + 1) + 1))/((c*x + 1)~4x(c - (c~
2xx72 - 1)72*%c/(c*kx + 1)74)) + (c™2*x"2 - 1) 2*b*c~2*d*log(abs(-c*x + sqrt
(-c™2%x72 + 1) - 1))/((c*x + 1)"4x(c - (c™2*%x"2 - 1)"2*%c/(c*xx + 1)74)) - (
c72%x72 - 1) 2%axc”2*d/((cxx + 1)74*(c - (c™2*x"2 - 1)"2xc/(c*x + 1)74)) +
axe/(c - (c™2%x72 - 1)72*c/(c*x + 1)74) + 2*%(c™2*x"2 - 1)*b*e*arccos(c*x)
/((cxx + 1)72%(c - (c72%x72 - 1)72xc/(cxx + 1)74)) - 2xsqrt(-c™2*x"2 + 1)*
bxe/((c*x + 1)*(c - (c™2%x"2 - 1)72%c/(c*x + 1)74)) + 2+(c™2*x"2 - 1)*axe/
((exx + 1)72x(c - (c72*%x72 - 1)72%c/(cxx + 1)74)) + (c™2*%x"2 - 1) 2xbxexar
ccos(c*x)/((cxx + 1)74%(c - (c™2%x72 - 1)"2*%c/(c*x + 1)74)) + 2x(-c™2*x"2
+ 1)7(3/2)*b*e/((c*x + 1)73*(c - (c™2*x™2 - 1)"2xc/(c*x + 1)74)) + (c™2*x~
2 - 1)~ 2*a*e/((cxx + 1)"4x(c - (c™2*x"2 - 1)~ 2*%c/(c*x + 1)74))

3.21.9 Mupad [B] (verification not implemented)

Time = 0.43 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.08

/ (d + ex?) (a + barccos(cz))

x2

dz = bcdatanh(
T

1 ) _ bdacos(cz)
V1 —c?z?

_a(d—ez®) be (V1—c22? — czacos(cz))

T C

input} int(((a + b*acos(c*x))*(d + e*x"2))/x"2,x)

3.91. f (d+ex?) (a+barccos(cx)) dx

2
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output‘b*c*d*atanh(l/(l - ¢c"2xx72)7(1/2)) - (bxd*acos(c*x))/x - (ax(d - e*x"2))/x
‘ - (bxex((1 - c™2%x~2)~(1/2) - c*x*acos(c*x)))/c

3.91. f (d+ex?) (a+barccos(cx)) dr

2
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3.99 f (d+ex?) (a—la—:l:))) arccos(cz)) da

3.22.1 Optimalresult . . . . . .. . . . ... . 176
3.22.2 Mathematica [A] (verified) . . . . . . . ... .. Lo 176l
3.22.3 Rubi [A] (verified) . . . . . ... .. I
3.22.4 Maple [A] (verified) . ... ... ... .. 178
3.22.5 Fricas [F] . . . . . o o o 179
3.22.6 Sympy [F] . . . . . 180
3.22.7 Maxima [F] . . . . . . .. 1801
3.22.8 Giac [F] . . . . .. 180
3.22.9 Mupad [F(-1)] . . . . o 187

3.22.1 Optimal result

Integrand size = 19, antiderivative size = 119

)

/ (d+ ez?) (a + barccos(cz)) d — bedv'1l — c*z?  d(a + barccos(cz
x3 v 2z 222

1
+ Eibe arcsin(cz)? — be arcsin(cr)

+ e(a + barccos(cz)) log(x) + be arcsin(czx) log(z)

1 _—
+ Eibe PolyLog (2, e ar“'sm(“))

10g (1 _ eZiarcsin(cac))

output ‘ -1/2%d* (at+b*arccos (c*x))/x"2+1/2*%I*b*exarcsin(c*x) “2-b*e*arcsin(c*x)*1n(1-
‘ (I*xcxx+(-c™2*xx~2+1) " (1/2) ) ~2) +e*x (atb*arccos (c*x) ) *1n(x) +b*exarcsin(c*x) *1n
\(x)+1/2*I*b*e*polylog(2,(I*c*x+(-c”2*x“2+1)“(1/2))“2)+1/2*b*c*d*(-c“2*x“2+

1" (W/2)/x

3.22.2 Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.91

ad + bedv'1 — c*z?  bdarccos(cz)

/ (d+ ex?) (a + barccos(cz)) dp — —
x3 22 2z 222

1 .
— §ibe arccos(cz)? + be arccos(cz) log (1 + * arccos(cz))

1
+ aelog(z) — iibe PolyLog (2, —e

2i arccos(cac))

3.92. f (d+ex?) (a+barccos(cx)) dr

3
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input‘ Integrate[((d + e*x"2)*(a + b*ArcCos[c*x]))/x"3,x] ‘

p

output‘ -1/2*(a*d) /x"2 + (bxc*d*Sqrt[1 - c™2*%x72])/(2*x) - (bxd*ArcCos[c*x])/(2xx"
‘2) - (I/2)+*b*exArcCos[c*x]~2 + b*e*xArcCos[c*x]*Log[l + E~((2*I)*ArcCos[c*x
‘])] + axexLog[x] - (I/2)*b*exPolyLogl[2, -E~((2*I)*ArcCos[c*x])]

-

3.22.3 Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.07,
number of steps used = 4, number of rules used = 4, Bumber of rules _ 5 917 Ryles used

integrand size
= {5231, 27, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dx

/ (d + ez?) (a + barccos(cz))
3

l 5231

4 _ 2l
bc/ _wd _ da + barccos(cz)) + elog(z)(a + barccos(cz))

2v/1 — 22 v 212
l 27

1 4 _ 2elog(z) d(a + barccos(cz))
—ibc z d —

e 922 + elog(x)(a + barccos(cz))
l 7293
1 d 2elog(x) d(a + barccos(cz))
2 - - 1
2bc/ <CE2\/1 —c2z2  V1-— czmz) de 212 + elog(x)(a + barccos(cz))
l 2009
_d(a+ b;;(;coS(ca:)) + elog(z)(a + barceos(cz)) —
1 b ( ie PolyLog (2, et arcsm(c“”)) iearcsin(cz)? + 2e arcsin(cz) log (1 — e arCSin(CﬂE)) 2e log(z) arcsin(cz)
Zpel — B ~
2 c c p ;

e

inputLInt[((d + exx~2)*(a + b*ArcCos[c*x]))/x"3,x]

~—

3.92. f (d+ex?) (a+barccos(cx)) dr

3
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output‘ -1/2*(d*(a + bxArcCos[c*x]))/x"2 + e*(a + b*ArcCos[c*x])*Log[x] - (bxc*(-(
‘(d*Sqrt [1 - c™2%x72])/x) - (IxexArcSin[c*x]~2)/c + (2*exArcSin[c*x]*Logl[1
‘— E~((2*I)*ArcSin[c*x])])/c - (2*ex*ArcSin[c*x]*Logl[x])/c - (I*exPolyLogl[2,
| E"((2%I)*ArcSin[c*x1)1)/c)) /2

3.22.3.1 Defintions of rubi rules used

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5231 Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))*((£f_.)*(x_))"(m_.)*((d_) + (e_.)*(x_
)"2)~(p_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + e*x~2)"p, x]}, Simp
[(a + b*ArcCos[c*x]) u, x] + Simp[b*c Int[SimplifyIntegrand[u/Sqrt[1 -
c~2xx~2], x], x], x]] /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[c™2*d + e,
0] && IntegerQ[p]l && (GtQ[p, 0] || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 01))

e

rule 7293

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
1

3.22.4 Maple [A] (verified)

Time = 3.99 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.15

3.92. f (d+ex?) (a+barccos(cx)) dx

3
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method result
b( warCCOS(cw)Z d(_w o _Cw\/ﬁ-‘rarccos(cw)) +In (1+ (Cac+i\/Tz+l)2>e
222 —
: . . e 1
derivativedivides | c? 26%2 4 ae n(cg:) n -
learccos(cz)2 d(_w z _sz-&-arccos(cz)) /22 2

ae ln(cx) b( 222 +In{ 1+ (cac+z\/m) p

default o [ n -
) 2 d( —ic?x?—cxv/—c2x2+14arccos(cz) earccos(cx) 1n<1+(

2 tarccos(cx)“e

parts — 55 4 +aeln(z) +bc <_ 2c§ e _ ( i ) N (

inputtint((e*x‘2+d)*(a+b*arccos(c*x))/x“3,x,method=_RETURNVERBDSE)

output‘c‘2*(-1/2*a*d/c‘2/x‘2+a/c“2*e*1n(c*x)+b/c‘2*(—1/2*I*e*arccos(c*x)‘2—1/2*d*
\(—I*c‘2*x‘2-c*x*(—c‘2*x‘2+1)‘(1/2)+arccos(c*x))/x‘2+1n(1+(c*x+I*(-c‘2*x‘2+
‘1)“(1/2))‘2)*e*arccos(c*x)—1/2*I*polylog(2,—(c*x+I*(—c“2*x‘2+1)‘(1/2))‘2)*
‘e))

3.22.5 Fricas [F]

dz

3 3

/ (d + ex?) (a + barccos(cz)) dp — / (ex? + d)(barccos (cx) + a)

inputLintegrate((e*x‘2+d)*(a+b*arccos(c*x))/x‘3,x, algorithm="fricas")

output Lintegral((a*e*x'? + axd + (b*e*x~2 + bxd)*arccos(c*x))/x"3, x)

3.92. f (d+ex?) (a+barccos(cx)) dr

3
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3.22.6 Sympy [F]

/ (d+ ez?) (a + barccos(cz)) i — / (a + bacos (cz)) (d + ex?) i

3 3

input‘integrate((e*x**2+d)*(a+b*acos(c*x))/x**3,x)

outputLIntegral((a + bk*acos(c*x))*(d + exx**2)/x**3, x)

3.22.7 Maxima [F]

dz

/ (d+ ex?) (a + barccos(cz)) i — / (ex? + d)(barccos (cx) + a)

inputLintegrate((e*x”2+d)*(a+b*arccos(c*x))/x“3,x, algorithm="maxima"

output‘1/2*b*d*(sqrt(—c‘2*x‘2 + 1)*c/x - arccos(c#*x)/x"2) + bxe*integrate(arctan2
‘(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x)/x, x) + axexlog(x) - 1/2*%axd/x"2

3.22.8 Giac [F]

dz

/ (d + ez?) (a + barccos(cz)) dp — / (ex? + d)(barccos (cz) + a)

3 3

inputtintegrate((e*x‘2+d)*(a+b*arccos(c*x))/X“S,x, algorithm="giac")

output Lintegrate((e*x’? + d)*(b*arccos(c*x) + a)/x"3, x)

3.92. f (d+ex?) (a+barccos(cx)) dr

3
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3.22.9 Mupad [F(-1)]

Timed out.

dz

/ (d + ex?) (a + barccos(cz)) dp — / (a+bacos(cz)) (ex? + d)

3 3

input Lint(((a + bxacos(c*x))*(d + e*xx~2))/x"3,x)

output Lint(((a + b*acos(c*x))*(d + e*x~2))/x"3, Xx)

3.92. f (d+ex?) (a+barccos(cx)) dx

3
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3.93 f (d+ex?) (a+barccos(cz)) da

74
3.23.1 Optimalresult . . .. ... ... ... . .. . e 182
3.23.2 Mathematica [A] (verified) . . . . . . ... ... Lo 182
3.23.3 Rubi [A] (verified) . . . . . ... . 183
3.23.4 Maple [A] (verified) . ... ... ... .. 185
3.23.5 Fricas [B] (verification not implemented) . . . . . . ... ... . ... ... .
3.23.6 Sympy [A] (verification not implemented) . . . .. ... ... ... ... .. 186
3.23.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... 187
3.23.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 187
3.23.9 Mupad [F(-1)] . . . . o o 188

3.23.1 Optimal result

Integrand size = 19, antiderivative size = 85

x? 622 33
e(a + barccos(cz))

/ (d + ex?) (a + barccos(cz)) dp — bedv'1 — c?z*>  d(a + barccos(cz))

X

+ %bc(ch + 66) arctanh(\/l — 02:02)

output ‘ -1/3*xd* (a+b*arccos (c*x)) /x"3-e* (a+b*arccos (c*x) ) /x+1/6*b*xcx (c~2*d+6%e) *arc
‘ tanh ((-c~2*x~2+1) ~(1/2) ) +1/6*b*cxd* (-c~2*x~2+1)~(1/2) /x~2

3.23.2 Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.53

/ (d + ez?) (a + barccos(cz)) ad ae bedy/1—c2x?  bdarccos(cr)
de = —— — — + —
x? 3z2  z 622 33
b 1
- M - ébc3dlog(x) — bee log(z)
1
+ ébc?’dlog (1 +vV1-— czx2> + beelog (1 +v1-— c2x2>
inputLIntegrate[((d + exx~2)*(a + bxArcCos[c*x]))/x"4,x] J

3.93. f (d+ex?) (a+barccos(cx)) dr

x4
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output‘-l/B*(a*d)/x“B - (axe)/x + (b*c*d*Sqrt[1 - c™2*x72])/(6%x"2) - (b*d*ArcCos
‘ [c*x])/(3*xx~3) - (bxe*ArcCos[c*x])/x - (b*c~3xd*Logl[x])/6 - bxcxexLogl[x] +
‘ (b*c~3*dxLog[1 + Sqrt[1 - c™2*x~2]]1)/6 + bkcxexLogl[l + Sqrt[1 - c™2%x"2]]

3.23.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.99, number

of steps used = 7, number of rules used = 6, Bumber of rules _ , 376 Ryjleg used = {5231,
integrand size

27, 354, 87, 73, 221}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (d + ez?) (a + barccos(cz)) i

v
| 5231
bc/ _ 3ex? +d d — d(a + barccos(cz))  e(a + barccos(cz))
3z3v/1 — c2x2 313 T
| 27
—1bc/ 3ex? +d dr — d(a + barccos(cz))  e(a+ barccos(cz))
3 BVI-a 327 ;
| 354

d
z4V1 — 22 v 33 x

| 87

1 1 1 1 — c2x2
“Lhe( L(c2a+6e) / da? — dv'1—c?z?\ d(a+ barccos(cz)) e(a+ barccos(cz))
6 2 241 — 222 z2 33 T

| 73

2d 6 1 dv1 — 22
(c + e)fL 7 aV c'x dv1— 22 d(a + barccos(cz))

—1bc/ 3ez?+d , , d(a+barccos(cz)) e(a+ barccos(cz))
6

_lbc —_ 2 2 —_ —_ —_
6 c? z2 3z3
e(a + barccos(cz))
z
l 221

f (d+ex?) (a+barccos(cx)) dr

x4

3.23.
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d(a + barccos(cz)) e(a+ barccos(czx))

33 x

— c2p2
ébc<—arctanh(@) (c*d + 6e) - W?)

inputtlnt[((d + exx~2)*(a + b*ArcCos[c*x]))/x"4,x] J

output‘—l/S*(d*(a + b*ArcCos[c*x]))/x"3 - (ex(a + b*ArcCos[c*x]))/x — (bkxcx(-((d*
‘Sqrt[l - ¢c”2*%x72])/x72) - (c"2xd + 6*e)*ArcTanh[Sqrt[1 - c™2*x~2]]1))/6

N

3.23.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*(c - a*(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 87 Int[((a_.) + (b_.)*(x_))*((c_.) + (d_)*(x_))"(m_)*((e_.) + (£_)*(x))"(p
_.), x_] > Simp[(-(bxe - axf))*(c + d*x)~(n + 1)*((e + £xx)"(p + 1)/ (£x(p

+ Dx(cxf - d*e))), x] - Simp[(axd*fx(n + p + 2) - b*(d*ex(n + 1) + cxfx(p

+ 1))/ (£x(p + 1)x(cxf - d*e)) Int[(c + d*x)"nx(e + £xx)"(p + 1), x], x]

/; FreeQ[{a, b, c, d, e, £, n}, x] & LtQlp, -1] && ( 'LtQ[n, -1] || Intege
rQlp] |l !(IntegerQ[n] || !(EqQle, 0] |l !'(EqQlc, 0] || LtQlp, nl))))

rule 221 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

rule 354 Int[(x_)~(m_.)*((a_) + (b_.)*(x_)"2)"(p_.)*((c_) + (d_.)*(x_)"2)"(q_.), x_S
ymbol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)*(a + b*x) px(c + d*x)"q, x], x
, x°2], x] /; FreeQl[{a, b, c, d, p, q}, x] && NeQ[bxc - a*d, 0] && IntegerQ
[(m - 1)/2]

3.93. f (d+ex?) (a+barccos(cx)) dr

x4
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rule 5231 Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))*((£f_.)*(x_)) " (m_.)*((d_) + (e_.)*(x_
)"2)"(p_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + e*xx~2)"p, x]}, Simp
[(a + b*ArcCos[c*x]) u, x] + Simp[b*c Int[SimplifyIntegrand[u/Sqrt[1 -
c™2xx~2], x], x], x]] /; FreeQ[{a, b, c, d, e, £, m}, x] && NeQ[c™2*d + e,
0] && IntegerQ[p] && (GtQ[p, 0] || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 0]))

3.23.4 Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.33

method result
arctanh(*)
_ 2| _V—c‘x _ vV —cézx
dc 2C§z§+1 3 22241 +3e arct
e __ d 3| _ arccos(cx)e  arccos(cx)d
parts a( T 3z3) +bc Sz 3c3x3 + 3c?
1
a2 (_\/W_arctanh( —5
2c4x
arccos(cz)d  arccos(cz)e 1
R arCtanh( —02124-1)_ 3
(cas—5)
derivativedivides | ¢? Sey =/ 4 =
1
22 (_\/W_arctanh( 2_6212
2c4x
(cz)d (cz) 1
b _ arc(;zszgz _ B‘I'CCOCSm cxT)e +e arctanh( \/_C2z2+1> _ 3
d e
a|—S5—-=%

default c3 ( S 5) + e

input Lint ((exx~2+d) * (a+b*arccos(c*x))/x~4,x,method=_RETURNVERBOSE)

output‘a*(—e/x-1/3*d/x“3)+b*c“3*(—1/c“3*arccos(c*x)*e/x—1/3*arccos(c*x)*d/c“3/x“3
‘+1/3/c”2*(-d*c”2*(-1/2/c“2/x”2*(-c“2*x“2+1)”(1/2)-1/2*arctanh(1/(-c“2*x“2+
‘1)‘(1/2)))+3*e*arctanh(1/(-c“2*x“2+1)‘(1/2)))) ‘

3.93. f (d+ex?) (a+barccos(cx)) dx

x4
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3.23.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 168 vs. 2(75) = 150.

Time = 0.30 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.98

/ (d + ex?) (a + barccos(cr))
1 dz =
T
4 (bd + 3 be)z? arctan (—W) — (bc®d + 6 bee)z® log (vV—c23% + 1+ 1) + (bc®d + 6 bee)z* log (v/
B 127
input Lintegrate ((exx~2+d) * (atb*arccos(c*x))/x"4,x, algorithm="fricas") J

output‘—1/12*(4*(b*d + 3%bke)*x"3*arctan(sqrt(-c”2*x"2 + 1)*c*x/(c”2*x"2 - 1)) -
| (b*c™3xd + Gxbxcxe)*x"3¥log(sqrt(-c™2+x™2 + 1) + 1) + (bxc™3xd + Exbrcke)*
‘X“B*log(sqrt(-c“2*x“2 + 1) - 1) - 2xsqrt(-c”2*x"2 + 1)*bkckd*x + 12%axe*x”
12 + 4%axd + 4%(3xbrexx"2 - (bxd + 34bke)*x"3 + bd)*arccos(c#x))/x"3

3.23.6 Sympy [A] (verification not implemented)

Time = 3.12 (sec) , antiderivative size = 170, normalized size of antiderivative = 2.00

/ (d + ex?) (a + barccos(cz)) i

74
c?acosh (L) c 1 1
ezl | — for = >1
bed 2 2z\/—l+ﬁ 2cx3\/—l+ﬁ |c?22|
ic2 asin (L icy [1——te
ad  ae © asgl Ga) _ 2;2“”2 otherwise
33 z 3
1 1
b —acosh () for @z > 1 bd acos (cz)  beacos (cx)
1 asin (é) otherwise 3z3 z

inputLintegrate((e*x**2+d)*(a+b*acos(c*x))/x**4,x) J

output | —axd/(3*x**3) - a*e/x — b*cxd*Piecewise((-c**2*xacosh(1/(c*x))/2 + c/(2*x*s
qrt (-1 + 1/(c**x2*x*x2))) - 1/(2*ckx**3*sqrt(-1 + 1/(cx*2xx**2))), 1/Abs(c*
*2xxx*2) > 1), (I*c**2xasin(1/(c*x))/2 - Ixc*sqrt(l - 1/(c**2xxx*2))/(2*x)
, True))/3 - b*ckexPiecewise((-acosh(1/(c*x)), 1/Abs(c**2xx**x2) > 1), (I*a
sin(1/(c*x)), True)) - bxd*acos(c*x)/(3*x**3) - bxe*acos(c*x)/x

3.93. f (d+ex?) (a+barccos(cx)) dr

x4
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3.23.7 Maxima [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 119, normalized size of antiderivative = 1.40

/ (d+ ex?) (a + barccos(cz)) e

4
x
1 9 2vV/—-cz2+1 2 V=2 +1 2 arccos (cx)
=—||flog| —/———+ = |+ ——— |c—————— |Wd
6 || |z| x? x3
2vV/—-cz?2+1 2 arccos (cx) ae ad
+lclog| —/———+— | ———— |be — — — —
|z| |z| x x 33

input

integrate((e*x~2+d)* (at+b*arccos(c*x))/x"4,x, algorithm="maxima")

N\

output‘1/6*((c“2*log(2*sqrt(-c“2*x‘2 + 1)/abs(x) + 2/abs(x)) + sqrt(-c™2*x"2 + 1)
‘/x“2)*c - 2*arccos(c*x)/x"3)*b*d + (c*log(2*sqrt(-c”2*x"2 + 1)/abs(x) + 2/
‘abs(x)) - arccos(c*x)/x)*b*e - axe/x - 1/3%a*d/x"3

3.23.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 3082 vs. 2(75) = 150.

Time = 124.14 (sec) , antiderivative size = 3082, normalized size of antiderivative = 36.26

/ (d+ ex?) (a + barccos(cz))

1 dx = Too large to display
x

inputLintegrate((e*x‘2+d)*(a+b*arccos(c*x))/x‘4,x, algorithm="giac")

3.93. f (d+ex?) (a+barccos(cx)) dr

x4




output

input

output
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-1/3*b*c~3xd*arccos(c*x)/(3*x(c™2*x"2 - 1)/(c*x + 1)72 + 3x(c™2*x"2 - 1)72/
(c*x + 1)74 + (c™2%x"2 - 1)73/(c*x + 1)76 + 1) + 1/6xb*c”3*d*xlog(abs(c*x +
sqrt(-c”2*x"2 + 1) + 1))/(3*%(c™2*x"2 - 1)/(c*x + 1)72 + 3*(c™2*x"2 - 1)72
/(c*x + 1)74 + (c™2*x"2 - 1)73/(c*x + 1)76 + 1) - 1/6%bxc”3*d*log(abs(-c*x
+ sqrt(-c”2*x"2 + 1) - 1))/(3*(c™2*%x"2 - 1)/(c*xx + 1)72 + 3*%(c™2*x"2 - 1)
“2/(cxx + 1)74 + (c™2%x72 - 1)73/(c*x + 1)76 + 1) - 1/3*a*xc™3*d/(3*(c™2*x”~
2 - 1)/(cxx + 1)72 + 3*%(c™2*xx"2 - 1)72/(c*x + 1)74 + (c™2*x"2 - 1)73/(c*x
+ 1)76 + 1) + (c™2*%x"2 - 1)*b*c~3*d*arccos(c*x)/((cxx + 1)72%(3*(c™2*x"2 -
1) /(cxx + 1)72 + 3%(c™2*x™2 - 1)72/(c*x + 1)74 + (c™2%x"2 - 1)73/(c*x + 1
)76 + 1)) + 1/2%(c”2*x"2 - 1)*b*c~3*d*log(abs(c*x + sqrt(-c™2*x"2 + 1) + 1
))/((cxx + 1)72%(3%(c™2%x72 - 1)/(c*x + 1)72 + 3*(c™2%x72 - 1)72/(c*x + 1)
4 + (c™2*%x72 - 1)73/(c*xx + 1)76 + 1)) - 1/2x(c”2%x"2 - 1)*bxc~3*d*log(abs
(-c*x + sqrt(-c™2*x"2 + 1) - 1))/((c*x + 1)72%(3*x(c”2*x"2 - 1)/(c*x + 1)72
+ 3*x(c™2%x72 - 1)72/(c*x + 1)74 + (c™2*x"2 - 1)73/(c*x + 1)76 + 1)) + 1/3
*sqrt (-c”2*x72 + 1)*bxc”3*d/((c*xx + 1)*(3*(c™2*x"2 - 1)/(c*x + 1)72 + 3*(c
“2xx72 - 1)72/(ckx + 1)74 + (c72%x72 - 1)73/(cxx + 1)76 + 1)) + (c™2*x"2 -
1) *axc™3*d/((cxx + 1)72%(3*(c™2*%x"2 - 1)/(c*xx + 1)72 + 3*(c™2*x"2 - 1)72/
(c*x + 1)74 + (c™2%x72 - 1)73/(c*x + 1)76 + 1)) - (c™2%x72 - 1) 2%b*c”~3*d*
arccos(c*x)/((c*x + 1)74*(3*(c™2*x"2 - 1)/(c*x + 1)72 + 3*(c™2*x"2 - 1)72/
(cxx + 1)74 + (c™2*x"2 - 1)73/(c*x + 1)76 + 1)) - bkckexarccos(cxx)/(3*. ..

3.23.9 Mupad [F(-1)]

Timed out.

T zt

/ (d + ex?) (a + barccos(cz)) dp — / (a+ bacos(cz)) (ex? + d) i

[int(((a + b*acos(c*x))*(d + e*x~2))/x"4,x)

~—

-

Lint(((a + b*acos(c*x))*(d + e*x~2))/x74, x)

~—

3.93. f (d+ex?) (a+barccos(cx)) dr

x4
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3.24 [ (¢ + dz?)* arccos(az) da

3.24.1 Optimal result . . . . . . . . . .. .. 189
3.24.2 Mathematica [A] (verified) . . . . . . . . .. ... Lo 189
3.24.3 Rubi [A] (verified) . . . . ... .. . ... 1901
3.24.4 Maple [A] (verified) . ... ... ... .. o 192
3.24.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 1921
3.24.6 Sympy [A] (verification not implemented) . . . .. ... ... ... ... .. 193
3.24.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... .. 193
3.24.8 Giac [A] (verification not implemented) . . . ... ... ... ... ...... 194
3.24.9 Mupad [F(-1)] . . . . . oo 194

3.24.1 Optimal result

Integrand size = 14, antiderivative size = 135

_ (15a*c® +10a*cd + 3d*) V1 — a?a?

/ (c+ davz)2 arccos(ax) dx =

15a°
L 2d(5a%c + 3d) (1 — a222)*/* &1 - a?z?)"?
45a5 25a®

2 1
+ c*z arccos(ax) + §cdx3 arccos(az) + gd2x5 arccos(ax)

output ‘ 2/45*d* (5xa~2*%c+3*d) * (—a~2*x~2+1) ~(3/2) /a~5-1/25*%d" 2% (-a~2*x"2+1)~(5/2) /a~
‘5+c‘2*x*arccos(a*x)+2/3*c*d*x‘3*arccos(a*x)+1/5*d‘2*x‘5*arccos(a*x)—1/15*(
L15*a“4*c‘2+10*a’"2*c*d+3*d“2) *x(-a~2*xx"2+1)~(1/2)/a"5

3.24.2 Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 99, normalized size of antiderivative = 0.73

/ (c+ da:2)2 arccos(ax) dzx

V1 — a?x2(24d* + 4a%d(25¢ + 3dz?) + a*(225¢ + 50cdz? + 9d*z*))
225a5
d’z®

2
+ (c% + gcdxg' + 3 ) arccos(az)

3.24. [ (c+ da?)’arccos(az) dx
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input ‘ Integrate[(c + d*x~2) 2xArcCos[a*x] ,x] ‘

\2 + BO*c*xd*x~2 + 9*%d"2*x"4)))/a"5 + (c™2*x + (2*xc*d*x~3)/3 + (d"2*x~5)/5)*

e N
output‘ -1/225%(Sqrt[1 - a™2*x"2]*(24*d"2 + 4*xa~2xd*(26xc + 3xd*x"2) + a~4*(225%c” \
‘ ArcCos [a*x] ‘

3.24.3 Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.03,
number of steps used = 6, number of rules used = 5, Bumber of rules _ 357 Ryjes yged

integrand size
= {5171, 27, 1576, 1140, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ arccos(az) (c + d:v2)2 dx

l 5171

/ x(3d2x4 + 10cdz? + 1502)
a
15v1 — a2a?

2 1
dx + cx arccos(ax) + gcd:r3 arccos(az) + 5d2x5 arccos(azx)

l 27

2 1
dx 4 c*x arccos(ax) + gcdav:‘3 arccos(az) + 3d2w5 arccos(az)

1 L/"w(3d2x4—%100dw2—F1502)
a

15 V1 - a?z?
| 1576
3—10(1 3d’s j}%—i_ 15¢* dz?® 4 c*x arccos(ax) + gcdaz3 arccos(az) + %d2w5 arccos(az)
| 1140
1 3(1—a2e?)®? @  2(5ca® +3d) VI—a%22d  15c%a* + 10cda® + 342 _
30a/ ( p - o + ot > dz” +

2 1
c?z arccos(azx) + gcdx?’ arccos(ax) + gd2x5 arccos(ax)

l'2009

1 <4d(1 — a2x2)3/2 (5azc + 3d) B 6d2(1 — a2x2)5/2 241 — a2w2(15a402 + 10a2cd + 3d2)> N

30

3ab 5ab ab

2 1
c?x arccos(azx) + gcdm?’ arccos(ax) + gd2:c5 arccos(ax)

3.24. [ (c+ da?)’arccos(az) dx
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input‘Int[(c + d*x~2) "2xArcCos [a*x] ,x]

output‘/(a*((-2*(15*a”4*c“2 + 10%a”2%c*d + 3*%d"2)*Sqrt[1 - a"2*x"2])/a"6 + (4xdx(5
‘*a‘2*c + 3*%d)*(1 - a~2%x~2)7(3/2))/(3%a"6) - (6%d~2%(1 - a~2*x~2)~(5/2))/(
‘5*a‘6)))/30 + c~2*x*ArcCos[a*xx] + (2*%c*d*x~3*ArcCos[a*x])/3 + (d"2*xx"5*Arc
‘Cos[a*x])/E

|

3.24.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 1140 Int[((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_.), x
_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(a + b*x + c*x~2)7p, x], x] /;
FreeQ[{a, b, c, d, e, m}, x] && IGtQ[p, O]

rule 1576 | Int [(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(
P_.), x_Symbol] :> Simp[1/2 Subst[Int[(d + e*x)~"g*(a + b*x + c*x~2)7p, x]
,» X, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, x]

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 5171 Int [((a_.) + ArcCos[(c_.)*(x_)1*(b_.))*((d_) + (e_.)*(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x"2)"p, x]}, Simp[(a + b*ArcCos[c*x]) u, x
] + Simp[b*c  Int[SimplifyIntegrand[u/Sqrt[1 - c~2*x~2], x], x], x]] /; Fr
eeQ[{a, b, c, d, e}, x] && NeQ[c™2*d + e, 0] && (IGtQ[p, 0] || ILtQ[p + 1/2
, 01

3.24. [ (c+ da?)’arccos(az) dx
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3.24.4 Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 169, normalized size of antiderivative = 1.25

method result
2 4ot/ —a22241 _ 40?22V —a22241 _8v/—a22241 2 4.
arccos(am)c2ax+ 2aarccos(az)cdm3+aarccos(ax)d2m5+3d (_a £ 5& “ - 15a £ - ai5a: )—150 @
. . .. 3 5 1504
derivativedivides a
2 4otV —a22241 _ 40?22V —a22241 _ 8y —a22241 2 4.
arccos(am)c2ax+ 2aarccos(az)odm3+aarccos(ax)d2z5+3d (_a < 5& “ - 15a £ - ai5a: )—150 @
default 3 5 . 1547
412 —a2:c2+1 8v —a2:
4./"a22 - - ‘
d 2cd
parts z° arccos(ax) + cd T agccos(az) + 21 arccos ((ML‘) +
inputLint((d*x‘2+c)‘2*arccos(a*x),x,method=_RETURNVERBOSE) J

output ‘ 1/ax(arccos (a*x) *c~2*a*xx+2/3*a*arccos (a*x) *cxd*x~3+1/5*a*arccos (a*x) *d~2+*x ‘
‘ ~5+1/15/a” 4% (3*xd"2* (-1/6%a~4*x"4* (—a~2%x"2+1) " (1/2)-4/16%a~2*x"2* (-a~2%x"2 ‘
\+1)‘(1/2)—8/15*(—a‘2*x‘2+1)‘(1/2))—15*c‘2*a‘4*(—a‘2*x‘2+1)‘(1/2)+10*c*a‘2*
@ (-1/3%a"2%x"2% (-a"24x"2+1) " (1/2)~2/3% (-a"2#x"2+1) " (1/2)))) |

3.24.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 110, normalized size of antiderivative = 0.81

/ (c+ dx2)2 arccos(ax) dz

_ 15(3a’d?z® + 10 a®eda® + 15 ac’x) arccos (az) — (9 a*d®z* + 225 a*c? 4 100 a’cd + 2 (25 a'cd + 6 a®d?),
B 225 a®

inputLintegrate((d*x“2+c)“2*arccos(a*x),x, algorithm="fricas") J

output‘ 1/225%(15%(3*a~5%d"2*x~5 + 10*a~bxc*d*x~3 + 15*a~b*c~2*x)*arccos(a*x) - (9 \
‘*a"4*d"2*x"4 + 225*%a~4*c”2 + 100*a”2*xc*d + 2*%(25%a~4*cxd + 6*a~2*xd"2)*x"2 ‘
\+ 24%d"~2) *sqrt (-a~2*x"2 + 1))/a"5 \

3.24. [ (c+ da?)’arccos(az) dx
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3.24.6 Sympy [A] (verification not implemented)

Time = 0.42 (sec) , antiderivative size = 197, normalized size of antiderivative = 1.46

/ (c+ d:)sz)2 arccos(az) dz

2 2cdz® acos (az) d?z%acos (az)  AvV—a?a?+1 _ 2cdr®vV—a?z2+1 _ d?ziv—a?z?41 _ dcdvV—a?a?+1 _
c*z acos (az) + 3 + 5 a 9% 25a 9a3

3 2.5
7r<02m+2c¢§:c +d5w )

2

input ‘ integrate ((d*x**2+c) **2*acos (a*x) ,x) ‘

output | Piecewise ((c**2%x*acos (a*x) + 2xcxd*x**3*xacos(a*x)/3 + d**2*x**x5xacos(a*x)
/5 = cx*2ksqrt (—ax*2*x*k*2 + 1)/a - 2¥ckdkxx*k2xsqrt (-ax*2xx**2 + 1)/(9%a) -
A**x2xx*kx4xsqrt (—ax*2*x**2 + 1)/(25%a) - 4xckd*sqrt(-a*x*x2xx*x2 + 1)/(9xax*
3) - 4xdx*2xx**2xsqrt (—ax*2xx*x*2 + 1)/(75%a**3) - 8*d**2*ksqrt (—a**2*x**2 +
1)/ (75%a**5), Ne(a, 0)), (pi*(c**2%x + 2xc*d*x**3/3 + d**2xx*x5/5)/2, Tru
e))

3.24.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.19

/ (c+ dxz)2 arccos(azx) dz =

1 (9 V—a2z? + 1d?z* N 50/ —a2x2 + ledx? N 225+/—a2x2 + 1¢? N 12 v/ —a2z2 + 1d?z? N 1004/
2 2 4

a? a a a

295

1
T (3d?2° 4+ 10 cdz® + 15 ¢*z) arccos (az)

input

integrate ((d*x~2+c) "2*arccos(a*x),x, algorithm="maxima")

\

output‘—1/225*(9*sqrt(—a“2*x“2 + 1)*d"2*%x"4/a"2 + B0*sqrt(-a”2*x"2 + 1)*c*xd*x~2/a
"2 + 225%sqrt(-aT2%x"2 + 1)*c"2/a"2 + 12¢sqrt(-a”2%x"2 + 1)*d"2%x"2/a™4 +
‘100*sqrt(-a“2*x“2 + 1)*cxd/a"4 + 24xsqrt(-a”2*x"2 + 1)*d"2/a"6)*a + 1/15%(
‘3*d“2*x”5 + 10*c*xd*x~3 + 15%c~2#%x)*arccos (a*x) ‘

3.24. [ (c+ da?)’arccos(az) dx
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3.24.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.19

V—a?a? + 1d%z*

1 2
/ (c+ dCII2)2 arccos(ax) dr = R d?z® arccos (ax) + 3 cdz® arccos (azx) —

25a
0 2vV—a2z? + ledr? /—a?z? + 12
+ c*x arccos (az) — 9a - .
4v/—a?z? + 1d*z*  4+v/—a?z?+1led 8+ —a?z? + 1d?
75a3 9a3 75a°

inputLintegrate((d*x‘2+c)‘2*arccos(a*x),x, algorithm="giac")

—

output ‘{1/5*d"2*x“5*arccos(a*x) + 2/3xc*d*x"3*arccos(a*x) - 1/2b*xsqrt(-a"2*x"2 + 1
‘)*d‘2*x‘4/a + c”2#x*arccos(a*x) - 2/9*sqrt(-a"2*x"2 + 1)*c*d*x~2/a - sqrt(
‘—a‘2*x‘2 + 1)*c"2/a - 4/T5xsqrt(-a”2*x"2 + 1)*d"2%x"2/a"3 - 4/9*sqrt(-a~2%
(X"2 + 1)*c*d/a”3 - 8/Tb*sqrt(-a”2+x"2 + 1)*d"2/a"5

———————————

3.24.9 Mupad [F(-1)]
Timed out.

/ (c+ dwz)2 arccos(ax) dz = / acos(az) (dz® + c)2 dz

input Lint(acos(a*x)*(c + d*x"2)72,x%)

output tint(acos(a*x)*(c + d*x"2)"2, x)

3.24. [ (c+ da?)’arccos(az) dx



output
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3.25 [ (c+ dz?)’ arccos(az) dz

3.25.1 Optimal result . . . . . .. . . .. .. . 195
3.25.2 Mathematica [A] (verified) . . . . . .. ... ... Lo 196
3.25.3 Rubi [A] (verified) . . . . ... ... ... 1961
3.25.4 Maple [A] (verified) . ... ... ... ... Lo 198
3.25.5 Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. 199
3.25.6 Sympy [A] (verification not implemented) . . . .. ... ... ... ... .. 199
3.25.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. 200
3.25.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 2001
3.25.9 Mupad [F(-1)] . . . . . .o 201]

3.25.1 Optimal result

Integrand size = 14, antiderivative size = 205

/ (c+ dx2)3 arccos(az) dz
(35a8¢3 + 35atc?d + 21a*cd? + 5d3) /1 — a2x?

35a”
N d(35atc? + 42a%cd + 15d2) (1 — a?z?)*?
105a7
3d2(Ta2c + 5d) (1 — a?z?)*?  d3(1 — a222)"/?
- 175a7 T a0a7

3 1
+ c*r arccos(azx) + c*dx® arccos(azx) + gcd2x5 arccos(ax) + ?d3x7 arccos(ax)

1/105%d* (35*xa~4*c”2+42*a~2*c*d+15*xd~2) * (-a~2*xx"2+1) ~(3/2) /a~7-3/175%d~2* (7
*a"2%c+5xd) * (—a~2xx"2+1) ~(5/2) /a~7+1/49*d"3* (—a~2xx"2+1) ~(7/2) /a~7+c~ 3*x*a
rccos (a*x)+c~2*xd*x"3*arccos (a*x)+3/5*%c*d~2*x"5*arccos (a*x)+1/7*d"3*x"T*arc
cos (a*x)-1/35%(35*%a”~6*c~3+35%a"~4*c~2+d+21%a " 2kcxd~2+5%d"3) * (-a~2*x"~2+1) ~ (1
/2)/a"7

3.25. [ (c+ da?)’arccos(az) dx
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3.25.2 Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 149, normalized size of antiderivative = 0.73

/ (c+ dx2)3 arccos(az) dz =

V1 — a2x2(240d? + 24a%d?(49c + 5dx?) + 2a*d(1225¢? + 294cdz?® + 45d%x*) + a®(3675¢% + 1225¢%dx?
3675a”

3 2.3, 3 o5 4
+ [z + cdx +gcdx +T arccos(ax)

e

input tIntegrate [(c + d*x~2)~3%ArcCos [a*x] ,x]

~—

output‘—1/3675*(Sqrt[1 - a”2%x72]*(240%d"3 + 24*a”2+%d"2*(49%c + 5xd*x"2) + 2*%a~4x
‘d*(1225*c“2 + 294xc*d*x"2 + 45%d"2%x74) + a"6*(3675%c”3 + 1225*%cT2*d*x"2 +
‘ 441%c*d"2%x"4 + T5xd"3*x76)))/a"7 + (c™3*x + c™2xd*x"3 + (3*c*d"2*x"5)/5

+ (d73%x"7)/7)*ArcCos [a*x]

N J

3.25.3 Rubi [A] (verified)

Time = 0.52 (sec) , antiderivative size = 209, normalized size of antiderivative = 1.02,
number of steps used = 6, number of rules used = 5, number of rules _ 0.357, Rules used

integrand size
= {5171, 27, 2331, 2389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ arccos(ax) (c + dm2)3 dx

l 5171

dz + 3z arccos(ax) 4 c?dx® arccos(azx) +

/ $(5d3x6 + 21cd?z* + 35c2dx? + 3503)
a
35v1 — a2z2

1
gcd%s arccos(az) + —d°

7
l 27
1 / w(5d3x6 + 21ed?x* + 35c2dx? + 3503)
—a
V1 — a?z?

35
1
gcd2m5 arccos(az) + ?d3w7 arccos(azx)

«” arccos(ax)

dx + 3z arccos(ax) + c2dx® arccos(azx) +

3.25. [ (c+ da?)’arccos(az) dx
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| 2331
1 326 + 21cd? 2dx2 3
ma/5 Tt c\/% o+ 35 dz? + c*z arccos(az) + c*dz® arccos(az) +
1
gcd2a:5 arccos(azx) + ?d3w7 arccos(ax)
| 2389

%a

1 / ( 5(1 - a23:2)5/2 d3 + 3(7ca2 + 5d) (1 — a2x2)3/2 d? (3502(14 + 42¢da® + 15d2) V1 —a?22d + 35¢3ab
- ab ab - ab

3 1
Az arccos(az) + c?dx arccos(ax) + gcd2z5 arccos(az) + 7d3w7 arccos(azx)

l 2009

70

1 ( 6d2(1—a2c?)?? (Ta2c+5d) 10d°(1—a2e?)/?  2d(1 — a?22)*? (3504 + 42acd + 15d?) 2T
70\ 5a8 + 7a8 + 3a8

3 1
Az arccos(az) + c?dx arccos(ax) + gcd2x5 arccos(az) + 7d3a:7 arccos(azx)

input LInt [(c + d*x~2)"3*ArcCos [a*x] ,x]

~—

output | (ax((-2*(35%a"6*c~3 + 35*a~4*c”2+d + 21*a"2xc*d"2 + 5*%d"3)*Sqrt[1 - a~2*x"
2])/a"8 + (2xd*(35%a~4*c”™2 + 42*%a~2%cxd + 15xd"2)*(1 - a~2%x~2)~(3/2))/ (3%
a™8) - (6*d~2x(7*a"2%c + 5*xd)*(1 - a~2*x"2)~(5/2))/(5*%a~8) + (10*d~3*(1 -
a~2xx"2)~(7/2))/(7*a~8))) /70 + c~3*x*ArcCos[a*x] + c 2*d*x"3*ArcCos[a*x] +
(3*c*d~2*xx"5*ArcCos[a*x]) /5 + (d~3*x"7*ArcCos[a*x])/7

3.25.3.1 Defintions of rubi rules used

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] && 'Ma ‘
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]] \

-

ruk32009LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 2331 Int[(Pq )*(x_)~(m_.)*((a_) + (b_.)*(x_)"2)"(p_.), x_Symboll :> Simp[1/2 S
‘ubst [Int[x~((m - 1)/2)*SubstFor([x~2, Pq, x]*(a + b*x)7p, x], x, x"2], x] /;
| FreeQ[{a, b, p}, x] & PolyQ[Pq, x"2] & IntegerQ[(m - 1)/2]

3.25. [ (c+ da?)’arccos(az) dx



rule 2389

rule 5171
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Int[(Pq_)*((a_) + (b_.)*(x_)"(n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand
[Pgx(a + b*x"n)"p, x]1, x] /; FreeQl[{a, b, n}, x] & PolyQ[Pq, x] && (IGtQlp
, 01 |l EqQ[n, 11)

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x"2)"p, x]}, Simp[(a + b*ArcCos[c*x]) u, X
] + Simp[b*c Int [SimplifyIntegrand[u/Sqrt[1 - c”2*x~2], x], x], x]] /; Fr
eeQ[{a, b, c, d, e}, x] && NeQ[c™2*d + e, 0] && (IGtQ[p, 0] || ILtQlp + 1/2
, 01)

3.25.4 Maple [A] (verified)

Time = 0.36 (sec) , antiderivative size = 270, normalized size of antiderivative = 1.32

method result
543 (7 2848 V—a22241 _ 6atzty/ —a22241 .
3 2 7.3, 3aarccos(az)c d2z5 o arccos(aw)d3$7 7 35
derivativedivid arccos(az)c°az+a arccos(az)c?d z°+ 5 + 7
erivativedlviaes
543 (7 2848 v —a2z241 6atzty/ —a2x241 .
3 2 ;7.3 , 3aarccos(az)c d2z5 o arccos(aw)d3$7 7 35
default arccos(az)c°az+a arccos(az)c?d x5+ 5 + 7
erau

d327 arccos(ax 3cd?z® arccos(ax
+ 5 +c

parts 7

2d 3 arccos (az) + c3x arccos (az) +

a| 5d3

x

6

“a2224

7a2

-

inputLint((d*x‘2+c)‘3*arccos(a*x),x,method=_RETURNVERBDSE)

output

~—

1/a* (arccos (a*x) *c~3*a*x+a*arccos (a*x) *c~2*d*x”3+3/5*a*arccos (a*x) *xc*d~2*x
~5+1/7*axarccos (a*x)*d~3*x~7+1/35/a"6* (5%d"3* (-1/7*x"6*a”~6*(-a~2*x~2+1) " (1
/2)-6/35%a”4*x"4x(—a~2*xx"2+1) " (1/2)-8/35%a”~2*%x"2* (-a~2*x"2+1) ~(1/2)-16/35%
(-a~2*x72+1) " (1/2) ) -35%c~3*a"6* (—a~2+x"2+1) " (1/2) +35*c~2*xa~4*xd* (-1/3*a~2*x
2% (—a”2xx"2+1) " (1/2)-2/3* (ma~2*x"2+1) " (1/2) ) +21*c*a”~2+d " 2% (-1/5*%a~4*x"4* (
-a”"2xx72+1) " (1/2)-4/15%a"2*xx"2* (—a”~2*xx"2+1) ~(1/2)-8/15*% (—a~2*x"2+1) ~(1/2))
))

3.25. [ (c+ da?)’arccos(az) dx
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3.25.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 168, normalized size of antiderivative = 0.82

/ (c+ dx2)3 arccos(az) dz

105 (5a"dz™ + 21 a"cd®z® 4 35a”c*dx® + 35 a”cPx) arccos (ax) — (75 a®d®z® + 3675 aPc® + 2450 a*c*d +
B 3675 ¢

p

input‘integrate((d*x‘2+c)‘3*arccos(a*x),x, algorithm="fricas")

~—

output(1/3675*(105*(5*a‘7*d‘3*x‘7 + 21%a”7T*c*kd"2%xx"5 + 3b*%a”~7*c"2*d*x"3 + 3b5*a”T7*
‘C‘B*x)*arccos(a*x) - (75%a~6*d"3*x"6 + 3675%a~6%c™3 + 2450%a~4*xc~2*d + 117
\6*a‘2*c*d‘2 + 9% (49%a~6xc*d"2 + 10*a~4*d"3)*x"4 + 240*d"3 + (1225%a~6*c™2x%
d + 588*a~4*c*kd”2 + 120%a"2%d"3)*x"2)*sqrt(-a”2*x"2 + 1))/a”7

N J

E——

3.25.6 Sympy [A] (verification not implemented)

Time = 0.68 (sec) , antiderivative size = 326, normalized size of antiderivative = 1.59

/ (c+ dx2)3 arccos(ax) dz

3 2 3 3cd2w5 acos (az) d3$7 acos (a:c) _ c3 —a2m2+1 _ C2dz2 —a2z2+1 _ 3cd2g)4\/—a,2;1
c’z acos (ax) + c*dz® acos (ax) + 5 + - . ™ e

2.5 3.7
w(c3z+c2dw3+736d5 o’ do - )
2

p
input

integrate ((d*x**2+c) **3*acos (a*x) ,x)

~—

N

output  Piecewise((c**3*x*acos(a*x) + c*x2xdxxx*3*acos(axx) + 3Jkckd**2*x**5*xacos(a
*x) /5 + d**3*x**Txacos(a*x)/7 - cx*3ksqrt(-a*x*2xx*k*x2 + 1)/a — crx*2kd*x**2%
sqrt (-ax*x2xx*x2 + 1)/(3%a) - 3kckd**2kx*kx4xsqrt (—ax*2*x**2 + 1)/(256%a) - d
*kJkXHkKkEKSQrt (—ax*kx*x*2 + 1)/(49%a) - 2kcx*2kdxsqrt (—ax*2kxx*2 + 1)/(3*ax
*3) — 4xckdx*2*x*k*¥2xsqrt (—ak*2xx*x2 + 1) /(25%a**3) - 6*d**3xx**4*ksqrt (-a**
2xx*x*2 + 1)/(245%a**3) - 8xckd**2*ksqrt(—a**2*x**2 + 1)/(25%a**5) — 8xd**3*
x**k2xsqQrt (—ax*2kx*x*2 + 1)/(245%a**5) - 16*d**3*sqrt (-a**2*xx**2 + 1)/(245%a
**7), Ne(a, 0)), (pik(cx*3xx + c**x2kd*x**3 + Jkckd**2kx*x*5/5 + dk*3xx*x7/7
)/2, True))

3.25. [ (c+ da?)’arccos(az) dx
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3.25.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 267, normalized size of antiderivative = 1.30

/ (c+ dx2)3 arccos(az) dz =
1 (75 vV—a2x? + 1d325 N 441/ —a2xz? + led?zt N 1225 v/ —a222? + 1c%dz? N 90 v/—a2z? + 1d3z*
2 2 1

3675 a2 a a a

1
+ = (5d°z" + 21 cd®z® + 35 c*dz® + 35 ¢’z arccos (az)

inputLintegrate((d*x“2+c)“3*arccos(a*x),x, algorithm="maxima") J

e N

output | -1/3675% (75*sqrt (-a~2*x"2 + 1)*d"3*x76/a"2 + 441*sqrt(-a~2*x~2 + 1)*c*d~2*
X"4/a”2 + 122b6*sqrt(-a”2*x"2 + 1)*c"2*%d*x"2/a"2 + 90*sqrt(-a~2*x~2 + 1)*d~
3*xx"4/a"4 + 3675xsqrt(-a"2*x"2 + 1)*c~3/a"2 + 588*sqrt(-a”"2*x"2 + 1)*cxd"2
*x"2/a"4 + 2450*sqrt(-a”~2*x"2 + 1)*c"2*d/a"4 + 120*sqrt(-a~2*x"2 + 1)*d~3%
x"2/a”6 + 1176xsqrt(-a~2*x"2 + 1)*c*d"2/a~6 + 240*sqrt(-a~2*x"2 + 1)*d~3/a
~8)*a + 1/35%(5*d"3*x"7 + 21%cxd~2%x"5 + 35xc”2xd*x"3 + 35%c”3*x)*arccos(a
*X)

3.25.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 270, normalized size of antiderivative = 1.32

V= 1d%28
49a

1
/ (c+ dm2)3 arccos(az) dr = - d*z" arccos (az) + g cd?x arccos (azx) —

7
3v—a2x? + led?z*

+ Az arccos (azx)

+ c*dx® arccos (ax) —

25a
vV—a2z? + 12dz? 6vV—a2z? + 1d32*  V—a222 + 18
B 3a B 245 a3 B a
4+/—a2z? + led?2? 2/ —a2x?2 + 1c%d
B 25 a3 B 3a3
8v—a2x? + 1d3z®> 8+ —a2x2+ 1led? 16V —a%2? + 1d3
B 245 ab B 25 a5 B 245 a7

;
input  integrate((d*x~2+c) “3*arccos(a*x) ,x, algorithm="giac")

3.25. [ (c+ da?)’arccos(az) dx
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output | 1/7+*d"3*x"7*arccos(a*x) + 3/5*c*d~2*x"5*arccos(a*x) - 1/49*sqrt(-a~2*x"2 +

1)*d"3%x"6/a + c"2xdxx"3*arccos(axx) - 3/25xsqrt(-a”2*x"2 + 1)*cxd"2*x"4/
a + c”3#x*arccos(a*x) - 1/3*sqrt(-a~2*x"2 + 1)*c”2*d*x"2/a - 6/245*sqrt(-a
“2%x72 + 1)*d"3%x"4/a”"3 - sqrt(-a”2*x"2 + 1)*c~3/a - 4/25*sqrt(-a"2*x"2 +

1)*c*d~2*%x"2/a"3 - 2/3*sqrt(-a~2*x"2 + 1)*c"2+%d/a"3 - 8/245*sqrt(-a~2*x"2
+ 1)*d"3*x"2/a"5 - 8/26*sqrt(-a~2*x"2 + 1)*c*d~2/a"5 - 16/245*sqrt(-a”2*x"
2 + 1)*d~3/a"7

3.25.9 Mupad [F(-1)]
Timed out.

/ (c+ d932)3 arccos(ax) dx = / acos(az) (dz®+ 6)3 dx

input Lint(acos(a*x)*(c + d*x~2)"3,x)

output‘int(acos(a*x)*(c + d*x~2)73, x)

3.25. [ (c+ da?)’arccos(az) dx
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3.26 [ (c+ dz?)* arccos(az) dx

3.26.1 Optimal result . . . . . . .. . . ... . ... 2021
3.26.2 Mathematica [A] (verified) . . . . . . . .. ... .. L 203
3.26.3 Rubi [A] (verified) . . . . ... ... . ... 2031
3.26.4 Maple [A] (verified) . ... ... ... ... 205
3.26.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ..
3.26.6 Sympy [A] (verification not implemented) . . . .. ... ... ... ... .. 2006
3.26.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... ... 207
3.26.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 208}
3.26.9 Mupad [F(-1)] . . . . . . o 209

3.26.1 Optimal result

Integrand size = 14, antiderivative size = 292

/ (c+ dx2)4 arccos(az) dz

(315a8¢* + 420a8c3d + 378a%c%d? + 180a’cd® + 35d*) v/1 — a2x?
315a°

4d(105a5¢3 + 189atc?d + 135a%cd? + 35d°) (1 — a222)/?
+ 945a°

2d2(63a*c + 90a2cd + 35d2) (1 — a?x2)*/”
a 525a°
| Ad(9a’c+7d) (1 - 22"  d(1 - a?a?)”?

441a° 81a?®

4 6 4 1
+c*z arccos(az)+ §c3d:c3 arccos(azx)+ gczdzcc5 arccos(azx)+ ?cd3x7 arccos(azx)+ §d4x9 arccos(azx)

output | 4/945%d* (105*a~6*c~3+189*a~4*c~2xd+135*a~2xc*xd~2+35*d"~3) * (—a~2*x~2+1) ~(3/2
)/a~9-2/525%d"2% (63%a~4*c~2+90*a~2xc*xd+35*d"2) * (—a~2*x~2+1) ~(5/2) /a~9+4/44
1#d"3* (9*ka~2%c+7*d) * (-a~2%x"2+1) ~(7/2) /a~9-1/81*d"4* (-a~2*x~2+1) ~(9/2) /a”~9
+c 4xx*arccos (a*x)+4/3*c”3*d*x"3*arccos (a*x)+6/5*%c~2*d"~2*xx"5*arccos (axx) +4
/T*c*d"3*x"7*arccos (a*x)+1/9*d"4*x"9*arccos (axx)-1/315*%(315*%a"~8*c~4+420*a"
6*c”3*xd+378*a"4*xc~2*%d"2+180*a~2*c*d~3+35*%d"4) * (-a~2*x"2+1)~(1/2)/a"9

3.26. [ (c+ dx?)*arccos(ax) dz
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3.26.2 Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 212, normalized size of antiderivative = 0.73

/ (c+ dx2)4 arccos(az) dz =

V1 — a212(4480d* + 320a%d?(81c + 7dx?) + 48a*d?(1323c* + 270cdz? + 35d%z*) + 8a®d(11025¢® + 39
992

1
+ ﬁx(315c4 + 420c°dz® + 378¢°d*z* + 180cd’z® + 35d*z®) arccos(az)

-

input LIntegrate [(c + d*x~2) ~4*ArcCos[a*x] ,x]

| —

output | -1/99225*%(Sqrt[1 - a”2*x"2]*(4480*%d"4 + 320%a”~2*d~3*(81l*c + T*d*x~2) + 48%
a~4*d"2%(1323%c”2 + 270%c*d*x~2 + 35%d"2*x"4) + 8%a~6xd*(11025%c~3 + 3969*
CT2*d*x"2 + 121b5*%c*xd”"2*x"4 + 175%d"3*x76) + a~8%(99225*%c”4 + 44100*c”3*d*x
"2 + 23814%c”2*%d"2xx"4 + 8100*%c*d"3*x"6 + 1225%d"4*x78)))/a"9 + (x*(315%c”
4 + 420%c”3*d*x"2 + 378%c"2x%d"2*x"4 + 180%*c*xd"3*x"6 + 35xd"4*x"8)*ArcCos[a
*x]) /315

\

3.26.3 Rubi [A] (verified)

Time = 0.64 (sec) , antiderivative size = 296, normalized size of antiderivative = 1.01,
number of steps used = 6, number of rules used = 5, number of rules _ 0.357, Rules used

integrand size
= {5171, 27, 2331, 2389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ arccos(az) (c + daEQ)4 dx

l 5171

dz + c*z arccos(azx) +

/ z(35d*z® + 180cd3x® + 378c2d?z* + 420c*dx? + 315¢*)
a
315v/1 — a2x2

4 1
§c3dm3 arccos(az) + 562d2x5 arccos(az) + §cd3x7 arccos(az) + §d4ac9 arccos(az)

| 27

3.26. [ (c+ dx?)*arccos(ax) dz



input | Int[(c + d*x~2) ~4*ArcCos [a*x],x]

output
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1 z(35d*z® 4 180cd3z® + 378c2d?z* + 420c3dx? + 315¢*)
315" N

4 4 1
§c3da:3 arccos(az) + gc2d2w5 arccos(az) + ?cd3x7 arccos(az) + §d4m9 arccos(azx)

dz + c*z arccos(azx) +

l 2331

1 [35d%% +180cd’a® + 378c*d*a" + 420c°da” + 315¢1
630 V1 — a2z2

4 4 1
§c3dm3 arccos(az) + SCQdeS arccos(az) + §cd3x7 arccos(az) + §d4x9 arccos(az)

dz? + ¢tz arccos(az) +

l 2389

1 35(1—a22?)"%d*  20(9ca® + 7d) (1 - a2x?)®*d®  6(63c%a* + 90cda? + 35d2) (1 — a2a2)** @2
630" / a8 B a8 + a8 B

4 6 4 1
¢tz arccos(azx) + §c3dm3 arccos(az) + gc2d2:c5 arccos(azx) + ?cd3m7 arccos(az) + §d4w9 arccos(azx)

l 2009

1 [40d3(1—a2a?)"/? (9a2c+7d)  70d*(1—a2a?)”?  12d%(1 — a2a?)*? (63a%c? + 90a2cd + 35d2)  8d
630" 7al0 - 9a10 B 5a10 o

4 6 4 1
¢tz arccos(az) + = c3da® arccos(ax) + gczd2m5 arccos(azx) + ?cd3m7 arccos(az) + §d4ac9 arccos(azx)

(a*((-2%(315%a~8*c~4 + 420*a"6*c~3*d + 378*a~4*c~2*d~2 + 180*a~2%c*d~3 + 3
5xd~4)*Sqrt[1 - a"2*x~2])/a"10 + (8*d*(105%a~6*c~3 + 189%a~4*c~2*d + 135%a
“2%cxd"2 + 35%d73)*(1 - a”2*x"2)"(3/2))/(3*a~10) - (12*%d~2*(63*a"4*c”2 + 9
0*a~2*c*d + 35%d~2)*(1 - a™2*x"2)"(5/2))/(5%a~10) + (40*d"3*(9*a"2*c + 7T*d
)*(1 - a~2*x”2)"(7/2))/(7*a~10) - (70*%d~4*(1 - a~2*x~2)~(9/2))/(9*%a~10)))/
630 + c~4*x*ArcCos[a*x] + (4*c”3*d*x"3*ArcCos[a*x])/3 + (6xc”2*d"~2*x"5*Arc
Cos[a*x])/5 + (4*c*d~3*x~7*ArcCos[a*x])/7 + (d~4*x~9*ArcCos[a*x])/9

3.26. [ (c+ dx?)*arccos(ax) dz
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3.26.3.1 Defintions of rubi rules used

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma

\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

rule 2331

rule 2389

rule 5171

Int[(Pq )*(x_ )" (m_.)*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[1/2 S
ubst [Int [x~((m - 1)/2)*SubstFor[x~2, Pq, x]*(a + b*x)7p, x], x, x~2], x] /;
FreeQ[{a, b, p}, x] && PolyQ[Pq, x~2] && IntegerQ[(m - 1)/2]

Int[(Pq_)*((a_) + (b_.)*(x_)"(n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand
[Pg*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, n}, x] && PolyQ[Pq, x] && (IGtQ[p
, 01 |l EqQ[n, 11)

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x~2)7p, x]}, Simp[(a + b*ArcCos[c*x]) u, x
] + Simp[b*c  Int[SimplifyIntegrand[u/Sqrt[1 - c~2*x~2], x], x], x]] /; Fr
eeQ[{a, b, c, d, e}, x] && NeQ[c™2*d + e, 0] && (IGtQ[p, 0] || ILtQ[p + 1/2
, 01

3.26.4 Maple [A] (verified)

Time = 0.37 (sec) , antiderivative size = 393, normalized size of antiderivative = 1.35

d*2® arccos(azx) + 4c d3z7 arccos(ax) + 6c2d?z® arccos(azx) + 4c3d 28 arccos(azx)

parts 5 = z 3

method result
35d4 <_ asa:s —a2z2+1
arccos(am)c4ax+ 4a arccos(az)c3d z3 + 6a arccos(az)c2d2z5 + 4a arccos(az)c d3z7 + a arccos(am)d4:1:9 9

derivativedivides 2 > T :
4 a Z
4 4a arccos(az)c3d .7;3 6a arccos(az)c2 d2z5 4a arccos(az)c d3m7 a arccos(ax)d4:1:9 35d <_ 9

default arccos(az)c*az+ 3 + + = + o

elau

+ c*z arccos (az) + —

3.26. [ (c+ dx?)*arccos(ax) dz
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input‘int((d*x“2+c)“4*arccos(a*x),x,method=_RETURNVERBUSE) ‘

output | 1/a*(arccos (a*x) xc~4*a*xx+4/3*a*xarccos (a*xx)*c~3*d*x~3+6/5*a*arccos (a*x) *c~2
*d~2*xx~5+4/T*a*arccos (a*xx) *xckxd~3*x~7+1/9*a*arccos (a*xx) *d~4*x~9+1/315/a"~8%(
35%d"4* (-1/9%a”~8*x"8* (-a~2*x"2+1) ~(1/2)-8/63*x"6*a~6*(-a~2*x"2+1)~(1/2)-16
/105%a~4*x"4* (-a~2*%x"2+1) " (1/2)-64/315*xa~2*x" 2% (-a~2*x"2+1) ~(1/2)-128/315%
(-a~2*x"2+1) " (1/2))-315*%c"4*a"~8* (—a~2*x"2+1) " (1/2) +420*c~3*a”~6xd* (-1/3*a"2
*x 2% (—a~2%x"2+1) " (1/2)-2/3*% (-a~2*x"2+1) ~(1/2) ) +378*c~2*a"~4*xd~2* (-1/5%a"~4x*
X"4*(—a”2xx"2+1) " (1/2) -4/15%a~2*x"2x (—a"2*x~2+1) ~(1/2)-8/15*% (—a~2*x"2+1) " (
1/2))+180*c*a”~2xd"3* (-1/7*x"6*a~6* (—a~2*x"2+1) ~(1/2)-6/35*a~4*x"4* (-a~2*x"
2+1)7(1/2)-8/35*a”~2xx”~ 2% (-a~2*%x"2+1) ~(1/2)-16/35x (-a~2*x~2+1) ~(1/2))))

3.26.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 239, normalized size of antiderivative = 0.82

/ (c+ davz)4 arccos(ax) dz
_ 315(35a%d*z” 4 180 a’cd’x” + 378 a’c?d®x® 4 420 a’cPdx?® 4 315 a’c'z) arccos (ax) — (1225 a®d*z® + 99;

~—

input Lintegrate ((d*x~2+c) “4*arccos(a*x) ,x, algorithm="fricas")

output | 1/99225% (315% (35*%a~9*d~4*x~9 + 180*%a”~9*c*d~3*x"7 + 378*a~9*c~2*%d~2%x"5 + 4
20*%a~9*kc~3*d*x~3 + 315%a~9*c”4*x)*arccos(axx) - (1225%xa”~8*d"4*x~8 + 99225%
a"~8*c~4 + 88200*a”~6xc”~3*d + 63504*a~4*c”2*%d"2 + 100*(81*%a”~8*c*d"3 + 14*a”6
*d~4)*x~6 + 25920*%a"2*c*d"3 + 6*x(3969*a~8*c"2*d"2 + 1620*a~6xcxd~3 + 280%*a
“4%d"4)*x"4 + 4480*%d"4 + 4%(11025%a"8*c~3*d + 7938*a~6*c”2*%d"2 + 3240%a"4x*
cxd™3 + 560*a”2xd"4)*x"2)*sqrt(-a~2*x~2 + 1))/a"9

3.26.6 Sympy [A] (verification not implemented)

Time = 1.33 (sec) , antiderivative size = 502, normalized size of antiderivative = 1.72

/ (c+ dacQ)4 arccos(azx) dz

ctr acos (aw) + 4c3dax3 zcos (azx) + 6c2d2m55acos (az) + 4cd327 a7COS (azx) + d*a® agos (az) _Z2m2+1 _ 4c3dg? 9;(129;24,-

3.3 225 3.7 4.9
‘I!'<C4:E-|-4C 3dz +60 é x +4cd7z _’_dgz >

2

3.26. [ (c+ dx?)*arccos(ax) dz
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input‘integrate((d*x**2+c)**4*acos(a*X),X)

output | Piecewise ((c**4xx*acos (a*x) + 4xc*x*3xd*xx*x*3*acos(a*xx)/3 + 6kcx*x2kxd**2*xx**5
xacos (axx) /5 + 4kxcxd**3*xx*xT*acos(a*x)/7 + dx*x4*x*x*9*xacos(a*x)/9 - c**d*sq
rt(—a**x2*x**2 + 1)/a — 4*c*k*3*kd*kx**2ksqrt (—a**2*x**2 + 1)/(9%a) — B*xcx*2xd
*kk 2k x*k4ksqrt (—ax*2kx*x*2 + 1)/(25%a) — 4kcxd**3xx**6xsqrt (—ax*2xx*x*2 + 1)/
(49%a) - d**4*x*x*8*sqrt (—ax*2*x**2 + 1)/(81%a) - 8kcx*3*xd*ksqrt (—a**2kx**2
+ 1)/ (9%ax*3) — 8kck*k2kA**2xx**2xsqrt (—ax*2xx*x*2 + 1)/(25*a**3) - 24xc*d**
Bkxkx4xsqrt (—a*x*2xx**x2 + 1)/(245*%a**3) - 8kd**4*xx**x6xsqrt (-a*x*2xx*x2 + 1)/
(B67xa*x3) — 16%cx*2xd**2*sqrt (—ax*2xx**2 + 1)/(25xa**5) — 32kckxd**3*kx**2%
sqrt (—ax*2xx**2 + 1)/(245%ax*5) - 16*d**4*x**x4*xsqrt (-a*x*2*x*x2 + 1)/(945*a
*%5) - 64*ckd**3*sqrt (-a*xx2xx*x2 + 1)/(245%a*x7) - 64*d**4*x**2*sqrt (-a**2
*x*¥x2 + 1) /(2835%ax*7) - 128*d*x4*sqrt(-a**x2xx*x2 + 1)/(2835xa**9), Ne(a,
0)), (pix(c**4*x + 4xc**3*%d*x**x3/3 + Bxc*k*2kd**2*xx**5/5 + 4*ckd**3*x**7/7
+ d*x*4*x*%*9/9)/2, True))

3.26.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 400, normalized size of antiderivative = 1.37

/ (c+ dacQ)4 arccos(azx) dz =

1 <1225 vV—a2z? + 1d*2® N 8100 v/ —a?x? + led3z® N 23814/ —a2z? + 12d*z* N 1400 v/ —a2x?
2 2 2 1

99225 a a a a

1
+ 315 (35 d*z® + 180 cd®z™ + 378 2d%x® + 420 3dz® + 315 c4x) arccos (ax)

input | integrate ((d*x~2+c) “4*arccos(a*x),x, algorithm="maxima")

output | -1/99225% (1225*sqrt (-a~2*x"2 + 1)*d"4*x"8/a"2 + 8100*sqrt(-a~2*x"2 + 1)*c*
d"3%x76/a"2 + 23814x*sqrt(-a”2*x"2 + 1)*c”2+xd"2*x"4/a"2 + 1400*sqrt(-a”~2xx"
2 + 1)*d~4*x"6/a"4 + 44100*sqrt(-a~2*x"2 + 1)*c”3*d*x"2/a"2 + 9720*sqrt(-a
“2%x72 + 1)*c*d"3*x"4/a"4 + 99225xsqrt(-a”2*x"2 + 1)*c”4/a”2 + 31752*sqrt(
-a"2*x"2 + 1)*c"2*d"2*x"2/a"4 + 1680*sqrt(-a”2*x"2 + 1)*d"4*xx"4/a"6 + 8820
Oxsqrt(-a"2*x"2 + 1)*c~3*d/a"4 + 12960*sqrt(-a~2*x~2 + 1)*c*d"3*x"2/a"6 +

63504*sqrt(-a~2*x"2 + 1)*c"2+%d"2/a"6 + 2240*sqrt(-a~2*x"2 + 1)*d"4*x"2/a"8
+ 25920*sqrt(-a"2*x"2 + 1)*c*d"3/a"8 + 4480*sqrt(-a"2*x"2 + 1)*d~4/a~10)*
a + 1/315%(35%d"4*x"9 + 180*cxd~3*x"7 + 378%c~2xd"2*x"5 + 420%*c”~3*d*x"3 +

315%c~4#*x)*arccos (a*x)

3.26. [ (c+ dx?)*arccos(ax) dz
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3.26.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 408, normalized size of antiderivative = 1.40

V=@ ¥ 1d4a?
8la

1 4
/ (c+ dgv2)4 arccos(azx) dx = 5 d*z® arccos (azx) + - cdx" arccos (azx) —

4+/—a%x? + led3z

6
+ — c*d®z° arccos (az) —

3 49a
4 /2.2 1 2d2 4
+ 3 c*dx® arccos (ax) — 6v—a 25—2 ceT

_ 8v-—a%z? + 1d*zS 4+/—a2z? + 1c3da?

+ c*z arccos (az) —

567 a3 9a

24v/—a2z? + led?®2* /—a2z? + 1t
B 245 a3 B a

8v—a2z? + 13d%z?> 16 vV —a?22? + 1d*z?
B 25 a3 a 945 ab

8v—a2z2 + 1c3d 32+ —a2x? + led32?
B 9 a3 B 245 a5

16 vV —a222 4+ 1c?d?> 64/ —a2z? + 1d*2?
B 25 a5 B 2835 a’

64/ —a2z? + 1lcd® 128 v/ —a2z2 + 1d*
B 245 a7 B 2835 a?

;
input  integrate((d*x~2+c) “4*arccos(a*x) ,x, algorithm="giac")

output | 1/9%d~4*x"9*arccos (axx) + 4/T*xc*d"3*x"T*arccos(a*x) - 1/81*sqrt(-a~2*x~2 +
1)*d"4%x"8/a + 6/5*c”2+d"2*x"5*arccos(a*x) - 4/49*sqrt(-a"2*x"2 + 1)*c*d”
3*x"6/a + 4/3*c”3*d*x"3*arccos(axx) - 6/25xsqrt(-a”2*x"2 + 1)*c~2xd"2*x"4/
a - 8/567*xsqrt(-a~2*x"2 + 1)*d~4*x"6/a"3 + c~4*x*arccos(a*x) - 4/9*sqrt(-a
“2%x72 + 1)*c”3*d*x"2/a - 24/245%sqrt(-a”2*x"2 + 1)*c*d"3*x"4/a"3 - sqrt(-
a"2*xx"2 + 1)*c"4/a - 8/25*%sqrt(-a”2*x"2 + 1)*c”"2*d"2%x"2/a"3 - 16/945%sqrt
(-a"2*x"2 + 1)*d"4xx"4/a"5 - 8/9*sqrt(-a"2*x"2 + 1)*c”~3*d/a"3 - 32/245%*sqr
t(-a”2%x"2 + 1)*c*xd"3*%x"2/a”5 - 16/25*sqrt(-a~2+x"2 + 1)*c~2+%d"2/a"5 - 64/
2835*sqrt(-a”2*x"2 + 1)*d"4*x"2/a”7 - 64/245*sqrt(-a”2*x"2 + 1)*c*d~3/a"7

- 128/283b*sqrt(-a~2*x"2 + 1)*d~4/a"9

N

3.26. [ (c+ dx?)*arccos(ax) dz
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3.26.9 Mupad [F(-1)]
Timed out.

/ (c+ davz)4 arccos(ax) dz = / acos(az) (dz® + 0)4 dz

inputtint(acos(a*x)*(c + d*x"2)74,x)

output Lint(acos(a*x)*(c + d*x~2)74, x)

3.26. [ (c+ dx?)*arccos(ax) dz
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f arccos(ax) dr

c+dr?

3.27

3.27.1
3.27.2
3.27.3
3.27.4
3.27.5
3.27.6
3.27.7
3.27.8
3.27.9

Optimal result

Rubi [A] (verified)

Maple [C] (verified)
Fricas [F]

Sympy [F]
Maxima [F]
Giac [F]
Mupad [F(-1)]

3.27.1 Optimal result

Integrand size = 14, antiderivative size = 521

Mathematica [A] (verified) . . . . . . . . . .. ...

el arccos(az) et arccos(az)
/ arccos(az) o arccos(ax) log (1 - ﬁTm) ~ arccos(azx) log (1 + Qﬁ*Tm)
¢+ dz? 2v/—cvd 2v/—cvd

arccos(az) log <1 -
_|_

\/aei arccos(azx)
av/—c+iva2e+d

2v/—cvVd

iarccos(ax)
arccos(az) log (1 + ﬁTm)

) _Vdetarccos(az)
) ~ i PolyLog (2’ aﬁ—ix/@)

2v/—cVd
. \/aei arccos(azx)
i PolyLog (2, — Ve orn,
+
24/ — c\/a
. \/aei arccos(az)
¢ PolyLog ( 2, — av—ctivarcrd

+

2\/—0\/8
. \/Eei arccos(az)
> 1 PolyLog <2, m)

2/—cvd

2/—cvd

321, [ el gy
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output | 1/2*arccos (a*x)*1n(1-(a*x+I*(-a~2%x~2+1)~(1/2))*d~(1/2)/(a*(-c)~(1/2)-I*(a
~2xc+d)~(1/2)))/(-c)~(1/2)/d" (1/2)-1/2*arccos (a*xx) *1n (1+(a*x+I* (-a~2*x~2+1
)" (1/2))*d~(1/2) / (a*(-c) ~(1/2)-Ix(a~2*c+d) ~(1/2)))/(-c)~(1/2)/d~(1/2)+1/2%
arccos (a*x)*1n(1-(axx+I*(-a~2*x"2+1) "~ (1/2))*d~(1/2)/(a*x(-c) ~(1/2)+I*(a"2*c
+d)~(1/2)))/(-c)~(1/2)/d"(1/2)-1/2*arccos (a*x) *1n (1+(a*xx+I*(-a~2*x"2+1) " (1
/2))*d~(1/2)/(a*(-c)~(1/2)+I*(a~2%c+d) ~(1/2)))/(-c)~(1/2) /d~(1/2)+1/2*I*po
lylog(2,-(a*x+I*(-a~2*x"2+1)~(1/2))*d"~(1/2)/(a*(-c)~(1/2)-I*(a"2*c+d) ~(1/2
)))/(-c)~(1/2)/da~(1/2)-1/2%I*polylog(2, (a*xx+I*(-a~2*x~2+1)~(1/2))*d~(1/2)/
(ax(-c)~(1/2)-Ix(a~2*c+d)~(1/2)))/(-c)~(1/2)/d~(1/2)+1/2*I*polylog(2, - (a*x
+Ik(-a~2+%x"2+1) " (1/2))*d~(1/2) / (ax(-c) " (1/2)+I*(a"2*c+d) ~(1/2)))/(-c)~(1/2
)/d”~(1/2)-1/2*I*polylog(2, (axx+I*(-a~2*x~2+1)~(1/2))*d~(1/2)/(ax(-c)~(1/2)
+Ix(a”2%c+d)~(1/2)))/(-c)~(1/2)/d"(1/2)

3.27.2 Mathematica [A] (verified)

Time = 1.81 (sec) , antiderivative size = 811, normalized size of antiderivative = 1.56

arccos(ax
/ arccos(az)
¢+ dz?
) 1- % (a c—i\/a) tan( arccos(ax)) . 1+ i?\ff (a\/E+i\/a) tan (3 arcc
4 arcsin 7 arctan Jerd — 4 arcsin 7 arctan JaZord

-

inputLIntegrate[ArcCos[a*x]/(c + d*x72) ,x]

N J

321, [ el gy
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output | (4*xArcSin[Sqrt[1 - (I*axSqrtlcl)/Sqrt[d]l]/Sqrt[2]]*ArcTan[((a*Sqrtlc] - Ix
Sqrt [d])*Tan[ArcCos [a*x]/2])/Sqrt[a”2xc + d]] - 4*ArcSin[Sqrt[1 + (I*ax*Sqr
t[c])/Sqrt[d]l]1/Sqrt[2]]*ArcTan[((a*Sqrt[c] + I*Sqrt[d])*Tan[ArcCos[a*x]/2]
)/Sqrt[a~2*c + d]] + I*ArcCos[a*x]*Log[l - (I*(-(a*Sqrtl[c]l) + Sqrt[a™2*c +
d])*E~(I*ArcCos[a*x]))/Sqrt[d]] + (2*I)*ArcSin[Sqrt[1 + (I*a*Sqrt[cl)/Sqr
t[d]11/8qrt[2]]1*Log[1 - (Ix(-(a*Sqrtlc]) + Sqrt[a"2*c + d])*E~ (I*ArcCos[a*x
1))/8qrt[d]] - IxArcCos[a*x]*Logl[l + (I*(-(a*Sqrt[c]) + Sqrt[a~2*c + d])*E
~(I*ArcCos[a*x]))/Sqrt[d]] - (2*I)*ArcSin[Sqrt[1 - (I*a*Sqrt[c]l)/Sqrtldl]l/
Sqrt[2]]1#Log[1 + (I*(-(a*Sqrtlc]) + Sqrt[a~2*c + d])*E~(I*ArcCos[a*x]))/Sq
rt[d]] - I*ArcCos[a*x]*Logl[l - (I*(a*Sqrtl[c] + Sqrt[a"2*c + d])*E~(I*ArcCo
s[a*x]))/Sqrt[d]] + (2*I)*ArcSin[Sqrt[1 - (I*a*Sqrt[c])/Sqrt[d]]/Sqrt[2]]x*
Logl[l - (I*(a*Sqrtlc] + Sqrtl[a~2*c + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] + I*A
rcCos [a*x] *Log[1 + (I*(a*Sqrt[c] + Sqrtl[a~2xc + d])*E~(IxArcCos[a*x]))/Sqr
t[d]] - (2%I)*ArcSin[Sqrt[1 + (I*a*Sqrtl[c]l)/Sqrtl[d]l]/Sqrt[2]]*Logll + (I*(
a*Sqrt[c] + Sqrt[a~2*c + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] - PolyLogl[2, ((-I
)*(-(a*Sqrt[c]) + Sqrtl[a~2*c + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] + PolyLogl[2
, (Ix(-(a*Sqrtlc]l) + Sqrt[a~2*c + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] + PolyLo
gl2, ((-I)*(a*Sqrtlc] + Sart[a™2*c + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] - Pol
yLog[2, (I*(axSqrtlc] + Sqrtl[a~2xc + d])*E~(I*ArcCos[a*x]))/Sqrt[d]])/(2%S
grt [c]*Sqrt [d])

3.27.3 Rubi [A] (verified)

Time = 1.14 (sec) , antiderivative size = 521, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Lumber of rules _ 0.143, Rules used

' integrand size
= {5173, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ arccos(ax) e

¢+ dz?
l 5173

/ v/—carccos(ax) 4 v/—carccos(azx) dr
2 (\/—_ - \/le> 2 (v=c+ ﬁlw)

l 2009

3.27. j‘iéggggﬂ-dz
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\/Eei arccos(ax)

i PolyLog (2, e Td

\/Eei arccos(azx) )

_|_
2\/—C\/C_l 2\/—0\/8
. _ \/& i arccos(azx) . \/E i arccos(azx)
1 PolyLog <2, —F;H m) ~ 1 PolyLog (2, —_;H m) N
2v/—cVd 2v/—cVd

\/aei arccos(ax)

arccos(az) log (1 - m) arccos(azx) log (1 t vV ivaierd

\/aei arccos(azx) )
+

2v/—cVd ‘ 2v/—cVd '
arccos(az) log <1 — %) arccos(ax) log (1 + %)
2y/—cVd 2v/=cvd

p
input

Int[ArcCos[a*x]/(c + d*x~2),x]

output

(ArcCos[a*x]*Log[1 - (Sqrt[d]*E~(I*ArcCos[a*x]))/(a*Sqrt[-c] - IxSqrt[a~2*
c + d1)1)/(2*Sqrt[-c]l*Sqrt[d]) - (ArcCos[a*x]*Logl[l + (Sqrt[d]*E~(I*ArcCos
[a*x]))/(axSqrt[-c] - I*Sqrtla~2xc + d1)1)/(2*Sqrt[-c]*Sqrt[d]) + (ArcCosl
axx]*Log[1 - (Sqrt[d]*E~(I*ArcCos[a*x]))/(a*Sqrt[-c] + I*Sqrtl[a~2*c + d])]
)/ (2%Sqrt [-c]*Sqrt [d]) - (ArcCos[a*x]*Logl[l + (Sqrt[d]*E~(I*ArcCos[a*x]))/
(a*xSqrt[-c] + I*Sqrtla~2*c + d1)]1)/(2*Sqrt[-cl*Sqrt[d]) + ((I/2)*PolyLogl[2
» —((8qrt[d]*E~ (I*ArcCos[a*x]))/(a*xSqrt[-c] - I*Sqrt[a~2*c + d]))])/(Sqrtl[
-c]*Sqrt[d]) - ((I/2)*PolyLogl[2, (Sqrt[d]*E~(I*ArcCos[a*x]))/(axSqrt[-c] -
IxSqrt[a~2*c + d])]1)/(Sqrt[-cl*Sqrt[d]) + ((I/2)*PolyLogl[2, -((Sqrt[d]*E"
(I*ArcCos[a*x]))/(a*Sqrt[-c] + I*Sqrt[a~2*c + d]1))1)/(Sqrt[-cl*Sqrt[d]) -
((I/2)*PolyLogl[2, (Sqrt[d]*E~(I*ArcCos[a*x]))/(a*Sqrt[-c] + I*Sqrt[a~2xc +
d1)1)/(sqrt[-c]l*Sqrt[d])

3.27.3.1 Defintions of rubi rules used

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

e

rule 5173

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)*x((d_) + (e_)*(x_)"2)"(p_.), x

‘_Symbol] :> Int[ExpandIntegrand[(a + b*ArcCos[c*x])"n, (d + e*x~2)7p, x], x
‘] /; FreeQ[{a, b, c, d, e, n}, x] && NeQ[c™2xd + e, 0] && IntegerQ[p] && (G

N\

tQlp, 0] || IGtQ[n, 0])

321. [ —argfjizz) dz
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3.27.4 Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 4.62 (sec) , antiderivative size = 216, normalized size of antiderivative = 0.41

_RI1 (7, arccos(az) In (_RJ—aa:—i\/W) +dilog (_Rl—am—i\/m) )

. R1 R1
ia > — 52 -
__R1=RootOf (d__Z*+(4ca?+2d)_7*+d) Rl dt2car+d
- 2
input tint (arccos(a*x)/(d*x"2+c) ,x) J

output | -1/2*I*a*xsum(_R1/(_R172*d+2*a"2*c+d) * (I*arccos (a*x) *1n((_R1-a*x-I*(-a"~2*x~
2+1)7(1/2))/_R1)+dilog((_Ri-a*x-I*(-a~2*x~2+1)~(1/2))/_R1)),_R1=Root0f (d*_
Z74+ (4*a~2xc+2xd) *_Z~2+d) )+1/2*I*a*sum(1/_R1/(_R172*d+2%a"2*c+d) * (I*arccos
(a*x)*1n((_R1-a*x-I*(-a~2*x"2+1)~(1/2))/_R1)+dilog((_R1l-a*x-I*(-a~2*x~2+1)
~(1/2))/_R1)),_R1=RootOf (d*_Z 4+ (4*a~2kc+2*d)*_Z~2+d))

3.27.5 Fricas [F]

/ arccos(ax) dr — / arccos (ax) i

¢+ dz? dz? +c
inputLintegrate(arccos(a*x)/(d*x‘2+c),x, algorithm="fricas") J
output Lintegral(arccos (axx)/(d*x"2 + c), x) J

3.27.6 Sympy [F]

¢+ dx? c+ dz?

/ arccos(ax) dp — / acos (ax) s

—

input Lintegrate (acos(a*x)/ (d*x**2+c) ,x)

output LIntegral(acos (a*xx)/(c + d*x**2), x) J

321, [ el gy
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3.27.7 Maxima [F]

/ arccos(ax) , [ arccos (ax) i

ctdsz 0T dz? + ¢

input Lintegrate (arccos(a*x)/(d*x~2+c) ,x, algorithm="maxima")

output Lintegrate(arccos(a*x)/(d*x“Q +c), x)

3.27.8 Giac [F|

/ arccos(az) - [ arecos (ax)
¢+ dx? dz? +c

input Lintegrate (arccos(a*x)/(d*x~2+c) ,x, algorithm="giac")

output Lintegrate(arccos(a*x)/(d*x“Q +c), x)

3.27.9 Mupad [F(-1)]

Timed out.

arccos(ax) , [ acos(ax)
/ ¢ + dx? dx—/ dz?+c de

input Lint (acos(a*x)/(c + d*x"2),x)

output Lint(acos(a*x)/(c + d*x"2), x)

321, [ el gy



CHAPTER 3.

LISTING OF INTEGRALS 216
arccos(ax)
3.28 [ ool gy
(c+dz?)
3.28.1 Optimalresult . . .. ... .. .. .. ... . 216
3.28.2 Mathematica [A] (verified) . . . . . . . ... Lo 217
3.28.3 Rubi [A] (verified) . . . . ... . ... AR
3.28.4 Maple [C] (warning: unable to verify) . . . . . . ... ... ... ... ... . 2201
3.28.5 Fricas [F] . . . . . o o o 221]
3.28.6 Sympy [F] . . . . . o 221]
3.28.7 Maxima [F] . . . . . . 2271
3.28.8 Giac [F] . . . . . .
3.28.9 Mupad [F(-1)] . . . . oo
3.28.1 Optimal result
Integrand size = 14, antiderivative size = 727
/ arccos(az) , arccos(azx) N arccos(azx)
(c+ dz?)? 4eVd (\/—c — \/c_lx> 4cVd <\/—c + \/c_im>
—a?/—cx a?y/—
~ aarctanh(\/%T%) ~ aarctanh(%)
devdv/a2c +d 4evdva2c +d
et arccos(ax)
- arccos(ax) log <1 - a\/'ic NW)
4(— )3/2\/_
dez arccos(ax)
s arccos(azx) log <1 + o MW)
4(—oVa
B arccos(azx) log (1 — - \/‘EZCCO;Z )
4(— )3/2\/_
et arccos(az)
N arccos(azx) log (1 + \/‘LH NI )
4(—0P2/
. de’ arccos(ax) . \/Eei arccos(azx)
~ it PolyLog (2, e zW) N 1 PolyLog (2, m)
4(— 0)3/2\/_ 4(_0)3/2\/3
. del arccos(ax) . \/Eei arccos(ax)
~ 1 PolyLog (2, o rivaTord ) N 1 PolyLog (2, —aﬁ+im>
4(— c)3/2\/_ 4(—0)3/2\/3
arccos(az)

3.28. dz

J

(c+dz?)?
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output | -1/4*arccos (a*x)*1n(1-(a*xx+I*(-a~2*xx"2+1)~(1/2))*d~(1/2)/(a*(-c)~(1/2)-Ix*(
a~2xc+d)~(1/2)))/(-c)~(3/2)/d" (1/2)+1/4*arccos (a*xx) *1n (1+(a*xx+I* (-a~2*x~2+
1)7(1/2))*d~(1/2) / (a*(-c)~(1/2)-I*(a~2*c+d)~(1/2)))/(-c)~(3/2)/d~(1/2)-1/4
*arccos (axx)*1n(1-(a*x+I*(-a~2*x"2+1)~(1/2))*d~(1/2) /(a*(-c) "~ (1/2) +I*(a~2*
c+d)~(1/2)))/(-c)~(3/2)/d" (1/2)+1/4*arccos (a*x) *1n (1+ (a*x+I* (—a~2*xx"2+1) ~ (
1/2))*d~(1/2)/(ax(-c)~(1/2)+I*(a"2*c+d) ~(1/2)))/(-c)~(3/2) /d~(1/2)-1/4*I*p
olylog(2,-(a*x+I*(-a~2*x"2+1)~(1/2))*d"(1/2) /(ax(-c)~(1/2)-I*(a"2*c+d) ~(1/
2)))/(-c)~(3/2) /4" (1/2)+1/4xI*polylog(2, (axx+I*(-a~2xx"2+1)~(1/2))*d~(1/2)
/(ax(-c)~(1/2)-I*(a"2*c+d)~(1/2)))/(-c)~(3/2)/d~(1/2)-1/4*I*polylog(2,-(a*
x+I*(—a"2xx"2+1) " (1/2) ) *d~(1/2) / (a*(-c) " (1/2) +I*(a~2*c+d) ~(1/2)) )/ (-c)~(3/
2)/d"(1/2)+1/4xIxpolylog(2, (a*xx+I*(-a~2%x~2+1)~(1/2))*d~(1/2)/(a*(-c)~(1/2
)+I*x(a"2xc+d)~(1/2)))/(-¢c)~(3/2)/d" (1/2)-1/4*arccos(a*x)/c/d~(1/2) / ((-c)~(
1/2)-x*d~ (1/2))+1/4*arccos(a*x)/c/d~(1/2)/((-c)~(1/2)+x*d~(1/2) ) -1/4*a*arc
tanh ((-a~2*x*(-c)~(1/2)+d~(1/2))/(a~2*c+d) ~(1/2) / (-a~2*x"2+1) ~(1/2)) /c/d"(
1/2)/(a"2*c+d) " (1/2)-1/4*a*xarctanh((a”~2*x*(-c) "~ (1/2)+d~(1/2))/(a"2*c+d) " (1
/2)/(-a~2xx"2+1)~(1/2)) /c/d~(1/2) / (a~2*c+d) " (1/2)

3.28.2 Mathematica [A] (verified)

Time = 2.83 (sec) , antiderivative size = 1065, normalized size of antiderivative = 1.46

/ arccos(azQ) d
(c+ dz?)
. 1/ 1—% (a c— 'L\f) tan( arccos(ax)) . 1+ i%z (a\["‘l\f) tan( arcc
4 arcsin 7 arctan Jerd — 4 arcsin 7 arctan JaZord

input | Integrate[ArcCos[a*x]/(c + d*x~2)"2,x]

328. [ jfjf; ;’)’”) dz
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output | (4*xArcSin[Sqrt[1 - (I*axSqrtlcl)/Sqrt[d]l]/Sqrt[2]]*ArcTan[((a*Sqrtlc] - Ix
Sqrt [d])*Tan[ArcCos [a*x]/2])/Sqrt[a”2xc + d]] - 4*ArcSin[Sqrt[1 + (I*ax*Sqr
t[c])/Sqrt[d]l]1/Sqrt[2]]*ArcTan[((a*Sqrt[c] + I*Sqrt[d])*Tan[ArcCos[a*x]/2]
)/Sqrt[a~2*c + d]] + I*ArcCos[a*x]*Log[l - (I*(-(a*Sqrtl[c]l) + Sqrt[a™2*c +
d])*E~ (I*ArcCos[a*x]))/Sqrt[d]] + (2+I)*ArcSin[Sqrt[1 + (I*a*Sqrtl[c]l)/Sqr
t[d]11/8qrt[2]]1*Log[1 - (Ix(-(a*Sqrtlc]) + Sqrt[a"2*c + d])*E~ (I*ArcCos[a*x
1))/Sqrt[d]l] - IxArcCosl[a*x]*Logl[l + (I*(-(axSqrtlc]) + Sqrtl[a~2*c + d])*E
~(I*ArcCos[a*x]))/Sqrt[d]] - (2*I)*ArcSin[Sqrt[1 - (I*a*Sqrtl[c])/Sqrtl[d]l]l/
Sart[2]]1*Logl[1 + (I*(-(a*Sqrtlcl) + Sqrt[a~2*c + d])*E~(I*ArcCos[a*x]))/Sq
rt[d]] - I*ArcCos[a*x]*Logl[l - (I*(a*Sqrtl[c] + Sqrt[a"2*c + d])*E~(I*ArcCo
s[a*x]))/Sqrt[d]] + (2*I)*ArcSin[Sqrt[1 - (I*a*Sqrt[c])/Sqrt[d]]/Sqrt[2]]x*
Logl[l - (I*(a*Sqrtlc] + Sqrtl[a~2*c + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] + I*A
rcCos [a*x] *Log[1 + (I*(a*Sqrt[c] + Sqrtl[a~2xc + d])*E~(IxArcCos[a*x]))/Sqr
t[d]] - (2*I)*ArcSin[Sqrt[1 + (I*a*Sqrtlcl)/Sqrtl[d]l]/Sqrt[2]]1*Logll + (I*(
axSqrt[c] + Sqrt[a~2*c + d])+*E~ (I*ArcCos[a*x]))/Sqrt[d]] + Sqrt[c]l*(ArcCos
[a*x]/((-I)*Sqrtc] + Sqrtl[d]l*x) - (a*xLogl[(2*d*(Sqrt[d] - I*a~2xSqrt[c]*x

+ Sqrt[a~2*c + dl*Sqrt[1 - a"2*x"2]))/(axSqrt[a~2*c + d]l*((-I)*Sqrt[c] + S
grt[dl*x))])/Sqrt[a~2*xc + d]) + Sqrt[c]*(ArcCos[a*x]/(I*Sqrt[c] + Sqrt[d]=*
x) - (axLog[(-2*d*(Sqrt[d] + I*a~2xSqrtl[cl*x + Sqrtl[a~2*c + d]l*Sqrt[1 - a~
2%x72]))/(a*Sqrt [a~2*c + d]*(I*Sqrtlc] + Sqrt[dl*x))])/Sqrtl[a~2*c + dl)...

3.28.3 Rubi [A] (verified)

Time = 1.41 (sec) , antiderivative size = 727, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Lumber of rules _ 0.143, Rules used
integrand size

— {5173, 2000}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ arccos(aw2) e
(c+ dz?)

l 5173

dz

/ __darccos(az)  darccos(ax) _ darccos(az)
2¢(~cd — d?a?) 4c (\/—_cx/c_l - dm>2 4c (\/—_C\/C_i + dac>2

l 2009

3.28. j‘jjjjjg? dz




CHAPTER 3. LISTING OF INTEGRALS 219

a/e iWortd av/=c—iVea’+d J—cativeartd
4(—c)3/2/d A(—c)3/2/d (o2
i PolyLog (2, M) arccos(az) log (1 - M)

i PolyLog (27 _M) 1 PolyLog (2, M) 1 PolyLog (2, _M>
- - +

—ca+ivca2+d av/—c—iva2ct+d +
4(_0)3/2\/3 4(—c)3/2\/c_l
ot arccos(ax) el arccos(az)
arccos(az) log (1 + %) ~ arccos(az) log (1 - %) .
4(~0)2Vd A0V
arccos(az) log (1 + %) aarctanh(%) aarctanh( \/1(1726%)
4(—c)3/2\/d - 4evdva2c+d 4evdva2c +d
arccos(ax) arccos(ax)

4evd (\/—_ - \/Eiv) 4eVd (\/—_c - \/31:)

input ‘ Int [ArcCos[a*x]/(c + d*x~2)~2,x]

output | -1/4*ArcCos [a*x]/ (c*Sqrt [d] *(Sqrt [-c] - Sqrt[d]l*x)) + ArcCos[a*x]/(4*c*Sqr
t[d]*(Sqrt[-c] + Sqrt[d]l#*x)) - (axArcTanh[(Sqrt[d] - a~2*Sqrt[-c]*x)/(Sqrt
[a~2xc + d]*Sqrt[1 - a~2%x72])]1)/(4*xcxSqrt[d]*Sqrt[a~2*c + d]) - (a*ArcTan
h[(Sqrt[d] + a~2#Sqrt[-cl*x)/(Sqrt[a~2*c + dl*Sqrt[l - a~2*x"2])])/(4*c*Sq
rt[d]*Sqrt[a~2*xc + d]) - (ArcCos[a*x]*Logl[l - (Sqrt[d]*E~(I*ArcCos[a*x]))/
(a*Sqrt[-c] - IxSqrtl[a~2*c + d])]1)/(4x(-c)~(3/2)*Sqrt[d]) + (ArcCos[a*x]*L
ogl1l + (Sqrt[d]*E~(I*ArcCos[a*x]))/(a*Sqrt[-c] - I*Sqrtla™2xc + d])]1)/(4x*(
-c)~(8/2)*Sqrt[d]) - (ArcCos[a*x]*Log[1l - (Sqrt[d]*E~(I*ArcCos[a*x]))/(a*xS
qrt[-c] + I*Sqrt[a”2*c + d])])/(4*(-c)~(3/2)*Sqrt[d]) + (ArcCos[a*x]*Logl[1
+ (8qrt[d]*E~ (I*ArcCos[a*x]))/(axSqrt[-c] + I*Sqrt[a~2*c + d])]1)/(4*(-c)~
(3/2)*Sqrt[d]) - ((I/4)*PolyLog[2, -((Sqrt[d]*E~(I*ArcCos[a*x]))/(a*Sqrt[-
c] - IxSqrtl[a~2xc + d1))1)/((-c)~(3/2)*Sqrt[d]) + ((I/4)*PolyLogl[2, (Sqrtl
d] *E~ (I*ArcCos[a*x]))/(a*xSqrt[-c] - I*Sqrtl[a~2*c + d1)]1)/((-c)~(3/2)*Sqrt[
d]) - ((I/4)+*PolyLogl[2, -((Sqrt[d]*E~ (I*ArcCos[a*x]))/(a*xSqrt[-c] + I*Sqrt
[a”2*c + d]))]1)/((-c)~(3/2)*Sqrt[d]) + ((I/4)*PolyLogl[2, (Sqrt[d]*E~(I*Arc
Cos[a*x]))/(axSqrt[-c] + I*Sqrt[a~2xc + d1)]1)/((-c)~(3/2)*Sqrt[d])

328. [ jfjf; ;’)’”) dz
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3.28.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk35173‘Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)*((d.) + (e_)*(x_)"2)"(p_.), x
‘_Symbol] :> Int[ExpandIntegrand[(a + b*ArcCos[c*x])"n, (d + e*x~2)7p, x], x
1 /; FreeQl{a, b, c, d, e, n}, x] & NeQ[c™2*d + e, 0] && IntegerQlp] && (G |
£Qlp, 01 |1 I6tQln, 01) |

3.28.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 5.75 (sec) , antiderivative size = 796, normalized size of antiderivative = 1.09

d(iv—a2z2+1+az
z\/(2c a?+42+/ca?(c a2+d)+d)d (20.402—2 ca?(ca?+d) a’c+2a%cd—d+/ca?(c a2+d))a2 arctan ( )
c a2 c ll2 c (12
arccos(az)alz \/(2 +2 m+
2c(a?2d z2+ca?) 2¢(ca2+d)d3

| —

p
inputLint(arccos(a*x)/(d*x“2+c)“2,x)

output  1/a*(1/2*arccos (a*xx)*a~3*x/c/(a~2*d*xx"2+a~2*c)-1/2*%I* ((2*c*xa~2+2* (c*xa~2* (a
~2xc+d) ) " (1/2)+d) *d) " (1/2) * (2*¥a~4*c~2-2x (c*xa”~2* (a"2*c+d) ) " (1/2) *a~2xc+2*a”
2*%cxd-d* (c*a~2x(a~2*c+d) ) ~(1/2)) *a"~2*xarctan(d* (I*x(-a~2*x~2+1) ~(1/2)+ax*xx) /(
(2*c*xa™2+2* (c*a~2* (a"2xc+d) ) " (1/2)+d)*d) ~(1/2)) /c/(a~2*c+d) /d~3+1/2xI* ((2*
cxa~2+2x (c*a”~ 2% (a"2xc+d) ) ~(1/2)+d) *d) ~(1/2) * (2*c*xa~2-2* (c*a~2* (a~2*c+d) ) ~(
1/2)+d)*arctan(d* (I*(-a~2*xx~2+1) ~(1/2)+a*xx) / ((2*%c*xa~2+2* (c*xa~2* (a~2%c+d)) "~
(1/2)+d)*d) ~(1/2))*a~2/c/d~3-1/2xI* (- (2*xc*a~2-2* (c*xa~ 2% (a~2%c+d)) ~(1/2) +d)
*d) " (1/2) % (2*xa~4xc™2+2x (cxa~2* (a~2xc+d) ) ~(1/2) ¥a~2*c+2*a~2*c*d+d* (cxa~2* (a
~2xc+d)) ~(1/2) ) *a~2%arctanh (d* (I*(—a~2%x~2+1) ~(1/2) +a*x) / ((-2%c*xa~2+2x (c*a
~2x(a"2xc+d) )~ (1/2)-d)*d) ~(1/2)) /c/(a"2*c+d) /d~3+1/2*I* (- (2*xc*a~2-2*% (c*a~2
*(a~2xc+d)) " (1/2)+d) *d) " (1/2) * (2*xc*xa~2+2*x (c*a~2* (a"2*c+d) ) ~(1/2) +d) *arctan
h(dx(I*x(-a~2*x"2+1) "~ (1/2)+a*x)/ ((-2*c*a"~2+2* (c*a~2* (a~2xc+d) ) ~(1/2)-d) *d) "
(1/2))*a~2/c/d"3-1/4%1/c*a”2*sum(_R1/(_R1"2*d+2*a"2*c+d) * (I*arccos (a*x) *1n
((_R1-a*x-I*(-a"2*x"2+1)"(1/2))/_R1)+dilog((_Rl-a*x-I*(-a~2*x"2+1)~(1/2))/
_R1)),_R1=Root0f (d*_Z~4+(4*a~2*kc+2*d)*_Z~2+d))+1/4*I/c*xa”"2*sum(1/_R1/(_R1~
2%d+2xa~2*xc+d) * (I*xarccos (a*x) *1n ((_R1-a*x-I*(-a~2*x~2+1)~(1/2))/_R1)+dilog
((_R1-a*x-I*(-a~2%x~2+1)~(1/2))/_R1)), _R1=RootOf (d*_Z 4+ (4*a"~2%c+2xd) *_Z~2
+d)))

328. [ jfjf; ;’)’”) dz
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3.28.5 Fricas [F]

arccos(az) , / arccos (ax)
(c + dz?)? (da? + ¢)?

input Lintegrate (arccos(a*x)/(d*x~2+c)~2,x, algorithm="fricas")

-/

output Lintegral(arccos(a*x)/(d‘2*x‘4 + 2xckd*x”2 + ¢c”2), x)

3.28.6 Sympy [F]

/ arccos(azQ) dr — / acos (a:c)2 s
(¢ + dx?) (¢ + dx?)

input tintegrate (acos(a*x) / (d*x**2+c) **2,x)

output tIntegral(acos(a*x)/(c + dxx**2)**2, x)

3.28.7 Maxima [F]

/ arccos(azx) dp — / arccos (ax) i

(c + dz?)® (dz? + ¢)?

input Lintegrate (arccos(a*x)/(d*x"2+c)~"2,x, algorithm="maxima")

output Lintegrate(arccos(a*x)/(d*x"Q +¢c)72, x)

328. [ Tieedde
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3.28.8 Giac [F]

arccos(az) , / arccos (ax)
(c + dz?)? (da? + ¢)?

inputLintegrate(arccos(a*x)/(d*x“2+C)A2,X, algorithm="giac")

-/

outputLintegrate(arccos(a*x)/(d*x‘Q +¢c)72, x)

3.28.9 Mupad [F(-1)]

Timed out.
arccos(ax) , [ acos(azx)

(c+dz2)? ) (da?+c)

inputtint(acos(a*x)/(c + d*x"2)72,x)

outputtint(acos(a*x)/(c + d*x~2)72, x)

328. [ T;j;j;)? dz
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3.29 [ Ve + dx?arccos(azx) dx

3.29.1 Optimalresult . . . . . . .. . ... ..
3.29.2 Mathematica [N/A] . . . . ... ..
3.20.3 Rubi [N/A] © .« o oo oot e e
3.29.4 Maple [N/A] (verified) . . . . . . . . . . .
3.20.5 Fricas [N/A] . . . . .
3.29.6 Sympy [N/A] . . . . o
3.29.7 Maxima [N/A] . . . . . . .
3.20.8 Giac [N/A] . . . . . o
3.20.9 Mupad [N/A] . . oo oo

3.29.1 Optimal result

Integrand size = 16, antiderivative size = 16

/ V¢ + dz? arccos(az) dz = Int (\/ ¢ + dz? arccos(az), x>

output LUnintegrable ((d*x~2+c)~(1/2) *arccos(a*x) ,x)

3.29.2 Mathematica [N/A]

Not integrable

Time = 4.12 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ V¢ + dx? arccos(ax) dr = / V¢ + dx? arccos(ax) dz

input

Integrate[Sqrt[c + d*x~2]*ArcCos[a*x],x]

N

output‘ Integrate[Sqrt[c + d*x~2]*ArcCos[a*x], x]

3.29. [ +c+ dx?arccos(az) dz
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3.29.3 Rubi [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {5175}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ arccos(az)V/ ¢+ dz? dz

l 5175

/ arccos(az)V/ ¢ + dz2dx

input LInt [Sqrt[c + d*x~2]*ArcCos [a*x],x]

~—

output ‘ $Aborted

3.29.3.1 Defintions of rubi rules used

rule 5175‘Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))"(n_.)*((d_) + (e_.)*(x_)"2)"(p_.), x
‘_Symbol] :> Unintegrable[(d + e*x”2) p*(a + b*ArcCos[c*x])"n, x] /; FreeQ[{
\a, b, ¢, d, e, n, p}, x]

3.29.4 Maple [N/A] (verified)
Not integrable

Time = 2.65 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

/ Vdz? + c arccos (az) dx

input

int ((d*x~2+c)~(1/2)*arccos (a*x) ,x)

N\

output Lint ((d*x~2+c) " (1/2) *arccos (a*x) ,x)

3.29. [ +c+ dx?arccos(az) dz
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3.29.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/ V¢ + dx? arccos(ax) de = / Vdz? + carccos (azx) dx

.
input Lintegrate ((d*x~2+c)~(1/2)*arccos(a*x) ,x, algorithm="fricas")

—

output Lintegral (sqrt(d*x~2 + c)*arccos(a*x), x)

3.29.6 Sympy [N/A]

Not integrable

Time = 8.87 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

/ V¢ + dx? arccos(ax) dr = / Ve + dz? acos (az) dz

input Lintegrate ((@*x**2+c) ** (1/2) *acos (a*x) ,x)

-

output LIntegral (sqrt(c + d*x**2)*acos(a*x), x)

3.29.7 Maxima [N/A]

Not integrable

Time = 1.11 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/ V¢ + dx? arccos(ax) dr = / Vdz? + carccos (az) dz

input Lintegrate ((d*x~2+c) ~(1/2)*arccos(a*x) ,x, algorithm="maxima")

output Lintegrate (sqrt(d*x~2 + c)*arccos(a*x), x)

-/

3.29. [ +c+ dx?arccos(az) dz
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3.29.8 Giac [N/A]

Not integrable

Time = 0.40 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/ V¢ + dx? arccos(ax) de = / Vdz? + carccos (azx) dx

-

input Lintegrate ((d*x~2+c) ~(1/2) *arccos(a*x) ,x, algorithm="giac")

—

output Lintegrate (sqrt(d*x~2 + c)*arccos(a*x), x)

3.29.9 Mupad [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/\/c + dz? arccos(az) dz = /acos(a z) Vda? + cdx

input Lint (acos(a*x)*(c + d*x~2)~(1/2),x)

-

output Lint(acos(a*x)*(c + d*x"2)"(1/2), x)

3.29. [ +c+ dx?arccos(az) dz
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3.30 [ melen) gy

3.30.1 Optimalresult . . .. ... .. . . . 227
3.30.2 Mathematica [N/A] . . . . . . . . 227
3.30.3 Rubi [N/A] . . o o oo
3.30.4 Maple [N/A] (verified) . . . . . . ... .. 228
3.30.5 Fricas [N/A] . . . . o 229
3.30.6 Sympy [N/A] . . . . 229
3.30.7 Maxima [N/A] . . . . . . 229
3.30.8 Giac [N/A] . . . . . o 230
3.30.9 Mupad [N/A] . . . . 230

3.30.1 Optimal result

Integrand size = 16, antiderivative size = 16

arccos(azx) arccos(azx)
————dr =Int| ——,=
v+ dr? v+ dr?

output LUnintegrable (arccos (a*x) /(d*x~2+c)~(1/2) ,x)

~—

3.30.2 Mathematica [N/A]

Not integrable

Time = 2.30 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

arccos(ax) , [ arccos(ax)

Ve + dx? = Ve + dx? v

p
input LIntegrate [ArcCos[a*x]/Sqrt[c + d*x~2],x]

-/

output LIntegrate [ArcCos[a*x]/Sqrt[c + d*x~2], xI]

~—

330. [ —m%‘fégz) dz
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3.30.3 Rubi [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {5175}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

arccos(ax)
Ve + dz?
l 5175

dzr

arccos(azx)

—— —dx
Ve + dz?

input LInt [ArcCos[a*x]/Sqrt[c + d*x~2],x]

~—

p
output | $Aborted

N\

i

3.30.3.1 Defintions of rubi rules used

rule 5175‘Int[((a_.) + ArcCos[(c_.)*(x )]1*(b_.))"(n_.)*((d.) + (e_)*(x_)"2)"(p_.), x
‘_Symbol] :> Unintegrable[(d + e*x”2) p*(a + b*ArcCos[c*x])"n, x] /; FreeQ[{
'a, b, c, 4, e, n, p}, xl

3.30.4 Maple [N/A] (verified)
Not integrable

Time = 2.70 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

arccos (ax)

7
vdz?+c v

input ‘ int (arccos(a*x) /(d*x~2+c)~(1/2) ,x)

-

outputLint(arccos(a*x)/(d*x”2+c)“(1/2),X)

~—

3.30. Lfﬁ%g%%ﬁdw
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3.30.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

arccos(ax) , [ arccos (ax)

———dr= | ——Fdx
ve+ dr? Vdz? + ¢

input Lintegrate (arccos(a*x)/(d*x~2+c)~(1/2) ,x, algorithm="fricas")

output Lintegral (arccos(a*x) /sqrt(d*x~2 + c), x)

3.30.6 Sympy [N/A]
Not integrable

Time = 5.03 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

arccos(ax) , [ acos(ax)

v+ dr? v ve+ dr? v

input Lintegrate (acos(a*x) / (d*x**2+c) **(1/2) ,x)

output ‘ Integral (acos(a*x)/sqrt(c + d*x**2), x)

3.30.7 Maxima [N/A]

Not integrable

Time = 1.09 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

arccos(ax) , [ arccos (ax)

———dr= | ——dx
ve+ dr? Vdz? + ¢

input Lintegrate (arccos(a*x)/(d*x"2+c)~(1/2) ,x, algorithm="maxima")

output ‘ integrate(arccos(a*x)/sqrt(d*x~2 + c), x)

330. [ —Tﬁ) dz
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3.30.8 Giac [N/A]
Not integrable

Time = 0.37 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

arccos(ax) , [ arccos (ax)

———dr= | ——Fdx
ve+ dr? Vdz? + ¢

input Lintegrate (arccos(a*x)/(d*x~2+c)~(1/2) ,x, algorithm="giac")

output Lintegrate (arccos(a*x)/sqrt(d*x~2 + ¢), x)

3.30.9 Mupad [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

arccos(ax) , [ acos(ax)

———ldr= | ——ZLdx
ve+ dr? Vdz2+c

input Lint (acos(a*x)/(c + d*x"2)~(1/2),x)

output‘ int(acos(a*x)/(c + d*x~2)~(1/2), x)

330. [ —Tﬁ) dz
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3.31 f arccos(ax) dr

(c+dx2)3/ 2
3.31.1 Optimalresult . . .. .. ... .. . . e 2311
3.31.2 Mathematica [C] (verified) . . . . . . . . . ... ... L 2311
3.31.3 Rubi [A] (verified) . . . . . ... ..
3.31.4 Maple [F] . . . . . o 233
3.31.5 Fricas [B] (verification not implemented) . . . . . ... ... ... ... .... 234
3.31.6 Sympy [F] . . . . o o 234
3.31.7 Maxima [F(-2)] . . . . . . 234
3.31.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 235
3.31.9 Mupad [F(-1)] . . . . o 235

3.31.1 Optimal result

Integrand size = 16, antiderivative size = 66

Vdv/1—a?z?
/ arccos(ax) . zarccos(az) arctan < av/erda? )
(c + dz?)*? cve + dx? cVd

output‘—arctan(d‘(1/2)*(-a‘2*x‘2+1)‘(1/2)/a/(d*x‘2+c)‘(1/2))/c/d‘(1/2)+x*arccos(a

*x)/c/ (akx~2+¢) " (1/2) |

3.31.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 6 vs. order 3 in optimal.

Time = 0.08 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.03

14 %2 ( 11 2,.2 _@)
/arccos(ax) p _a:(aa:v + % AppellF1 (1,3, 5,2, 0’2, =% ) + 2arccos(az)

———dx =
(c+ dz2)*? 2cv/c + dx?

input LIntegrate [ArcCos[a*x]/(c + d*x~2)~(3/2),x]

~—

Olltpllt‘ (x*(axx*Sqrt[1 + (d*x~2)/c]l*AppellF1[1, 1/2, 1/2, 2, a~2*x"2, -((d*x~2)/c)
1 + 2#ArcCos[a*x]))/(2*c*Sqrt[c + d*x~2])

331. [ ij‘;‘;ﬁ;”j)z dz
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3.31.3 Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , 379 Ryjeg ysed = {5171,

integrand size
27, 353, 66, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ abrccos(az)2 e
(c+ dz2)¥/

| 5171
/ x x arccos(ax)
a dz +
V1 —a2x2v/dz? + ¢ eve + dz?

l 27

o) e | sarccos(as)

c cve + dx?
l 353
“J‘CGiZifiﬁifi?de_+4raﬂxxﬁ(aw)
2c cVe + dx?
l 66
/1—a2r2
af —dx‘li—a2d \}dwgfc + x arccos(azx)
c cve + dx?
l 218
Vdv1—a?z?
zarccos(azr) arctan (W)
cVe+ dz? cvVd

input LInt [ArcCos[a*x]/(c + d*x~2)~(3/2),x]

~—

output ‘ (x*ArcCos[a*x])/(c*Sqrt[c + d*x~2]) - ArcTan[(Sqrt([d]*Sqrt[1 - a~2*x~2])/(

‘a*Sqrt[c + d*x"2]1)1/(c*Sqrt[d])

—

3.31. j‘fgﬁig%;%-dx
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3.31.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 66 Int[1/(Sqrtl[(a_) + (b_.)*(x_)I*Sqrtl[(c_) + (d_.)*(x_)]), x_Symbol] :> Simp[
2 Subst[Int[1/(b - d*x~2), x], x, Sqrtl[a + b*x]/Sqrtlc + d*x]], x] /; Fre
eQ[{a, b, c, d}, x] & !'GtQlc - a*(d/b), 0]

ruk3218/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/bl

rule 353 Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_.)*((c_) + (d_.)*(x_)"2)"(q_.), x_Symbol]
:> Simp[1/2  Subst[Int[(a + b*x) px(c + d*x)"q, x], x, x~2], x] /; FreeQ[
{a, b, ¢, d, p, 9}, x] && NeQ[bxc - axd, 0]

rule 5171 Int[((a_.) + ArcCos[(c_.)*(x_)I1*(b_.))*((d_) + (e_.)*(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x"2)"p, x]}, Simp[(a + b*ArcCos[c*x]) u, x
] + Simp[b*c Int[SimplifyIntegrand[u/Sqrt[1 - c~2*x~2], x], x], x]] /; Fr
eeQ[{a, b, c, d, e}, x] && NeQ[c~2*d + e, 0] && (IGtQ[p, 0] || ILtQlp + 1/2
, 01)

3.31.4 Maple [F]

/ arccos (axs) i
(dx? +c)?

input Lint (arccos(a*x)/(d*x~2+c) ~(3/2) ,x)

output Lint (arccos(a*x)/(d*x"2+c) ~(3/2) ,x)

331. [ ij‘;‘;ﬁ;’:)z dz
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3.31.5 Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 128 vs. 2(56) = 112.

Time = 0.30 (sec) , antiderivative size = 276, normalized size of antiderivative = 4.18

arccos(az) ,  |4Vda? 4 cdxarccos (ax) — (da? + c)v/—dlog (8 a*d?z* + a'c® — 6 a’cd + 8 (a'cd —
(c + dz?)*? . 4 (cd?x? + c2d)

-/

p
input Lintegrate (arccos(a*x)/(d*x~2+c)~(3/2) ,x, algorithm="fricas")

output | [1/4*(4*sqrt(d*x~2 + c)*d*x*arccos(a*x) - (d*x"2 + c)*sqrt(-d)*log(8*a~4*d
T2%x74 + a"4%c”2 - 6*xa”2kcxd + 8*(a"4kckd - aT2%d"2)*x"2 - 4x(2%a"3kd*x"2

+ a”3*c - a*xd)*sqrt(-a”2*x"2 + 1)*sqrt(d*x~2 + c)*sqrt(-d) + d~2))/(cxd~2#
X"2 + c72xd), 1/2%(2*sqrt(d*x~2 + c)*d*x*arccos(axx) - (d*x~2 + c)*sqrt(d)
xarctan (1/2*%(2*a"2xd*x"2 + a”2%c - d)*sqrt(-a"2*x"2 + 1)*sqrt(d*x~2 + c)*s
qrt(d)/(a~3*%d"2*x"4 - akxcxd + (a"3*ckd - a*d"2)*x72)))/(c*d"2*x"2 + c~2xd)

]

3.31.6 Sympy [F]

/ arccos(azx) dr — / (acos (az) dr

(c + dz?)*? ¢+ da:2)%

input | integrate (acos (a*x)/(d*x**2+c)**(3/2) ,x)

-

outputLIntegral(acos(a*x)/(c + dkx*x2)*%(3/2), x)

| —

3.31.7 Maxima [F(-2)]

Exception generated.

arccos(azx)

dx = Exception raised: ValueError
(c + dz?)*/?

331. [ —ij‘;‘;if;ﬁ)z dz



CHAPTER 3. LISTING OF INTEGRALS

235

input‘integrate(arccos(a*x)/(d*x“2+c)“(3/2),x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(d-a~2*c>0)', see ~assume?” for m

‘ore detail

3.31.8 Giac [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.14

arccos(ax) i = T 8recos (ax) N alog (‘_ V—a?2? + 1V—d + \/a’c + (a2 — 1)d + dD

T =
(c + dz?)%/? Vdx? + cc cv/—d|a|

-

input Lintegrate (arccos(a*x)/(d*x~2+c) " (3/2) ,x, algorithm="giac")

-/

output‘x*arccos(a*x)/(sqrt(d*x‘2 + c)*c) + axlog(abs(-sqrt(-a~2*x~2 + 1)*sqrt(-d)

‘ + sqrt(a™2*c + (a™2*x"2 - 1)*d + d)))/(c*sqrt(-d)*abs(a))

-

3.31.9 Mupad [F(-1)]

Timed out.
arccos(ax) acos(a x)
/ era T G ™
(c+ dz?) (dx?+c¢)

-

input Lint (acos(a*x)/(c + d*x~2)~(3/2),x)

-/

output Lint(acos(a*x)/(c + d*x"2)"(3/2), x)

-

331. [ —ij‘;‘;if;”j)z dz
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arccos(ax)
(c+dz?)
3.32.1 Optimalresult . . .. ... . .. . ... .. .
3.32.2 Mathematica [C] (verified) . . . . . . ... .. ... Lo 2361
3.32.3 Rubi [A] (verified) . . . . .. ... .. 237
3.324 Maple [F] . . . . . o o 239
3.32.5 Fricas [B] (verification not implemented) . . . . . . .. ... .. ... .... 239
3.32.6 Sympy [F] . . . . . 240
3.32.7 Maxima [F(-2)] . . . . . . . e 2401
3.32.8 Giac [A] (verification not implemented) . . . ... ... ... ... ...... 24T]
3.329 Mupad [F(-1)] . . . . o 247]

3.32.1 Optimal result

Integrand size = 16, antiderivative size = 136

/ arccos(azx) dp — av/'1 — a?xz?
(c + dz?)*? 3c(a?c+d) Ve + dx?
Vdvi1—a2z?
T arccos(ax) N 2z arccos(az) 2arctan < av/erda? )
3c(c+dz?)*?  3c3Vc+ da? 3c2v/d

output(1/3*x*arccos(a*x)/c/(d*x“2+c)“(3/2)-2/3*arctan(d“(1/2)*(-a“2*x“2+1)”(1/2)/
‘a/(d*x“2+c)“(1/2))/c“2/d‘(1/2)+2/3*x*arccos(a*x)/c“2/(d*x“2+c)“(1/2)-1/3*a
‘*(-a‘2*x‘2+1)‘(1/2)/c/(a‘2*c+d)/(d*x‘2+c)‘(1/2)

3.32.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 6 vs. order 3 in optimal.

Time = 0.20 (sec) , antiderivative size = 120, normalized size of antiderivative = 0.88

acv/1—a2z2 (c+dx? 2 2
arccos(ax) - azc~|—fi Ly az’®(c + dz?) 1+ 4= AppellF1 (1, 1,1,2,a%% — &

> + (3cz +

T =
(c + dz?)*/* 3¢2 (c + dz?)*?

inputLIntegrate[ArcCos[a*x]/(c + d*x~2)7(5/2) ,x]

332. [ ij‘;‘;ﬁgj)z dz
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output‘ (-((a*xcxSqrt[1 - a™2*xx"2]*(c + d*x"2))/(a"2%c + d)) + a*x™2x(c + d*x~2)*Sq
‘rt[1 + (d*x"2)/cl*AppellFil[1, 1/2, 1/2, 2, a~2¥x"2, -((d*x"2)/c)] + (3xcxx |
|+ 2%d*x"3)*ArcCos[a*x])/(3+c 2+ (c + d*x~2)"(3/2)) |

3.32.3 Rubi [A] (verified)
Time = 0.31 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.01,
number of steps used = 7, number of rules used = 6, Lumber of rules _ ( 375 Ry jes ysed

integrand size
= {5171, 27, 435, 87, 66, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ arccos(az:)2 dz
(c+ dx?)®

| 5171
/ z(2dz? + 3c) . 2z arccos(az) = xarccos(ax)
3¢2y/1 — a2a? (da? + c)*/? 3c2Ve+da?  3c(c+ dz?)P/?

l27

z(2dz?+3c) dr
af Vi—a2z?(da2+c)3/? 2z arccos(az) = zarccos(ax)
3c? 3c2ve+dz?  3c(c+ dz?)>?
| 435
2dz243
af Vi-—aZz? w(dm;irc)?'/ zdz” 2z arccos(az) = zarccos(ax)
62 3ot d® | (ot de?)?
| 87
1 2 2cv1—a’z
a (2 J m\/dxucdm - (a2§+d)w/ac+dx ) n 2z arccos(azx) L arccos(ax)
6c? 3c2Ve+da?  3c(c+ dz?)P/?

| 66

<4f dg;‘ll_(ﬁd\/ 1—a2z2 2cv/1—a?z?

Vdzitc  (a2ctd)vetds? ) 2z arccos(azx) x arccos(ax)
62 3c2vVe+dz?  3c(c+ dz?)*?

l 218

3.32. j‘ggff%%;%-dx
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Vavi—a2z2
3 4 arctan( " %+dz2 ) 2 Nimwre
a avd (a2c+d)Vet+dz?
2z arccos(azx) x arccos(az)
6¢? 3c2Ve+dz?  3c(c+ da?)®?

input{lnt[ArcCos[a*x]/(c + d*x~2)~(5/2) ,x]

p J

output ‘((x*ArcCos [a*xx])/(3*c*(c + d*x~2)~(3/2)) + (2xx*ArcCos[a*x])/(3*xc™2xSqrt[c
‘+ d*xx~2]) + (a*((-2xcxSqrt[1 - a"2*x"2])/((a"2*%c + d)*Sqrtlc + d*x~2]) - (
‘4*ArcTan[(Sqrt[d]*Sqrt[1 - a~2%x72])/(axSqrt[c + d*x~2])]1)/(axSqrt[d])))/(
6%c~2)

N\

/|

3.32.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

ruk366/Int[1/(Sqrt[(a_) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_)]1), x_Symbol] :> Simpl[
2  Subst[Int[1/(b - d*x~2), x], x, Sqrtla + b*x]/Sqrtlc + d*x]], x] /; Fre
eQ[{a, b, c, d}, x] & !GtQ[c - ax(d/b), 0]

rule 87 Int[((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_)) " (n_.)*((e_.) + (£_)*(x_))"(p
_-), x_] > Simp[(-(b*e - axf))*(c + d*x)~(n + D*((e + £xx)~(p + 1)/(£*x(p

+ Dx(cxf - d*e))), x] - Simp[(axd*fx(n + p + 2) - b*(d*ex(n + 1) + cxfx(p

+ 1)))/(fx(p + 1)*(c*f - dxe)) Int[(c + d*x)"n*x(e + £*x)~(p + 1), x], x]

/; FreeQ[{a, b, c, d, e, £, n}, x] && LtQlp, -1] && ( 'LtQ[n, -1] || Intege
rQp] || !'(IntegerQ[n] || !'(EqQle, 0] || !(EqQLc, 01 || LtQlp, nl))))

rule 218 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

rule 435 Int[(x_)~(m_.)*((a_.) + (b_.)*(x_)"2)"(p_.)*((c_.) + (d_.)*(x_)"2)"(q_.)*((

e_.) + (£_.)*(x_)"2)"(r_.), x_Symbol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)
*(a + b*x) px(c + d*x)"g*(e + f*x)°r, x], x, x~2], x] /; FreeQ[{a, b, c, d,
e, £, p, q, r}, x] && IntegerQ[(m - 1)/2]

332. [ ij‘;‘;ﬁgj)z dz
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Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))*((d_ ) + (e_.)*(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x~2)"p, x]}, Simp[(a + bxArcCos[c*x]) u, x
] + Simp[b*c Int[SimplifyIntegrand[u/Sqrt[1 - c~2*x~2], x], x], x]] /; Fr
eeQ[{a, b, c, d, e}, x] && NeQ[c™2xd + e, 0] && (IGtQ[p, 0] || ILtQ[p + 1/2
, 01)

3.32.4 Maple [F]

/ arccos (axs) i

(dz?+c)?

input Lint (arccos(a*x)/(d*x~2+c)~(5/2) ,x) J
output Lint (arccos(a*x)/(d*x~2+c)~(5/2) ,x) J

3.32.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 280 vs. 2(112) = 224.

Time = 0.31 (sec) , antiderivative size = 580, normalized size of antiderivative = 4.26

arccos(ax) (a*c® + (a®cd® + d3)z* + Ad + 2 (a*Pd + cd?)z?)v/—dlog (8 a*d*z* + a*c® — 6.a’c
(c + dz2)*/*
(a%c® + (acd? + d®)z* + 2d + 2 (acd + cd?)x?)v/d arctan ( @ a22d i;gii__(i)cd;gf;id%i;C\/E) —Vdz? +
3 (a?cbd + c*d? + (a?Ad® + c2d*)z* + 2.

input Lintegrate (arccos(a*x)/(d*x"2+c)~(5/2) ,x, algorithm="fricas") J

332. [ ij‘;‘;ﬁ;”?z dz
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output | [-1/6*%((a"2*c”3 + (a™2*c*d"2 + d"3)*x"4 + c”2+d + 2% (a”2*%c™2xd + c*xd"2)*x~
2)*sqrt (-d) *log(8*a~4*d"2*x"4 + a~4*c”2 - 6*a"2xc*d + 8x(a"4xc*xd - a~2xd"2
)*x72 - 4%(2*%a"3*%d*x"2 + a"3*c - a*d)*sqrt(-a"2*x"2 + 1)*sqrt(d*x~2 + c)*s
qrt(-d) + d72) - 2*sqrt(d*x~2 + c)*((2*x(a"2*c*xd"2 + d~3)*x"3 + 3*(a~2*c~2*
d + cxd"2)*x)*arccos(a*x) - (a*cxd"2*x"2 + a*xc”2*d)*sqrt(-a"2*xx"2 + 1)))/(
a~2*c"b*d + c74*d"2 + (a"2%c”3*%d"3 + c"2*%d"4)*x"4 + 2x(a"2*c"4*d"2 + c”3*d
~3)*x72), -1/3*((a"2%c"3 + (a™2*%c*d"2 + d"3)*x"4 + c”2%d + 2% (a"2*c"2*d +
c*d~2)*x"2)*sqrt(d)*arctan(1/2*(2*a"2*d*x"2 + a"2*c - d)*sqrt(-a~2*x"2 + 1
)*sqrt (d*x~2 + c)*sqrt(d)/(a~3*d"2*x"4 - a*cxd + (a~3*c*d - a*xd~2)*x"2)) -

sqrt(d*x~2 + c)*((2*%(a"2xc*d™2 + d"3)*x"3 + 3*(a”2*c”2xd + c*d~2)#*x)*arcc
os(a*x) - (a*cxd™2*x™2 + a*c™2+d)*sqrt(-a~2*x"2 + 1)))/(a"2*c~5xd + c~4*d"
2 + (a™2%c"3*d"3 + c"2xd"4)*x"4 + 2%(a”2%c"4*d"2 + c"3*d"3)*x"2)]

3.32.6 Sympy [F]

/ arccos(ax) dp — / acos (ax) s

(c + dz?)*? (c+ dxz)%

input | integrate (acos(a*x)/(d*x**2+c)**(5/2) ,x)

N

output‘Integral(acos(a*x)/(c + dkx*x2)**(5/2), x)

3.32.7 Maxima [F(-2)]

Exception generated.

arccos(azx)

dx = Exception raised: ValueError
(c + dz?)*/*

inputLintegrate(arccos(a*x)/(d*x“2+c)‘(5/2),x, algorithm="maxima")

e

output

Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(d-a~2*c>0)', see ~assume? for m
Lore detail

~——

332. [ —ij‘;‘;if;ﬁ)z dz
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3.32.8 Giac [A] (verification not implemented)

Time = 0.37 (sec) , antiderivative size = 152, normalized size of antiderivative = 1.12

arccos(azr) ,
(c + dz?)*?
1 V—a2z% + 1a®c3|a| 2 |a| log (’—\/—a%?—l-l\/—d—}- Vvaze+ (a%z? — l)d—l—dD
3\ (a*c® + a2ctd)\/a2c + (a2 — 1)d + d a?c®\/—d
x<2(‘f§2 + %) arccos (ax)
3 (dz? + c)%
inputLintegrate(arccos(a*x)/(d*x“2+c)‘(5/2),x, algorithm="giac") J

output(—1/3*(sqrt(-a‘2*x‘2 + 1)*a~2%c"3*abs(a)/((a"4*c”5 + a~2xc~4*d)*sqrt(a~2*c
‘+ (a”2*%x72 - 1)*d + d)) - 2*xabs(a)*log(abs(-sqrt(-a~2*x~2 + 1)*sqrt(-d) +
'sqrt(a™2%c + (a”2%x™2 - 1)*d + d)))/(a"2%c"2*sqrt(-d)))*a + 1/3%x*(2kd*x"2
L/c‘2 + 3/c)*arccos(a*x)/(d*x"2 + ¢)~(3/2)

~

3.32.9 Mupad [F(-1)]

Timed out.
/ arccos(a:sc/)2 dp — acos(a x2/2 "
(c+ dz?) (dx?+c¢)
input Lint (acos(a*x)/(c + d*x~2)7(5/2),x) J

output Lint(acos(a*x)/(c + d*x~2)~(5/2), x)

-/
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3.33 f arccos(ax) dr

(c+d:c2)7/ 2
3.33.1 Optimalresult . . .. ... ... ... ... . 247
3.33.2 Mathematica [C] (verified) . . . . . . ... ... ... Lo 2421
3.33.3 Rubi [A] (verified) . . . . . ... .. 243
3.334 Maple [F] . . . . . . o 246
3.33.5 Fricas [B] (verification not implemented) . . . . . . .. ... .. ... .... 240
3.33.6 Sympy [F] . . . . . 247
3.33.7 Maxima [F(-2)] . . . . . . . 248]
3.33.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 248
3.33.9 Mupad [F(-1)] . . . . oo 249

3.33.1 Optimal result

Integrand size = 16, antiderivative size = 211

T = —
(c+ dz?)"/? 15¢ (a2c + d) (c + dz2)*?*  15¢% (a2c + d)* Ve + da?
) 8arctan (‘/‘2— "1_‘12””2)

/ arccos(ax) e — av/1 — a2x? 2a(3a’c + 2d) v/1 — a2z?

x arccos(ax) 4z arccos(ax) 8z arccos(az) av/etdz?
5c(c+da?)’?  15¢2 (c+da?)®?  15c3vc+ dz? 15¢3v/d

1/5*x*arccos (a*x) /c/ (d*x~2+c) " (5/2)+4/15*xx*arccos (a*x) /c~2/ (d*x~2+c) ~(3/2)
-8/15*%arctan(d~(1/2)*(-a~2*x~2+1)~(1/2) /a/ (d*x"2+c) ~(1/2))/c~3/d"(1/2)-1/1
5*a* (-a~2*xx"2+1)~(1/2) /c/(a"2*c+d) / (d*x~2+c) ~(3/2)+8/15*x*arccos (a*x) /c~3/
(d*x~2+c) ~(1/2)-2/15*a* (3*a"~2xc+2*d) * (—a~2*xx"2+1) ~(1/2) /c~2/ (a"2*c+d) "2/ (d
*x~2+¢)~(1/2)

3.33.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 6 vs. order 3 in optimal.

Time = 0.31 (sec) , antiderivative size = 162, normalized size of antiderivative = 0.77

acv/1—a2x2 (c+dx?) (d(5c+4dz?) +a?c(Te+6dz? 2 22
arccos(azx) - ( )Ea§c+d)2 ) ( ) + 4a$2(0 + dxz) \/ 1+ dT AppellF1 (17 %, %

)

T =
(c+ dz?)"? 15¢3 (¢ + dz?)*/?

333. [ ij‘;‘;if;”j)z dz
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input ‘ Integrate[ArcCos[a*x]/(c + d*x~2)~(7/2),x] ‘

p
output\ (-((a*c*Sqrt[1 - a™2*xx"2]*(c + d*x"2)*(d*(5*c + 4*xd*x~2) + a~2*c*(T*c + 6%

“\
(d¥x72)))/(a"2%c + d)"2) + 4*axx"2*(c + d*x"2)"2#Sqrt[1 + (d*x"2)/c]*Appell |
F1[1, 1/2, 1/2, 2, a~2%x"2, -((d*x72)/c)] + x*(15%c™2 + 20%c*d*x™2 + 8xd"2

L*x‘4)*ArcCos[a*x])/(15*c‘3*(c + d*x~2)"(5/2)) J

3.33.3 Rubi [A] (verified)

Time = 0.94 (sec) , antiderivative size = 229, normalized size of antiderivative = 1.09,
number of steps used = 9, number of rules used = 8, Bumber of rules _ 554 Ryles used

integrand size
= {5171, 27, 7266, 1193, 27, 87, 66, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ arccos(ag?v)2 iz
(c+ da?)"/

| 5171
" / z(8d%z* + 20cdz? + 15¢2) . 8x arccos(azx) 4z arccos(ax) x arccos(ax)
15¢3v/1 — a222 (dz? + ¢)/2 15¢3Ve+dz? 15 (c+ dz2)*?  5c(c+ da?)/?

| 27

f T (8d2x4+200dx2 +1502) de

V1—a2a?(da2+c)%/? 8z arccos(azx) 4x arccos(ax) x arccos(ax)
15¢3 15¢3Vc+dz?  15¢2 (c+ dx2)*?  5c(c+ da?)/?
| 7266
a f 8d%z%+20cdz®+15¢ 7..2
Vi—a?a?(dz?+c)®/? 8z arccos(ax) 4x arccos(ax) x arccos(ax)
30c3 1563V +dz? 152 (c+ da2)*?  Be(c+ da?)?/?
| 1193
2f_3(4d(ca2+d)3:2+c(7ca2+6d)) 2
ViR () o g
al ~ 3(a’c+d) - (a2c+d)(c+dz2)3/?
8z arccos(azx) 4x arccos(ax)
30¢3 15c3vc+da? - 15¢2 (c + dx2)>/?
x arccos(azx)
5¢ (c + da?)®/?

333. [ —ij‘;‘;f;”?z dz
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l 27

4d (ca2 +d) :c2+c (7ca2 +6d)

2 2
/ V1i-a?a? (dm2+c)3/2 i _ 2¢2v/1—a222
a a’c+d (a2c+d) (c+dz?)3/?
8z arccos(azx) 4x arccos(azx)
30c? 15¢3Ve+dz?  15¢2 (c + dz?)>/?
x arccos(ax)
5¢ (¢ + da?)>/?
| 87
2cV/ 1—a222 3a20+2d
2 <4 (a20+d) f 1—a2zé da:2+c dd,‘z— (a20+d) *(/c+dz2 ) ) 262 1_a2m2
@ ac+d N (a2c+d) (c+dz?)3/?
4 8z arccos(ax)
30¢3 15c3Ve + da?
4x arccos(azx) x arccos(ax)

15¢2 (c + dz2)*? e (c+ dz?)>?

| 66

2 1 T—aZa? 2cm(3a26+2d)
’ <S(a ik —ad-az da?+c (a20+d) c+dz2

2¢2/1—a?z2

a a’c+d N (a2c+d)(c+da?)3/?
4 8z arccos(az)
30¢3 15¢3v e + dx?
4z arccos(ax) x arccos(ax)
2 2)3/2 2\5/2
15¢2 (c + dz?) 5¢(c+ dz?)
| 218
8(a2c+d) arctan ( % Vcl;;f;z ) 20v/1=aZ2? (3a2c-+2d)
2| - avd - (a20+d) c+dx2
a _ 2c2v/1—a2x?
a?c+d (a2c+d)(c+dz?)3/?
4 8z arccos(ax)
30c3 15¢3v ¢ + dx?
4x arccos(azx) x arccos(ax)

15¢2 (c + dz2)*? e (c+ dz?)>?

e

input LInt [ArcCos[a*x]/(c + d*x~2)~(7/2),x]

~—
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output | (x*xArcCos[a*x])/(5*cx(c + d*x~2)~(5/2)) + (4*x*ArcCos[a*x])/(15%c~2x(c + d
*x"2)7(3/2)) + (8*x*ArcCos[a*x])/(16%c”3*Sqrtlc + d*x"2]) + (ax((-2*c~2*Sq

rt[1 - a™2*%x72])/((a"2*%c + d)*(c + d*x"2)7(3/2)) + (2% ((-2*c*(3*a~2xc + 2%

d)*Sqrt[1 - a~2xx72])/((a"2xc + d)*Sqrtlc + d*x~2]) - (8*(a"2*c + d)*ArcTa

n[(Sqrt[d]*Sqrt[1 - a~2*x~2])/(axSqrtlc + d*x~2])])/(axSqrt[d])))/(a"2*c +
d)))/(30%c~3)

3.33.3.1 Defintions of rubi rules used

ruk327{Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
LtchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rukaGG(Int[l/(Sqrt[(a_) + (b_.)*(x_)]*Sqrtl[(c_) + (d_.)*(x_)]), x_Symbol] :> Simp[
‘2 Subst[Int[1/(b - d*x~2), x], x, Sqrt[a + b*x]/Sqrtlc + d*x]], x] /; Fre
‘eQl{a, b, c, d}, x] & !GtQlc - a*(d/b), O]

rule 87 Int[((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (£_)*(x_))"(p
_.), x_1 > Simp[(-(b*e - axf))*(c + d*x)"(n + 1)*x((e + £xx)"(p + 1)/ (£x(p

+ 1)*(cxf - dxe))), x] - Simp[(axd*f*(n + p + 2) - b*(d*ex(n + 1) + cxfx*(p

+ 1)))/(fx(p + 1)*(c*f - dxe)) Int[(c + d*x) n*x(e + £*x)~(p + 1), x], x]

/; FreeQ[{a, b, c, d, e, f, n}, x] && LtQ[p, -1] && ( 'LtQ[n, -1] || Intege
rQlp]l Il !(IntegerQ[n] || !'(EqQle, 0] Il '(EqQlc, 0] || LtQlp, nl))))

rule 218 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
t[a/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

rule 1193 Int[((d_.) + (e_.)*(x_))"(m_)*((£f_.) + (g_.)*(x_)) (@ )*((a_.) + (b_.)*(x_)
+ (c_)*(x_)"2)"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x
+ c*x"2)"p, d + exx, x], R = PolynomialRemainder[(a + b*x + c*x”2)7p, 4 +

exx, x]}, Simp[R*(d + exx)"(m + 1)*((f + gxx)"(n + 1)/((m + 1) *(e*f - d*xg))

), x] + Simp[1/((m + 1)*(exf - d*g)) Int[(d + e*x)"(m + 1)*(f + g*x) n*Ex

pandToSum[(m + 1)*(e*f - d*g)*Qx - g*R*x(m + n + 2), x], x], x]] /; FreeQ[{a
, b, c, d, e, £, g, n}, x] && IGtQ[p, 0] && ILtQ[2*m, -2] && !IntegerQ[n]

&& ! (EqQ[m, -2] && EqQlp, 1] && EqQ[2*c*d - bxe, 0])

333. [ ij‘;‘;f;”?z dz
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rule 7266

input

output

input
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Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))*((d_ ) + (e_.)*(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x~2)"p, x]}, Simp[(a + bxArcCos[c*x]) u, x
] + Simp[b*c Int[SimplifyIntegrand[u/Sqrt[1 - c~2*x~2], x], x], x]] /; Fr
eeQ[{a, b, c, d, e}, x] && NeQ[c™2xd + e, 0] && (IGtQ[p, 0] || ILtQ[p + 1/2
, 01)

Int[(u_)*(x_)"(m_.), x_Symbol] :> Simp[1/(m + 1) Subst [Int [SubstFor [x~ (m
+ 1), u, xJ, x], x, x“(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && Function
0fQx"(m + 1), u, x]

3.33.4 Maple [F]
/ arccos (ax) i

(dz? + c)%

Lint(arccos(a*x)/(d*x“2+c)“(7/2),x)

Lint(arccos(a*x)/(d*x‘2+c)‘(7/2),x)

3.33.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 523 vs. 2(177) = 354.

Time = 0.35 (sec) , antiderivative size = 1066, normalized size of antiderivative = 5.05

arccos(ax) 2 (a*c® + 2a’c*d + (a*Pd® + 2 a’cd* + d°) 18 + Ad? + 3 (a*Pd? + 2 a*APd® + cd*)x

T =
(c+ d:1:2)7/2

4 (a*c® + 2a*c*d + (a*Pd® + 2a’cd* + d°)z® + Ad? + 3 (a*Pd? + 2 a*APd? + cd*)z* + 3 (a*c*d + 2 a*3d?

p
Lintegrate (arccos(a*x)/(d*x~2+c)~(7/2) ,x, algorithm="fricas")

333. [ ij‘;‘;if;w)z dz
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[-1/15% (2% (a~4*c™5 + 2*a~2*c”4*xd + (a~4*c™2*d"3 + 2*a~2+c*d™4 + d"5)*x"6 +
c73*%d"2 + 3*%(a~4*c”3*d"2 + 2%a"2*xc”2+%d"3 + c*d"4)*x74 + 3x(a”4*cT4*xd + 2%
a~2*c"3*%d"2 + c”2*d"3)*x"2)*sqrt(-d) *log(8*a~4*d"2*x"4 + a~4*xc”2 - 6*a"2*c
*d + 8*%(a”4*cxd - a"2*xd"2)*x"2 - 4*x(2%a"3*d*x”2 + a”3%c - axd)*sqrt(-a"2*x
2 + 1)*sqrt(d*x~2 + c)*sqrt(-d) + d72) - sqrt(d*x~2 + c)*((8*(a"4*c~2xd"3
+ 2%a”2%c*d"4 + d75)*x75 + 20%(a"4*c”3*d"2 + 2*a”2*xc”"2*%d"3 + cxd"4)*x"3 +
16*%(a~4*c™4*d + 2*a”~2*%c”3*d"2 + c"2+%d"3)*x)*arccos(a*x) - (7*a~3*c”4xd +
B¥xaxc~3*%d"2 + 2*x(3*%a”3*c"2+%d"3 + 2*axc*d"4)*x"4 + (13*%a"3*c”3*d"2 + 9ka*c”
2%d"3) *x72) *sqrt (-a"2*x"2 + 1)))/(a"4*c"8*d + 2%a~2*c”7*d"2 + c"6*%d"3 + (a
“4xc”b*d"4 + 2*%a"2xc”4*d"5 + c”3*d"6)*x"6 + 3*k(a"4*c"6xd"3 + 2xa~2*c"5xd"4
+ cT4*d"5)*x"4 + 3x(a”4*c”T7*d"2 + 2*a~2%c"6*xd"3 + c~5*%d~4)*x"2), -1/15%(4
*(a~4*xc™5 + 2*a”~2%c"4*d + (a”4*c”2*%d"3 + 2*a~2kc*kd"4 + d"5)*x"6 + c~3*xd”"2
+ 3% (a”4%c”3*%d"2 + 2*¥a"2xc”2*d"3 + c*d"4)*x"4 + 3x(a~4xc"4*xd + 2%a”2%c”3*d
“2 + c72xd"3)*x"2) *sqrt(d) *arctan(1/2*(2*a~2*d*x"2 + a"2%c - d)*sqrt(-a”2*
X"2 + 1)*sqrt(d*x~2 + c)*sqrt(d)/(a”3*d"2*x"4 - a*ckd + (a~3*c*d - axd~2)=*
x72)) - sqrt(d*x~2 + c)*((8*(a~4*c™2*d~3 + 2*a~2*cxd"4 + d”5)*x"5 + 20*(a”
4xc”3*%d"2 + 2%a"2x%c"2*%d"3 + c*kd"4)*x"3 + 15x(a"4*xc"4*d + 2%a”2%c"3*%d"2 + ¢
~2%d"3) *x) *arccos (a*x) - (7*a~3*c~4*d + S*a*c™3*d"2 + 2% (3*a~3*c"2*d~3 + 2
*xaxckxd~4)*x~4 + (13*a”3*c~3*d"2 + 9*axc~2+d"3)*x"2)*sqrt(-a~2*x"2 + 1)))/(
a~4*c"8%d + 2*a~2*cT7*d"2 + c”6*d"3 + (a”4*xc”5*d"4 + 2*a~2%c"4*d"5 + c”...

-

N\

N

3.33.6 Sympy [F]

/Wmﬂm%m_/m%MOw

(c+ dz2)™? (c+ de)%

integrate(acos(a*x)/(d*x**2+c)**(7/2) ,x)

-

Integral(acos(a*x)/(c + d*x**2)**(7/2), x)

333. [ —ij‘;‘;f;”?z dz
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3.33.7 Maxima [F(-2)]

Exception generated.

arccos(azx)

———— = dx = Exception raised: ValueError
(c+ dz?)"?

-

input‘integrate(arccos(a*x)/(d*x‘2+c)‘(7/2),x, algorithm="maxima")

~—

p
output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*

/|

‘ help (example of legal syntax is 'assume(d-a~2*c>0)', see ~assume? for m
ore detail

N\ J

3.33.8 Giac [A] (verification not implemented)

Time = 0.38 (sec) , antiderivative size = 283, normalized size of antiderivative = 1.34

arccos(ax)
772 4T
(c+ dz?)"
2 (3a8c®d?+2a%*c"d?) (a%2?-1) 7 a8c%d 68421 4 440743
A/ —q27r2 a®c’d+11a°c®d“+4a*c’d /2.2 /_
1 a“z” + 1(a6clld|a|+2 a*cl9d?|a|+a2c%d3|al + abclld|al|+2 a%cl0d2|al+a2c9d3|a| 8 IOg @’z +1
——a _ _
15 (a?c+ (a?z? — 1)d + d)? c*

<4x2 (21# + 50_;1> + %)xarccos (ax)

15 (dz? + c)%

_|_

input‘integrate(arccos(a*x)/(d*x‘2+c)“(7/2),x, algorithm="giac")

output | -1/15*%a*(sqrt(-a"2*x"2 + 1)*(2%(3*a~6*c~8*d"2 + 2*a~4*c~7*d"3)*(a"2*x"2 -

1)/(a"6*c~11*xd*abs(a) + 2*a~4*c~10*d"2*abs(a) + a~2%c~9*d"3*abs(a)) + (7*a
“8%cT9%d + 11*a~6*c”8*%d"2 + 4%a”4xc”T7*d"3)/(a"6*c”1lxd*abs(a) + 2*a~4%c”10
*d"2*xabs(a) + a"2*%c"9*%d"3*abs(a)))/(a"2xc + (a"2*x"2 - 1)*d + d)~(3/2) - 8
xlog(abs(-sqrt(-a"2*x"2 + 1)*sqrt(-d) + sqrt(a™2*c + (a"2*x"2 - 1)*d + d))
)/ (c"3*sqrt(-d)*abs(a))) + 1/15%(4*x~2*(2%d"2*x"2/c~3 + 5*d/c"2) + 15/c)*x
*xarccos (a*x)/(d*x"2 + c)~(5/2)

333. [ —ij‘;‘jg;”j)z dz
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3.33.9 Mupad [F(-1)]

Timed out.

/ arccos(ax) dr = acos(a x)

—_————ar = _—
(c+ da?)"/? (da?+ )"

input Lint (acos(a*x)/(c + d*x~2)~(7/2),x)

output Lint (acos(a*x)/(c + d*x~2)~(7/2), x)

333. [ gj‘;‘;};ﬁl dz
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.1.1 Mathematica and Rubi grading function

e ™

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)
(* GradeAntiderivative[result,optimal] returns*)

250
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(*» "F" if the result fails to integrate an expression that*)

(* is integrablex)

(*» "C" if result involves higher level functions than necessary*)
(* "B" if result is more than twice the size of the optimalx*)

(* antiderivative*)

(* "A" if result can be considered optimal*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];

expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];

leafCountOptimal = LeafCount [optimall];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimal];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not[FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
» (*ELSE*) (*result does not contains complezx*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
, (*ELSE*)

Result,leafC

leaf count

finalresult={"B","Leaf count is larger than twice the leaf count of optimal. $

]
]
, (*ELSE*) (*exzpnResult>ezpnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "<

3

finalresult={"F","Contains unresolved integral."}
1;

finalresult

4.1. Listing of Grading functions
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(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*¥1 = rational function*)

(*2 = algebraic function*)

(*3 = elementary function*)

(*4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(¥7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expn]],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType [expn[[1]11],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn([[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]]1],3]11],
If [Head[expn]l===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]l],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],71],
1f [Head [expn]===Integrate || Head[expn]===Int,
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],8]],
91111111111

4.1. Listing of Grading functions
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ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot ,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]

4.1.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

4.1. Listing of Grading functions
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#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

#

see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)

local leaf_count_result,

leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu
fi;

leaf_count_optimal := leafcount(optimal);

ExpnType_result ExpnType (result) ;

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

# If result and optimal are mathematical expressions,

#
#
#
#
#
#
#

GradeAntiderivative[result,optimal] returns

IIFII

"CII
"BII

"AII

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check

#for "F" before calling this. But no harm of keeping it here.

#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

rsion issues

_optimal);

4.1. Listing of Grading functions
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if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non g

else

return "B",cat("Both result and optimal contain complex but leaf count of

convert(leaf_count_result,string)," vs. $2 (",

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf_

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then

print("result do not contain complex, this assumes optimal do not as well"

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2%leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the lea
convert (leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver
fi;

f count of o

t (2xleaf_cou

fi;

4.1. Listing of Grading functions



CHAPTER 4. APPENDIX 256

else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Or
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

algebraic function

= elementary function

= special function
hyperpergeometric function
= appell function

= rootsum function

= integrate function

H OH H H H H HE HE H KR
© 00 N O O W N
]

= unknown function

ExpnType := proc(expn)
if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if

4.1. Listing of Grading functions

der




CHAPTER 4. APPENDIX

257

elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction] := proc(func)
member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,

4.1. Listing of Grading functions
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GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])
end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u),op(2..nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.1.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x*
def leaf count(expr):
#sympy do not have leaf count function. This is approrimation

return round(1.7«count_ ops(expr))

def is_sqrt(expr):

4.1. Listing of Grading functions
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if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erfi,
fresnels,fresnelc,Fi,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

def is _hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is atom(expn):
try:

if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):

return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):

4.1. Listing of Grading functions
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return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1l
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(ezpn,’ ')
if isinstance(expn.args[l],Integer): #type(op(2,expn), integer’)
return expnType(expn.args[0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type(ezpn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:
ml = max(map(expnType, 1ist(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function

4.1. Listing of Grading functions
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def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_optimal = leaf count(optimal)

#print("leaf _count_result=",leaf _count_result)
#print("leaf _count optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"
grade_ annotation =""
else:
if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex

if leaf count_result <= 2x«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

nn

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

4.1. Listing of Grading functions

r(ExpnType_



CHAPTER 4. APPENDIX 262

‘ return grade, grade_ annotation ‘

4.1.4 SageMath grading function

s ™

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp integral e’ and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log_integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_vararg

debug=False;

def tree_size(expr):
r nnn
Return the tree size of this expression.

nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
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return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor’,'abs'
]
if debug:
if m:
print ("func ", func , " is elementary_ function")
else:
print ("func ", func , " is NOT elementary_function")

return m

def is_special_function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'Ei','Li",'Si'",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic__pi','exp__integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special _function")

return m

4.1. Listing of Grading functions
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def is _hypergeometric_ function(func):
return func.name() in ['hypergeometric','hypergeometric_ M','hypergeometric_ U']

def is_appell_function(func):
return func.name() in ['hypergeometric'| #[appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
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return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m2 = expnType(expn.operands()[1:]) #expnType(list(expn.args(1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,ml1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

4.1. Listing of Grading functions
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if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_ antiderivative, result=",result)
print("Enter grade_ antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_optimal = tree_size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)

expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_|

if expnType_result <= expnType_ optimal:
if result.has(I):

if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =" "
else:

grade = "B"

_optimal)

‘optimal)

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger t

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade_ annotation ="
else:

grade = "B"

n

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(leaf

else:
grade = "C"
grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

xpnType_ rest

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)

4.1. Listing of Grading functions



CHAPTER 4. APPENDIX 267

return grade, grade_ annotation

4.1. Listing of Grading functions
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